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Abstract
Robust and quantitative characterization of the morphology is a prerequisite for insight into the link between spatial structure and the physical properties of complex
materials. Procedures for the application of a recent class of morphometric quantities, termed Minkowski tensors, to experimental and simulated physical systems,
and the results from this analysis are presented. Furthermore, the mechanical properties of minimal surface scaffolds and their dependence on the morphology is
studied, and a new type of scaffold design for tissue engineering is proposed. —
Minkowski tensors are tensor-valued metrics that generalize Minkowski functionals,
existing scalar metrics based on integral and convex geometry, towards anisotropic
structures. In this work, methods and algorithms are developed to analyze cellular
structures, percolating and polycontinuous geometries and particle ensembles. Applications to micrographs of ice grains from Antarctic cores, and to stationary states
of Turing patterns are presented in the planar case. Both in two and three dimensions, the free volume available to individual particles have previously been studied
for simple and complex fluids; using Minkowski tensors, the shape of free volume
(Voronoi) cells is analyzed, yielding structural information beyond the two-point
correlation function. For the hard disk, hard sphere and Lennard-Jones ensembles, it
is found that anisotropy indices based on Minkowski tensors are robust metrics sensitive to structural transitions and that local anisotropy increases monotonously with
increasing free volume and disorder. In jammed bead packings, rank-four Minkowski tensors are used to detect and classify crystallinity. A discontinuous transition
in amorphous packings, signalling the onset of crystallization, is observed at a limiting packing fraction higher than the consensus for the random close packing. The
Minkowski tensor method is contrasted with existing metrics of structure in particulate matter, especially bond orientation analysis; the Minkowski method is found
to be related but more robust due to its independence of the problematic particle neighbourhood concept. — The mechanical properties of porous solids based on
the labyrinth domains of triply-periodic minimal surfaces (TPMS) are studied using
finite-element modelling, and variations of channel diameter are found dominate
the mechanical stiffness. A new type of scaffold architecture is proposed, which results from inflation of TPMS to a finite-thickness sheet solid. Sheet solids are found
to be stiffer than conventional scaffolds, and provide a higher specific surface area;
they are thus promising candidates as a scaffold architecture for tissue engineering.
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Zusammenfassung
Robuste und quantitative Charakterisierung der Morphologie (Morphometrie) ist unabdingbar für ein Verständnis des Zusammenhangs zwischen räumlicher Struktur
und den physikalischen Eigenschaften komplexer Materialien. Diese Arbeit enthält
Verfahren für die Anwendung einer kürzlich eingeführten Klasse morphometrischer
Größen, der Minkowskitensoren, auf experimentelle und simulierte physikalische
Systeme, sowie die Ergebnisse dieser Untersuchungen. Weiterhin werden die mechanischen Eigenschaften von Minimalflächen-basierten porösen Materialien und
deren Abhängigkeit von der Morphologie studiert, sowie ein neuer Typ von Architektur vorgeschlagen. — Minkowskitensoren sind tensorwertige Formmaße und
verallgemeinern die Minkowskifunktionale, gut studierte skalare Formmaße aus
der konvexen und Integralgeometrie, hin zu anisotropen Strukturen. Diese Arbeit
entwickelt Methoden und Algorithmen zur Analyse zellulärer Strukturen, perkolierender und polykontinuierlicher Geometrien sowie von Teilchenensembles. Anwendungen auf Mikroskopiebilder von Eiskristallen aus antarktischen Bohrkernen und
auf stationäre Zustände von Turing-Mustern werden vorgestellt. Sowohl in zwei als
auch in drei Dimensionen wurde in Fluiden und weicher Materie das freie Volumen, das einzelnen Teilchen zur Verfügung steht, intensiv studiert. Die vorliegende
Arbeit untersucht mittels Minkowskitensoren die Anisotropie des freie Volumens
(der Voronoi-Zellen) und liefert damit Strukturinformation über die ZweipunktKorrelationsfunktion hinaus. Für die Ensembles der harten Scheiben, harten Kugeln,
sowie das Lennard-Jones-Fluid sind die Minkowskitensoren robuste Formmaße und
sensitiv auf die auftretenden strukturellen Veränderungen. Die lokale Anisotropie
nimmt mit zunehmendem freiem Volumen und zunehmender Unordnung monoton
ab. In mechanisch stabilen, amorphen Kugelpackungen werden Minkowskitensoren vom Rang vier verwendet, um lokale kristalline Anordnungen zu detektieren
und zu klassifizieren. Es wird ein diskontinuierlicher Übergang gefunden, der das
Einsetzen der Kristallisation anzeigt; die gefundene Grenzpackungsdichte für rein
amorphe Packungen liegt höher als der derzeitige Konsens für die Packungsdichte
des random close packing. Die Minkowskitensor-Methode wird mit den bestehenden
Methoden zur Charakterisierung von Teilchensystemen verglichen, insbeondere mit
der Analyse der Bindungswinkel zu den nächsten Nachbarn; die Minkowskitensoren sind eine verwandte Methode, es kann aber gezeigt werden, dass Minkowskitensoren robuster sind, da die Einführung des problematischen Konzepts von
Nachbarschaften nicht erforderlich ist. — Die mechanischen Eigenschaften poröser
Festkörper, definiert durch die Labyrinth-Domänen dreifach-periodischer Minimalflächen, werden mit einem finite-Elemente-Verfahren untersucht; Variationen des
Kanaldurchmessers dominieren den Kompressions- und Elastizitätsmodul. Eine neuartige Architektur für Substrate in der Gewebezucht wird vorgeschlagen, die aus
den Minimalflächen durch Aufdickung hervorgeht. Diese Sheet Solids sind steifer als
konventionelle Substrate und weisen eine höhere spezifische Oberfläche auf; deshalb sind diese Strukturen vielversprechende Kandidaten als Substrate für die Gewebezucht.
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Revisions
Revisions to this document:
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Tuning elasticity of open-cell solid foams via randomized vertex connectivity, which are
published now.
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M ECKE , K., AND S CHR ÖDER -T URK , G. E. Morphology and
linear-elastic moduli of random network solids. Adv. Mat. 23,
22-23 (2011), 2633–2637.
K APFER , S. C., H YDE , S. T., M ECKE , K., A RNS , C. H., AND
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0. Introduction
Modern functional materials, and even more so biological materials, are often characterized by a high degree of complexity in their spatial organization. The complex spatial structure is crucial for their advantageous physical properties, and has
for decades been an interdisciplinary subject of research drawing physicists, engineers, chemists and biologists. During this time, imaging technology has advanced
tremendously. While some complex materials reveal their structure to the naked
eye, in many, the heterogeneities are on the micro- or even nanoscale. The metal
foam in Fig. 0.1 a), used as a lightweight yet stiff construction material, has a pore
size of a about a centimeter; the pores in polyurethane foam are fractions of millimeters (Fig. 0.1 b). The interior of human cancellous bone (Fig. 0.1 c) is a complex
network of struts, termed trabeculae, on the order of 100 μm in size. The trabeculae
network has been known since the 17th century [89], but continues to be the subject
of analysis and modelling (see Ref. [304] for a review). Smaller length scales could
not be probed in real space until fairly recently. The enormous success of scattering
methods, operating in reciprocal space, in discovering the micro- and nanostructure
of materials notwithstanding, real space data remains indispensable for the analysis
of complex structures, since they frequently lack periodicity and long-range order.
Today, micro-computed tomography (μCT) has been refined below the one micron
limit, and routinely permits the imaging of materials such as porous ceramics and oil
reservoir rock [103, 266] with direct relevance to engineering applications, but also of

a)

b)

c)

d)

Figure 0.1.: Examples of complex spatial structures, from the centimeter scale down
to the sub-micron scale. From left to right: a) a closed-cell aluminium
foam [287]; b) an open-cell polyurethane foam [26] (with kind permission of A. Bayat); c) trabeculae in a human cancellous bone [46] (with
kind permission of A. Boyde); d) SEM data showing the microstructure
of a butterfly wing (polyommatus icarus, reprinted from [36] with kind
permission of L. Biró).
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a)

b)

c)

Figure 0.2.: a) A liquid foam, in the dry limit. With very little water content, the
facets almost appear be to flat polygons. With kind permission of Andrew M. Kraynik [201]. b) A continuous evolution of foam, from isolated
bubbles at the bottom, behaving like a hard-sphere fluid under (negative) gravity, to wet foam with a high water content, and finally, at the top
almost dry foam. With kind permission of Jan Cilliers [52]. c) An amorphous sphere packing, interpreted as a cellular medium via its Voronoi
tessellation. From [244].

biological tissue such as wood [34] and bone [126]. Confocal microscopy can resolve,
for example, network morphologies formed by biopolymers [183] and transitions
in colloids [284]; some structures are small enough to act as photonic crystals and
must be imaged by electron microscopy, such as the butterfly wing microstructure in
Fig. 0.1 [36] or electron tomography [12]. Despite all this progress, structure-function
relationships remain far from a solved puzzle. A structure-function relationship is a
connection between the (micro-)structure of a material and its physical properties at
large scales. For example, the rigidity of wood and bone, despite being low-density
materials, is due to their internal organization, which is designed to sustain the loads
that typically occur. The interconnectivity of pores in a sandstone specimen controls
the permeability for fluids transported through the rock (see, for example, [137]). A
structure-property relationship would relate specific aspects of the morphology to
the effective physical properties; however, the finding of such relationships remains
a major challenge for physicists and engineers alike. The missing link between spatial structure and physical properties has also prompted the present thesis.
At the same time, complex spatial structures are produced by physical processes,
and for understanding the physical process, it is necessary to describe the structure.
Often these processes are of a statistical type, which leads to disordered geometries
on longer length scales, even though locally, the constituents and the laws of their
interaction are rather simple. For example, the rules governing the statics of dry
foams – foams with negligible liquid content and infinitesimally thin walls – are
well-known since the 19th century: According to Plateau’s laws [283], the cells in a
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soap froth consist of facets of constant mean curvature; three facets always meet at
an edge, with a dihedral angle of 120 degrees; and third, four edges meet at a vertex
in a tetrahedral arrangement, with angles of 109.47 degrees. Nevertheless, a disordered soap froth is a complicated cellular structure that defies description by simple
equations (Fig. 0.2 a). In particular, the aging of three-dimensional soap froths by
diffusive coarsening is still not well understood [282, 79, 110]. In two dimensions,
on the other hand, von Neumann’s law exactly relates the growth rates of foam bubbles to their number of facets via the Gauß-Bonnet theorem: Planar foam cells with
less than six facets shrink, cells with more than six facets grow, and cells with exactly
six facets do not change in volume [283]. In three dimensions, however, the geometry is not easily described by few numbers, and the growth rate of a bubble is not
simply a function of the number of facets. Additional morphological characteristics
are thus required to fully describe a foam cell; for example, the growth rate is related
to the integrated mean curvature of its facets. The integrated mean curvatures of
the individual foam cells are not the independent variables (or degrees of freedom),
of a foam, and due to the complex, interdependent fabric formed by the foam cells
(Fig. 0.2 a), it is difficult to identify the independent variables. Morphometry may
help solving these problems, by making the independent variables apparent.
The success of physics in uncovering the laws of nature is essentially reliant on
the language of mathematics, and the quantitative approach; the idea that any phenomenon may be captured in a set of numbers is at the heart of physics. Sir William
Thomson writes [265, p. 80]: “I often say that when you can measure what you are speaking about, and express it in numbers, you know something about it; but when you cannot
express it in numbers, your knowledge is of a meagre and unsatisfactory kind; it may be the
beginning of knowledge, but you have scarcely, in your thoughts, advanced to the stage of
science, whatever the matter may be.” The quantification of spatial structures is still
in its nascence, and performed on a case-by-case basis, often in an ad-hoc fashion.
Arguably, a quantification of morphology – or morphometry – is a prerequisite for
formulating quantitative structure-function relationships. Nevertheless, a universal,
systematic framework for the characterization of spatial structure is still developing.
The structure metrics coming closest are correlation functions [267], and of those
in particular the pair correlation function g2 , which is accessible by scattering, and
can be rigorously linked to some thermodynamic properties [96]. However, the correlation functions are poor metrics of topology or connectedness, leading to an incomplete characterization of percolation [16] and conduction [31] properties. Most
other structure metrics, such as the mean intercept length (MIL) tensor [285, 101],
bond-orientational order parameters [260], texture tensors [23, 90], wavelet analysis
[262] or star-volumes [136], are restricted to one specific field of research; the incompleteness of morphometry together with its rising relevance owing to novel and
progressively inexpensive imaging technology, warrant a thorough analysis.
Physical properties of a given complex microstructure can today be computed,
under certain simplifying assumptions, using for example finite-element methods or
molecular dynamics simulations. Thus, one could consider the search for structurefunction relationships outdated. The ultimate objective in structure-function rela-
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Figure 0.3.: The two faces of hard spheres: Top: Thermal or equilibrium hard spheres
(red) undergo a phase transition as the packing fraction is increased,
and eventually settle into a fcc lattice. The example figures are drawn
in two dimensions, even though the three-dimensional hard-spheres system is considered here. The lines are the reciprocal pressure. The fluid
branch can be continued into a metastable regime (blue) whose pressure eventually diverges, approaching packings that have been related
to the RCP point (ηRCP ≈ 0.64). Bottom: Jammed sphere packings are
defined by their mechanical stability. The loosest may be tunneled crystals (η ≈ 0.49), and the most dense are known to be the stacking variants
of fcc and hcp. Only very locally, a more denser packing can be formed
(icosahedral non-crystalline), which cannot be continued spatially, and
thus does not exceed the fcc packing fraction.
tionships however is not the mere prediction of the properties of a particular material, but also the understanding how it acquires those properties, and the design of new materials which are tailored to a specific use. Topological optimization
[301, 105] may be used, for example, to find local optima in the configuration space
of morphologies. Though simulation methods are efficient at solving a particular
problem, they frequently contribute little to the understanding of the physics in the
general case. Hence, structure-function relationships and with them morphometry
remain relevant.
Many of the materials presented in Fig. 0.1 are cellular structures; the reason is
that cellular structures (both with intact cell walls and reduced to the strut framework) are typical outcomes of self-assembly. Even though techniques such as rapid
prototyping [288, 54] accomplish the production of near-arbitrary spatial structures,
self-organization of the constituents into the desired structure remains of the utmost
significance for economic, large-scale production. For example, metal foams are produced from the liquid state by foaming, but also the skeletons of crustaceans [196]
and the intricate structure of the butterfly wing (Fig. 0.1 d) are the result of selfassembly. The key to self-assembly as an entropy-maximizing process lies in the
statistical physics of the system and its phase transition behavior. A very simple
xvi

system where an ordered structure emerges from simple constituents is the hardsphere fluid, which is intimately connected with foam physics. When increasing the
water content of dry foams, one arrives at wet foams, with extended edges and joints
where bubbles meet; increasing the water content further ultimately leads the dissolution of the foam and formation of a suspension of spherical air bubbles in water
(Fig. 0.2 b). Thus, we have arrived at the sphere packing problem, which amounts
to the question how spherical particles can be arranged in a given volume without
overlap. At low densities, the hard-sphere model with equal-sized (monodisperse)
particles is a reasonable model for a simple fluid (Fig. 0.3 top half). At intermediate packing fractions, between 49.5% and 54.5%, the hard-sphere fluid will undergo
a phase transition and crystallize into a face centered cubic (fcc) phase with longrange translational order, which eventually leads to the tightest packing of spheres,
at ≈ 74% packing fraction (Fig. 0.3, top right). Thus crystalline order has emerged,
in a purely entropy-driven way, from a system with simple physics which do not
seem to imply order at first sight. The crystalline structure is, however, favored
since it grants the particles that are caged by their neighbors more space for residual vibrations than other arrangements, thus increasing the system’s entropy. This
behavior is well understood qualitatively from molecular dynamics simulations [4],
even though numerical details have taken more time to iron out [41, 293].
The hard-sphere model, however, not only admits the thermal ensemble that we
have focussed on until now, but also non-equilibrium states with slower dynamics
[144, 128] (Fig. 0.3, the blue branch in the top half), and athermal ensembles [212]
(Fig. 0.3, bottom half). The latter are good models for granular matter such as sand,
pebbles or candy, which do not tend towards crystallization. Disordered, mechanically stable (jammed) packings are assumed to exist in a relatively narrow range
of packing fractions, approximately between 56% and 64% (Fig. 0.3). Even though
the local mechanical laws governing the stability of granular packings are evident,
collective phenomena arise when a large number of spherical particles are involved.
Universally reproducible collective states such as random close packing have been proposed since the middle of the previous century [32], but evade a precise definition to
the present day. The only universally accepted definition of the random close packing state is purely operational: A random close packing is what results when spherical beads are poured into a container and shaken thoroughly. Ordered packings are
more accessible; on the close-packed end, we know that the fcc and hcp packings
are the densest (the stack of oranges in Fig. 0.3 is hcp). On the loose end, promising
candidates for the loosest jammed packings are tunneled crystals, fcc-style packings where columns of spheres have been removed [271]. So, in the same way as
for foams, the amorphous or disordered structures have proven more difficult to
describe than well-ordered ones. As for porous and cellular structures, the independent degrees of freedom in the system are concealed by a large amount of microscopic detail, and the introduction of appropriate morphological metrics may solve
part of the problem. Curiously, the morphometry of sphere packings is sometimes
based on the Voronoi tessellation, which assigns to each particle a cell surrounding
it, such that the cell facets are the midplanes between the particles (Fig. 0.2 c). Using
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a)

b)

c)

Figure 0.4.: a) Turing pattern formed in a reaction-diffusion system; for more detail, see section 4.3. Reprinted from [111] with permission. b) 3D
reconstruction of a TEM micrograph showing a polystyrene-blockpolyisoprene/polystyrene blend. The picture shows the transition from
the Gyroid bicontinuous phase to the perforated layer phase. The two
channel networks have been colored to accent the structure. The picture
is 500 nm wide. Reprinted from [165] with permission; c 2007 ACS.
c) Cartoon illustrating how polymers form a bicontinuous mesophase.
In pink, the Gyroid minimal surface which partitions space into two
labyrinthine domains. The two congruent surfaces shown in blue and
rainbow colors mark the center (the medial surface) of the two domains.
A few diblock copolymer molecules are shown, forming a core-shell
mesophase. From G. E. Schröder-Turk [240], reprinted with permission.
this maneuver, the morphometry of a sphere packing reduces to the description of a
cellular structure again (see for example Refs. [259, 19]).
Climbing the ladder of complexity, structure also forms spontaneously in chemical reaction-diffusion systems [277, 145, 205], where the interaction between several
chemicals and slow diffusion leads to the formation of intricately interwoven density profile patterns (Fig. 0.4 a). Even without any chemical reactions, more complex
molecules such as diblock copolymers consisting of both a hydrophilic component
and a hydrophobic tail assemble into bicontinuous mesophases [119, 28] that can be
connected to bicontinuous triply-periodic minimal surfaces (TPMS, see Fig. 0.4 c).
Triply-periodic here means that the surface can be continued indefinitely into all three
spatial directions. Further, bicontinuous indicates that the TPMS partitions space into
two domains which are interwoven and in a labyrinthine way. Finally, TPMS are
minimal surfaces, meaning that they obey a local area minimization principle. Hence,
TPMS structures are favored by materials with a surface tension, for example surfactants and diblock copolymers. They are, however, also formed by less obvious
constituents, such as colloids [108] and, in molecular dynamics simulations, by pearshaped hard particles seeking to maximize entropy in the same way as hard spheres
[74]. Self-assembling morphologies can be remarkably complicated. In bicontinuous
mesophases such as Fig. 0.4, only two spatial domains are entangled. Generalizaxviii

tions of these morphologies exist, however, with three or more entangled domains
in a polycontinuous geometry [120]. Star-shaped polyphiles, molecules with three
chemically dissimilar and mutually immiscible arms may form mesophases of tricontinuous geometry [140]. Again, good morphometric quantities are essential in
order to identify polycontinuity in nature, and to predict which geometries correspond to thermodynamically stable mesophases.
Besides their relevance for soft-matter systems (and their obvious aesthetic appeal), minimal surfaces also have a different application. Microstructures related
to minimal surfaces have been found in biological organisms, for example as skeleton structures formed by crustaceans [196] and in the wing-scales of butterflies [229,
238]. The reason for the occurrence of minimal surface microstructures in biological systems is not completely clear; part of the answer may lie in their self-assembly
properties, the idea being that rigid chitin or calcite is deposited on a soft-matter template. Minimal surface structures, however, also have advantageous properties after
they are formed. In theoretical studies, multiphase composites derived from minimal surfaces have been found to optimize conflicting design goals such as transport
coefficients of the two phases [268, 301]. This suggests to use minimal surface structures as guides for novel materials designs in applications where multifunctionality
is required. An example is the currently emerging field of tissue engineering [179].
In order to cultivate new or replace damaged tissue for biological and medical purposes, there is a large interest in temporary or permanent scaffolds as support structures for the growing tissue. A focus of the field is the design of bone tissue scaffolds
which exhibit both satisfactory stiffness to fulfill the mechanical function of bone
and adequate permeability to allow for their colonization by living tissue with the
goal of revitalization [290]. Both properties depend sensitively on the morphology,
in particular the interconnectedness of the solid phase and of the pore space. In order
to optimize the structure, again, structure-function relationships are of importance,
and the quantitative description of shape comes into play.
Concluding, robust and physically relevant metrics of morphology are essential
for the formulation of structure-function relationships, which enable the design and
adaption of materials to meet the requirements of an application. Morphometry may
also be the key for the understanding and analysis of a large number of physical
systems and processes which, though driven by simple geometry, evade intuitive
understanding due to the sheer number of their variables. Of course, all research
is incremental, and most individuals can only hope to make a tiny contribution to
complete such an enormous –visionary?– program. Hopefully, the studies of simple
systems in the present work constitute such a tiny contribution. These introductory
paragraphs thus end on a more modest note, with a witticism from former chancellor
of the federal republic of Germany, Helmut Schmidt1 : ‘Wer Visionen hat, soll zum Arzt
gehen!’ loosely translating to, ‘People who have visions should see a doctor.’
1

He is supposed to have said this about Willy Brandt’s vision for the future during the 1980 campaign
for Bundestag elections. While he concedes authorship of the quote, he denies having coined it with
Brandt in mind [151].
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Outline
Part I
This thesis is divided into four parts. The first part is concerned with the mechanical properties of porous solids. While the prime examples are based on minimal
surface geometries, we also touch on network solids consisting of struts and joints.
We give a brief introduction to the linear theory of elasticity (section 1.1) and discuss how mechanical properties can be computed using the finite-element method
(section 1.2). A special section is devoted to the most prominent bounds on the mechanical properties when the porosity or certain correlation functions are known,
due Hashin & Shtrikman and Beran & Molyneux. These results represent structurefunction relationships in the sense that morphometric information restricts the mechanical properties. It will, however, also be seen, that they are of limited use for
porous elasticity since topology and connectedness of the material are not taken into
account (section 1.3).
As an example of a porous solid, we consider a family of hexagonal-symmetry
structures which are candidates for copolymer mesophases. The symmetry of the
elastic tensor is studied, and it is found that a single isolated member in the family does not bear the signature of hexagonal symmetry, but is elastically isotropic
(section 1.4). As a further example, a strut-and-joint network solid with randomized vertex connectivity is discussed. This model is interesting in particular because
topology is introduced as an explicit parameter while conserving to a first approximation the pore space geometry and spatial correlation functions of the solid domain, thus demonstrating that an analysis based solely on correlation functions is
incomplete (section 1.5).
Since a marked advantage of the minimal surface structures is the open geometry
which promises good conduction properties for each of the two phases, the Gyroid
minimal surface has been considered as a scaffold architecture for tissue engineering [179], where mechanical stiffness and fluid permeability have to be simultaneously optimized. We review some of the relevant literature, and define network
solid scaffolds based on minimal surfaces; we also introduce a new type of scaffold
architecture, termed sheet solid, that was not proposed in the literature at the time
of the study but has, in Ref. [299], been discovered independently in the meantime
(section 2.1). We then compare the mechanical properties of network and sheet solid
architectures. Returning to structure-function relationships, we outline, from general principles such as the symmetries of the elastic equations, some traits that a
predictive morphometric quantity should possess, and identify, for minimal surface
network solids, variations of the solid domain diameter as the dominant influence.
We also find that sheet solids are considerably stiffer than network solids, and discuss aspects beyond stiffness pertaining to their application in tissue engineering
(section 2.2).

xx

Part II
The second part of this thesis introduces tensorial Minkowski functionals, or Minkowski tensors for short, as morphometric quantities. Minkowski tensors generalize
the Minkowski functionals known from integral geometry [228, 175, 234] towards
anisotropic properties. We give a thorough introduction and state the principal
properties of planar (2D) Minkowski tensors (sections 3.1 and 3.2). For the applications, the computation of Minkowski tensors for as wide a range of morphologies
as possible is desirable. We show how expressions to evaluate Minkowski tensors
of polygons can be derived, and give the necessary formulae for a complete set of
Minkowski tensors up to rank two (section 3.3). We also show how Minkowski tensors may be computed for pixelized image data which frequently is the experimental
input.
Chapter 4 contains exemplary applications of planar Minkowski tensors, with the
focus on the methodology rather than the physical systems. First, we study a cellular
system, namely the morphology of ice grains in Antarctic cores. Robust metrics of
anisotropy are developed based on the Minkowski tensors; the anisotropy of the
ice grains and of the ice grain fabric is disentangled, and the results are related to
existing metrics of morphology (section 4.1). Section 4.2 introduces the concept of
Minkowski maps, which allow for the analysis of non-cellular systems with possibly
infinite and percolating bodies. In the following section 4.3, Minkowski maps are
applied to Turing patterns, which exhibit such morphologies. Minkowski tensors
can serve as an order parameter sensitive to the phase transitions occurring in this
system. Moreover, Minkowski maps allow for a local analysis, which is critical for
systems like Turing patterns, which usually lack long-range order. The final section
in this chapter introduces Minkowski correlators. Using this technique, orientational
correlations and the range of orientational order may be studied, in cellular systems
or via Minkowski maps. We demonstrate that Minkowski correlators can recover the
orientational length scale from a tessellation toy model with artificially introduced
correlations (section 4.4).

Part III
The third part applies Minkowski analysis to fluid models, both 2D and 3D. We first
generalize the Minkowski tensors, introduced in part II for planar morphologies, to
the spatial case (section 5.1). Section 5.2 then goes on to describe how Voronoi diagrams can be used to define local anisotropy in point patterns; the local anisotropy
is quantified using eigenvalue ratios of Minkowski tensors.
In the following sections, we present an analysis of three important fluid models
and their local anisotropy; in each, the particle coordinates are interpreted as a point
pattern, which is analyzed with regards to local anisotropy using the Minkowski
tensor method. These fluid models serve as reference data for future applications
of Minkowski tensors. Section 5.3 discusses the ideal gas (Poisson point process),
which is a reference system for uncorrelated points; it also is the low-density limit

xxi

0. Introduction
of hard-particle systems such as hard disks and hard spheres. In both hard spheres
and hard disks, the phase transition is clearly identifiable using local anisotropy
measures. We discuss the relation of anisotropy indices derived from the various
Minkowski tensors, and the how Minkowski anisotropy indices relate to the isoperimetric ratio (section 5.4). The Lennard-Jones system is a more realistic model of a real
fluid, and includes a critical point; the local anisotropy analysis yields a comprehensive analysis of the phase behavior (section 5.5). Chapter 6 contrasts the Minkowski
analysis of local anisotropy with two popular structural metrics in particulate systems.
The configurational tensor (section 6.1) was in particular used in granular systems;
we show that owing to its definition based on neighborhoods, it is discontinuous as
a function of the geometry. This has consequences for its robustness against noise.
Minkowski tensors are robust in this regard by their additivity and conditional continuity properties. Bond-orientational order parameters have frequently been used
for fluid, vitreous and granular systems. In section 6.2, we show that since they
also build on the concept of neighborhoods, they share similar problems. We give
a concrete example, dense non-equilibrium hard-sphere states, where this can lead
to inconsistencies; Minkowski tensors on the other hand, are reliable metrics in this
regime.

Part IV
The fourth part of the present thesis is also concerned with the hard-sphere system,
albeit in the granular limit, i. e. jammed sphere packings. We first review the discussion of jammed sphere packings in the literature, in particular, the random close
packing point (section 7.1). We discuss the most important approaches towards the
explanation of the RCP phenomenon (7.2). Finally, the current methods for structure
characterization of jammed packings and some of their problems are reviewed (7.3).
In chapter 8, an analysis of jammed packings using a new morphometric method
is presented. Section 8.1 introduces the method: based on rank-four Minkowski
tensors, it is possible to define a pseudodistance on the space of Voronoi cells, and
thus to classify local configurations of spheres in a packing. We then describe the
generation of jammed sphere packings via a numerical protocol, the LubachevskyStillinger algorithm (section 8.2), and apply the rank-four Minkowski analysis to
these packings. We find that the number of crystalline clusters, i. e., locally ordered
arrangements, is zero up to a threshold, the limiting packing fraction; above it, rapid
crystallization occurs in the packings. We contrast the Minkowski analysis with the
conventional analysis based on the bond-orientational order parameter and find that
bond orientation analysis is less specific at detecting and classifying crystalline clusters than Minkowski tensors. Finally, the limiting packing fraction is determined in
a parameter-free way; it is found to exceed established values for the RCP packing
fraction (section 8.3).
While the rank-four Minkowski analysis is very successful, a more systematic approach is desirable if even higher-rank tensors are to be considered. The final chap-
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ter of this thesis thus contains an outlook aimed at irreducible Minkowski tensors,
which achieve the decomposition of higher-rank tensors into submodules invariant under rotation, and eliminate redundant information. Section 9.1 contains the
necessary foundations from representation theory, and the decomposition of Minkowski tensors and Minkowski correlators up to rank four. Section 9.2 generalizes
to higher-rank tensors for which the spherical tensor formalism is more convenient.
We also consider, in a systematic way, the rotational invariants of irreducible spherical tensors. At the end, a re-analysis of the jammed sphere packings of section 8.2 is
presented. We show that spherical Minkowski tensors can be used for the detection
and classification of crystalline clusters. Finally, we can show that spherical Minkowski tensors are related to the conventional bond orientation analysis, without
sharing its defects: The conceptual problem of bond orientation analysis, the necessity to arbitrarily choose neighborhoods, is avoided when using Minkowski tensors
(section 9.3).
At the end of most chapters, a section named Conclusions is found, which summarizes the main findings of each chapter, along with some ideas for further investigation which could not be implemented due to time constraints.
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Part I.

Mechanical Properties of
Anisotropic Heterogeneous
Structures

3

1. Effective Mechanical Properties of
Anisotropic Heterogeneous Materials
This chapter provides a concise introduction to the subject of effective (or homogenized) mechanical properties of spatially heterogeneous materials. A voxel-based
finite-element program is presented, designed to solve linear-elasticity problems in
complex geometries, which forms the basis for several applications, in sections 1.4,
1.5 and 2.2.
We consider composite materials that are aggregates of multiple different pure materials interspersed in some fashion. Each of these pure materials is assumed to
be elastic, and all deformations are assumed to be small enough such that the linearelastic limit holds. If a large enough sample of such a composite material is prepared,
we expect the sample to behave as a linear-elastic solid in its own right. For this to
apply, of course, the material must be homogeneous on the length scale considered,
such that the heterogeneities of the microstructure are averaged out. The reason for
this can lie in a periodicity on the microscale, or in the fact that the material is the result of a statistical process which has the same properties everywhere (for example,
natural rock on scales of a few centimeters). If these assumptions hold, we can describe the composite material as an effective, or homogenized, elastic material, with
effective elastic moduli.
The properties of such an effective material may be anisotropic, i. e. depend on the
direction of compression or shear imposed on the sample. In the case of multiphase
composites, anisotropy may be due to anisotropic constituent pure materials, or due
to their spatial distribution (the microstructure). We will only consider isotropic
constituents, and any residual anisotropy in the effective elastic moduli is due to the
microstructure.
This chapter introduces the basic notions of linear elasticity in spatially heterogeneous linear materials; we also outline how the elastic equations may be solved
in complex materials, using the finite-element method. Finally, two applications are
shown, addressing the question whether microscale anisotropy in certain mesophases
is detectable in the effective elastic moduli, and relating to the effective elastic constants of network solids with randomized vertex connectivity.
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1.1. Linear Theory of Elasticity and
Effective Mechanical Properties
The theory of elasticity is concerned with deformations, or strains of elastic solids.
Under the deformation, the body incurs an energy penalty, and the density of elastic
energy stored in a strained sample is given by
U := 12 he(r ) : σ (r )i

(1.1)

where e and σ are the strain and stress tensors, and the angle brackets denote an
appropriate spatial average over a large enough portion of the sample,

h f (r )i :=

1
·
V

Z
V

d3 r f ( r ) .

(1.2)

For periodic materials, V can be the volume of the unit cell1 . e is the strain tensor, and
is computed from the derivatives of the displacement u. In the limit of infinitesimal
displacements, e simplifies to

eij (r ) := 12 ∂i u j (r ) + ∂ j ui (r ) ,
(1.3)
the displacement u(r ) specifying, for each volume element at position r, where it is
transported to by elastic strain. σ is the stress tensor, denoting the elastic response
of the strained material. It is connected to the strain tensor by a constitutive relation;
for linear elasticity σ is related to e via the tensor of elasticity or stiffness tensor C
(Hooke’s law)
σ (r ) =

∑ Cijkl (r )ekl (r ) = C(r ) : e(r ).

(1.4)

kl

The double-dot product is a convenient notation for the contraction of the two adjacent indices, and has already been used, without explanation, in Eq. 1.1. While e is
naturally symmetric, σ can be chosen to be symmetric without affecting the physics
[154]. Thus C satisfies the symmetry Cijkl = Cklij = Cjikl .
In mechanical equilibrium, in the interior of the sample, the elastic forces vanish, assuming that external traction forces or body forces (for example, gravity) are
absent. This can be written,
div σ(r ) = 0,

(1.5)

which can be cast into the form of a variational principle: The solution e∗ minimizing
the elastic energy, e(r ) : C (r ) : e(r ), automatically satisfies the divergence condition
Eq. 1.5. Thus, the minimizer e∗ of the elastic energy, from
e∗ (r ) := argmin e(r ) : C (r ) : e(r )

(1.6)

e (r )
1 Strictly

speaking, the strain and stress fields need not have the periodicity of the microstructure. No
counterexample was found, however, in the present study.
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with the appropriate boundary conditions on u(r ) or σ(r ) corresponds to mechanical
equilibrium. The variational principle Eq. 1.6 is conveniently implemented numerically using the finite element method (FEM).

Mehrabadi Supermatrix Notation
Since the rank-four elastic tensor is rather inconvenient, it is conventionally rewritten as a 6 × 6 matrix using Voigt’s notation. A slightly more elegant notation is due
to Mehrabadi and Cowin [177]; it rewrites the stiffness tensor as the supermatrix

√
√
√

Cxxxx
Cxxyy
Cxxzz √ 2Cxxyz √ 2Cxxxz √ 2Cxxxy
 C
Cyyyy
Cyyzz √2Cyyyz √2Cyyxz √2Cyyxy 
xxyy




2Czzyz
2Czzxz
2Czzxy 
 √ Cxxzz √ Cyyzz √ Czzzz
M (C ) := 
 , (1.7)
 2Cxxyz
2Cyzyz
2Cyzxz
2Cyzxy 
√2Cyyyz √2Czzyz
√

 2Cxxxz
2Cyzxz
2Cxzxz
2Cxzxy 
√
√ 2Cyyxz √ 2Czzxz
2Cxxxy
2Cyyxy
2Czzxy
2Cyzxy
2Cxyxz
2Cxyxy


and the strain and stress tensors as
t
m(σ) := σxx σyy σzz σyz σzx σxy
t
m(e) := exx eyy ezz eyz ezx exy .

(1.8)
(1.9)

The notation Eq. 1.7 is particularly useful because material symmetries correspond
to degeneracies of the eigenvalues of M(C ) [177].
The Mehrabadi supermatrix has up to six distinct eigenvalues and the associated
stress-strain eigentensors (identified with R6 column vectors). For an isotropic elastic material, this reduces to just two. The first eigenmode is associated with a hydrostatic isotropic compression strain eigentensor, and its eigenvalue is proportional to
the effective bulk modulus κ of the material. The other eigenmodes have degenerate eigenvalues with multiplicity five, and are associated with isochoric (volumepreserving) strain tensors. A cubic-symmetry material has three distinct eigenvalues: one hydrostatic, and two distinct isochoric ones. The shear modulus of a cubic
material depends on the orientation of shear with respect to the symmetry axes, and
can be derived from the isochoric eigenvalues [280]. Further symmetries are listed
in Ref. [177].

Effective Mechanical Properties
For a sample much larger than the length scale of the microstructure, the real, spatially heterogeneous material can be replaced by a homogenized, virtual material
with effective mechanical properties (see sketch in Fig. 1.1 a and b). Thus, the microscopic stiffness tensor C (r ), which is a tensor field depending on the position r, is
replaced by a tensor constant C ∗ which characterizes the virtual material, such that
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→
a) C (r )

b) C ∗

c)

Figure 1.1.: Left panel: Cartoon picture of the concept of effective mechanical properties: For samples much larger than the length scale of the microstructure
(this condition is not met in the figure), the physical material with its
microstructure (a) can be replaced by a virtual material (b) that is distributed homogeneously in space. Right panel: Sketch demonstrating the
discretization of the microstructure by cubic voxels. Each voxel has a homogeneous composition, e. g., solid (grey) or void (transparent). When
minimizing the elastic energy, the degrees of freedom are the corners of
the voxels, symbolized by the red orbs.
the elastic energy is the same as in the true solution, for boundary conditions given
by any deformation mode e(i) :
U(i) = 12 he(∗i) (r ) : C (r ) : e(∗i) (r )i = 21 e(i) : C ∗ : e(i)

(1.10)

with the boundary condition on the net strain2 e(i) = he(∗i) (r )i. In the linear elasticity
limit, deformation modes may be linearly combined. The space of displacement tensors is six-dimensional, hence the solution of the minimization problem Eq. 1.6 for
six distinct deformation modes e(i) with i = 1, . . . , 6 suffices to fix C ∗ . If symmetries
of the material can be exploited, fewer modes need to be computed, see for example
the cubic/isotropic case on page 9.

1.2. Implementation of the Voxel-based Finite-Element Code
Only for very simple geometries one can solve the variation problem Eq. 1.6 with
analytical methods. This section describes the implementation of a finite-element
program, which can be used to treat more complex microstructures, required for the
applications presented in sections 1.4 and 1.5, and chapter 2.

Design of the Algorithm
The finite-element code uses the ideas of Garboczi [87]. The microstructure is represented by an array of cubic voxels; each voxel has a homogeneous composition,
2 We

only consider fixed-displacement boundary conditions here, though fixed-stress and mixed
boundary conditions are also possible.

8

1.2. Implementation of the Voxel-based Finite-Element Code
i. e. C (r ) is assumed to be constant over a voxel and only change at the voxel boundaries. Using a small lattice constant, convergence to the continuum mechanics is
expected3 In the same way as the material microstructure, the displacement field is
discretized. The basic degrees of freedom are the coordinates of the voxel corners
ci (the red circles in Fig. 1.1 ); the displacement is interpolated linearly across the
interior of each voxel in all three Cartesian directions; i. e. for a voxel located at the
origin, of unit size, we have
1


u (α, β, γ) :=

1

1

∑ ∑ ∑ α1−i (1 − α)i β1− j (1 − β) j γ1−k (1 − γ)k ci+2j+4k .

(1.11)

i =0 j =0 k =0

The strain tensor is the derivative of the displacement field, by Eq. 1.3. Inserting
this into Eq. 1.1, we get the elastic energy stored in the voxel considered. In contrast
to the implementation in Ref. [87], the spatial integration over a voxel is performed
analytically, and the elastic energy can then be represented by a quadratic form in 24
dimensions,
24

Uvox =

∑

∆i Γij (C0 )∆ j ,

(1.12)

i,j=1

where the matrix Γ encodes the mechanical properties of the voxel material, with
elastic tensor C0 , and the ∆ are 24-dimensional column vectors containing, in a suitable indexing scheme, the 8 × 3 = 24 Cartesian coordinates of the voxel corners.
The summed elastic energy of all the voxels in the sample is minimized using a
conjugate-gradient algorithm [109], while enforcing the boundary conditions, and
identifying voxel corners shared by multiple voxels. The elastic energy of the final,
equilibrium state is the elastic modulus corresponding to the boundary conditions;
for the cubic-symmetry case, we use:
Net strain he(r )i
1
3 δij
1
2 ( δi3 δj3 − δi1 δj1 )
1
2 ( δi1 δj3 + δi3 δj1 )

Modulus
bulk modulus κ
shear modulus µ
shear modulus µ0

In an analogous way, the full effective elastic tensor can be computed. For this, six
different net strains are imposed on the sample; from the strain and stress on the
sample hull, one can reconstruct the 6 × 6 Mehrabadi supermatrix, and from that,
the effective elastic tensor.
3 The

approach of using voxels to model the microstructure has the advantage that nearly arbitrary
structures can be implemented with minimum effort. It is, however, more computationally expensive than more elaborate meshing schemes; for example, if a structure involves both very thin struts
and thicker struts, due to the uniform discretization, much computer time is allocated to the thicker
struts, where the fine discretization is not required. For our purposes, the increased flexibility outweighs the reduced computational efficiency.
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Implementation
The algorithms outlined above were implemented in a C++ program (Ref. [130]).
The number of conjugate gradient iteration steps required for convergence can be
several hundred to a few thousand; the data that is manipulated during the computation, for a 256 × 256 × 256 voxels structure with a porosity of ≈ 70% comprises about 3 gigabytes. As a result, a parallel program was implemented using
the Boost::MPI libraries [42].
For the computation, the structure is divided into slices along the z axis, and each
node is allocated one slice, in which it solves Eq. 1.5 using the conjugate gradient
method. Since the systems of equations is coupled, the nodes have to interchange
stress (σ) data regularly. This poses a serious problem since the stress data shared
among peer nodes is quite large (several megabytes), and even with fast Infiniband
interconnects between the nodes, the program running time is dominated by communication time. This is solved by computing the shared degrees of freedom, i. e.,
the top and bottom plane of voxels in each node, ahead of time. Then, while the
bulk of the computation is performed, synchronization with the bottom and top
peer nodes is managed by a background thread. In this way, the communications
latency is hidden, and the full job time can be used for actual computations (latency
hiding).
To gain another factor of two, the code uses the SSE2 extension of modern x64
CPUs; for this, the innermost loop of the program, corresponding to the evaluation
of a single voxel’s stress, by a matrix-vector product with the Γ matrix, Eq. 1.12, was
implemented in assembly.
Finally, modern cluster hardware only has a very modest amount of memory
available per processor core, on the order of one gigabyte. Thus, great care is taken
to reduce unnecessary use of memory, in particular large-volume floating point data,
to be able to use all cores in a node. For example, void voxels are eliminated from
the dataset, and not allocated degrees of freedom. The current program performs the
computation of one elastic modulus, for a 2563 voxels structure, in about 10 minutes
(RRZE “Woody” machine, 4 nodes, 16 Woodcrest processor cores).

1.3. Effective Mechanical Properties of Porous Structures
In the following, we assume that the structure is a porous solid, i. e., the structure
consists of two domains, one of which is an isotropic solid, the other is void. This
already gives rise to very interesting physics, and suffices for all the applications
presented in this thesis, sections 1.4 and 1.5, and chapter 2. In the void domain, the
stiffness tensor C (r ) vanishes; the void domain does not conduct elasticity. Thus,
the void domain drops out of the elastic energies and does not have to be considered
when computing effective moduli. In the solid domain, we take C (r ) to be constant
and equal to the stiffness tensor of an isotropic solid with bulk modulus κ0 and shear
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modulus µ0 ,

0
Cijkl
= κ0 − 23 µ0 δij δkl + µ0 (δik δjl + δil δjk ).

(1.13)

We can thus write C (r ) = χ(r ) · C0 , where χ is the indicator function of the solid domain, which is unity in the solid domain, and 0 in the complement. Using the finiteelement program, described above, we can now compute effective elastic moduli (κ,
µ, . . . ), and an effective stiffness tensor C ∗ for the porous structure. Note that even
though the elastic solid is isotropic, the effective elastic tensor need not be isotropic;
the anisotropy then is, however, not due to the microscopic elastic behavior but due
to the anisotropic geometry.
The discretization of the structure into cubic voxels influences the results. For reliable results the domain diameter should correspond to at least 5–7 finite-element
voxels. If better accuracy is required, moduli can be computed for the same structure at multiple resolutions, ranging from 643 to 5123 , and the results extrapolated towards infinite discretization, i. e. vanishing voxel size. With a fixed porous structure,
the only material parameters are the moduli κ0 , µ0 of the isotropic solid. Expressing
µ0 by Poisson’s ratio ν0 ,
µ0 =

3
2

·

1 − 2ν0
· κ0 ,
1 + ν0

(1.14)

the elastic energy can be written in a form which is homogeneous of degree one in
the bulk modulus κ0 . The bulk modulus enters as a prefactor only, and the only real
physical parameter is ν0 .
Fig. 1.2 shows the dependence of the effective bulk modulus on Poisson’s ratio
ν0 of the isotropic solid, for two porous microstructures discussed in chapter 2.1,
the Gyroid network solid and the Gyroid sheet solid. In the limit ν0 → 0.5, the κ
vanishes. This is due to Eq. 1.14: at ν0 = 0.5, the shear modulus vanishes, and thus
any deformation of the material, even the hydrostatic compression mode associated
to the effective bulk modulus is realized by shear deformations microscopically. In
the reverse limit, the shear modulus µ0 diverges; hence, no shear deformations occur
microscopically.
The results are usually most strongly dependant on the solid volume fraction
ϕ := V (solid)/V (total) = ρ/ρ0 , where ρ, ρ0 are the mass densities of the porous
structure and the solid material, respectively. Fig. 1.3 shows the dependence of the
bulk modulus on the solid volume fraction, for the same structure as Fig. 1.2.

Bounds on the Effective Moduli
It has been a recurring problem in the literature to give rigorous bounds on the effective elastic moduli, when given morphological information about the structure.
While we are not concerned with the derivation of bounds in this work, the maximum and minimum attainable elastic moduli serve as useful reference points in this
work. The best-known have been derived by Hashin and Shtrikman [102]. They give
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Figure 1.2.: Influence of the Poisson’s ratio ν0 of the solid material on the effective
bulk modulus κ, and the effective cubic shear moduli µ, µ0 , for two different microstructures, the Gyroid network solid and sheet solid. The
microstructures are held fixed along each curve, and only the material
parameters are changed; the geometry of the solid domain is depicted in
Fig. 2.2, and discussed in detail in chapter 2.1.
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Figure 1.3.: Influence of the solid volume fraction ϕ on the bulk modulus of several
microstructures, the Gyroid (G) network solid and sheet solid (Fig. 2.2),
and network and sheet solids based on the P and D surface. The material
parameters are held fixed in this plot, and the solid volume fraction is
changed by constructing parallel bodies (see page 35 for a description).
The solid volume fraction dominates the elastic properties. The vertical
line at ϕ = 0.5 corresponds to the data in Figs. 1.2, 2.3.
bounds depending only on the volume fractions of the structure’s components; for
the porous structures discussed here, consisting of one homogeneous solid domain
and void space only, the bounds are
0 ≤ κ ≤ ϕκ0 −

ϕ(1 − ϕ)κ02
ϕ
ϕκ0 µ0
∗
=
= 3
,
4
2−ϕ
(1 − ϕ )κ 0 + 3 µ0
4 (1 − ϕ )κ 0 + µ0

(1.15)

ϕ denoting the solid volume fraction. The equality sign marked with a star holds
for the special case ν0 = 15 and κ0 = 1, considered below. Inconveniently, the lower
bound is zero for porous elasticity. The reason is that no topological information
enters the bounds – the solid material could easily be arranged in such a way that
the structure does not percolate, leading to a vanishing bulk modulus. The upper
bound, on the other hand, is sometimes a good estimate for the true effective bulk
modulus.
Tighter bounds were derived by Beran and Molyneux [31]. They depend on threepoint correlation functions of the two constituent domains. These bounds were simplified by [184] to only depend on morphology via ϕ and the integral
ζ :=

9
· lim
2 (1 − ϕ ) ϕ ∆ →0

Z ∞

Z ∞

∆

∆

dr

ds

Z 1

du

−1

Q(r, s, u)
· P2 (u).
rs

(1.16)
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P2 (u) = 12 · (3u2 − 1) is a Legendre polynomial, and Q(r, s, u) is the probability of a
triangle with sides r, s and enclosed angle arccos u, when randomly thrown into the
structure, having all three vertices in the solid domain. ζ is restricted to the interval
[0; 1]. The bounds on the bulk modulus then are
0 ≤ κ ≤ ϕκ0 −

3ϕ(1 − ϕ)κ02
ϕ (1 − ϕ )
∗
= ϕ−
3(1 − ϕ)κ0 + 4ζµ0
(1 − ϕ ) + ζ

(1.17)

Similar bounds can be derived for related properties, e. g. shear moduli, electrical
conductivity and permeability. The morphometric input is the same integral ζ as
above, and a related integral called η, see [184].

1.4. A hypothetical Mesophase with Hexagonal Symmetry4
Self-organized anisotropic morphologies occur in a range of soft-matter systems, in
particular diblock copolymers [180], lipids [155], lyotropic surfactants [118] and cell
membranes [6]. In these systems, intricate structures form due to the interplay of interface minimization, driven by surface tension, and maximization of the configurational entropy of the polymer tail chains. The resulting morphologies are frequently
based on cubic-symmetry triply-periodic minimal surfaces (cubic TPMS), and thus
exhibit cubic symmetry themselves. TPMS of non-cubic symmetries also exist, however, and may also be candidates for soft-matter morphologies. In this section, we
discuss, using a simplified geometrical model, whether the symmetry of the microstructure can be detected based on the effective stiffness tensor.
Abstracting from the microscopic details of the various soft-matter systems, we
model the mechanical properties by an anisotropic porous solid, as described in section 1.3. The system is partitioned into two domains, of which one is filled with
a linear-elastic solid, and the other is void. This approach neglects the viscoelastic behavior of real copolymer, lipid and surfactant mesophases, which is due to
a complex interplay of several relaxation mechanisms, in favor a purely geometric
approximation.
The best-known minimal surface of hexagonal symmetry is Schwarz’ H minimal
surface [248], displayed in Fig. 1.4. This family is indexed by a single real parameter
r0 that has no immediate physical interpretation (see Refs. [80, 81] for details). Each
member of the family is a triply-periodic minimal surface, meaning that finite unit
cells of the surface can be linked up to tile three-dimensional Euclidean space, and
that the surface has vanishing mean curvature everywhere (for more details, see
section 2.1 on page 27). Each member of the H family is of hexagonal symmetry. The
ratio of crystallographic axes c/a (Fig. 1.4), however, varies as a function of the free
parameter r0 (see the c/a curve in the top panel of Fig. 1.5). To generate anisotropic
porous solids, the minimal surface is inflated to finite thickness, until a solid volume
fraction ϕ = 50% is reached. This process is described in greater detail in section 2.1.
4 This

section reproduces an analysis prepared for the publication Ref. [245]. The H surface structures
were provided by Gerd E. Schröder-Turk.
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c

a
Figure 1.4.: Left panel: Hexagonal unit cell of the H minimal surface (blue). Part of
the surface has been removed to show the channel network. a and c are
the crystallographic lattice parameters. Right panel: Artist’s rendition of
a hexagonal lipid mesophase. A lipid bilayer is draped onto the minimal
surface, and separates two aqueous channels. Images from [245], more
detail is found there.
Fig. 1.6 shows the effective elastic moduli of the H surface solids. We compute
the effective stiffness tensor C ∗ using the finite-element method, described in section 1.2. Fig. 1.6 then shows the eigenvalues of the Mehrabadi supermatrix M(C ∗ ),
Eq. 1.7. The structure of M(C ∗ ) is restricted by symmetries of the system. Symmetries lead to characteristic degeneracies of eigenvalues, and to eigenmodes with a
defined nature, either being volume-preserving (isochoric) shear modes or volumechanging dilatation modes. For example, an isotropic symmetry constrains five of
the six eigenvalues to collapse, and be associated with shear modes. The remaining
mode is a hydrostatic compression mode, associated with the bulk modulus as the
eigenvalue. For hexagonal symmetry, applying to the H surface solids in Fig. 1.6,
there are in general two pairs of degenerate shear modes (marked ‘I’ in the figure),
and two non-degenerate dilatation modes (marked ‘D’ in the figure).
Fig. 1.6, however, demonstrates that this spectrum of eigenvalues only applies
in the general case. For an isolated value of the free parameter r0 ≈ 0.679, the H
porous solids exhibit the signature of an isotropic elastic solid, even though they do
not themselves possess that symmetry5 . This means that, in the present geometric
approximation, mesophases located around r0 cannot be distinguished from cubic
or isotropic mesophases by their mechanical properties alone. This is interesting in
particular because H surface mesophases around r0 ≈ 0.7 not only are elastically
isotropic, but also optimize certain parameters relating to their packing properties.
Bicontinuous mesophases are formed by molecules such as diblock copolymers in
5 The crystallographic spacegroup of each of the H surfaces is P6 /mmc, even for the ‘isotropic’ mem3

ber. There is no isolated member with a higher spacegroup symmetry. This is in contrast to other
families of minimal surfaces. For example, the tetragonal deformations of the cubic Gyroid, tG
[81, 239] have spacegroup I41 22, except for an isolated member, the cubic Gyroid with spacegroup
Ia3d.
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Figure 1.5.: Top panel: Second rotational invariant of the Doi-Ohta interface tensor, for
the H minimal surface family. The family is indexed by the parameter r0 .
Close to r0 = 0.679, the invariant vanishes; this signals that the surface
at this point is isotropic with reference to the interface tensor. The plot
also shows the variation of the crystallographic c/a ratio with r0 . Bottom panel: Dependence of diameter variation metrics on the parameter
r0 . Domain diameters are quantified using the CRT method DCRT , and
by the distance to the medial surface (D). Note that both metrics are
minimal close to r0 ≈ 0.74.
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response to entropic forces. For a mesophase to be thermodynamically stable, it
is usually preferable if the width of the domains matches the chain length of the
molecules closely; thus, mesophases with small variations in the domain diameters are more likely to form. Such variations can be quantified using the medial
surface distance [237, 236, 239] or the covering radius transform (CRT) [266], and
mesophases around r0 ≈ 0.7 are local minima of such domain width variation metrics (Fig. 1.5; see Ref. [245] for more detail). Thus, incidentally, exactly those structures that are most likely to be formed by an entropy-driven system, also are mechanically indistinguishable from cubic mesophases.
Around the same value of r0 ≈ 0.679, the Doi-Ohta interface tensor [63] vanishes,
defined by
Iij =

Z

d2 S ni n j − δij /3,

(1.18)

where S is the H minimal surface, ni are the elements of the normal vector, perpendicular to the surface, and δij is Kronecker’s symbol. Fig. 1.5 displays the behavior
of the second invariant II( I ) := trace( I · I ) of the interface tensor I, for the family of
H minimal surfaces. The vanishing of the interface tensor signifies that the H minimal surface, at r0 ≈ 0.679, possesses a certain kind of isotropy with respect to the
orientation of the normal vectors. (The interface tensor is closely related to the Minkowski tensor W10,2 and occurs in W10,2 ’s irreducible tensor decomposition; for more
detail, see sections 3.2 and 9.1.) The interface tensor is linked to the optimal properties of the mesophase; a vanishing interface tensor thus indicates that the structure
is optically isotropic and hence, again, indistinguishable from a cubic mesophase.

1.5. Network Solids with Randomized Vertex Connectivity6
This section applies the finite-element program described in section 1.2 to a concrete
example. We consider network solids (or open-cell foams) with a randomized vertex
connectivity. These structures are interesting because their stiffness can be tuned, via
the vertex connectivity, independently of their fluid permeability.
The optimization of the competing properties of mechanical stiffness and fluid
permeability in porous solids remains a challenge for materials science, in particular
also for applications in tissue engineering (see also chapter 2). Owing to progress in
rapid prototyping technology, network solids can today be produced with a customdesigned microstructure. Here, we present a method to tune the effective elastic
properties of custom-designed open-cell solid foams. An order of magnitude can be
gained in stiffness while, at the same time, leaving the pore space geometry largely
6 The contents of this section is published as part of Ref. [194].

The network structures were generated
by Susan Nachtrab, who also performed the simulations and presents the results in her PhD thesis
[192]. Foam structures for this work were provided by Andrew M. Kraynik. It was the author’s
responsibility to adapt the finite-element code from section 1.2 to the requirements of this study.
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Figure 1.6.: Elastic moduli Λi of a finite-thickness sheet folded onto the H minimal
surface, as a function of the free parameter r0 of the H minimal surface
family. Λi are the eigenvalues of the Mehrabadi supermatrix M (C ∗ ) of
the effective stiffness tensor. For general r0 , the eigenvalues Λi have
the structure corresponding to hexagonal symmetry, with two dilatation
modes, marked “D” and two twofold-degenerate of volume-conserving
pure-shear modes, marked “I”. For an isolated point near r0 = 0.7, the
stiffness tensor has isotropic structure, with one dilatation mode, and
one fivefold-degenerate volume-conserving shear modes. Close to this
point, the H surface also is isotropic with reference to the interface tensor
I, Eq. 1.18.
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dia

foam

Figure 1.7.: The two four-coordinated networks that form the initial configurations
for the vertex disconnection procedure. Left panel: The diamond (dia) network, with four edges meeting at each vertex at tetrahedral angles, in an
ordered arrangement. Right panel: The edge network of a monodisperse
Plateau foam. Vertices are also four-coordinated and meet at tetrahedral
angles, but the network is disordered.

unchanged. This response is achieved by starting out from networks with fourcoordinated vertices and then, with probability p, splitting each vertex into two twocoordinated vertices, yielding network geometries that change continuously from
foam- or network-like cellular structures to an aggregate of entangled fibers.
The network solids proposed here are derived from four-coordinated graphs, both
ordered and disordered. Four straight edges meet at each vertex. The ordered fourcoordinated network shown here is the diamond network (dia, see Fig. 1.7) with
tetrahedral vertices, i. e., the edges connect the center of a regular tetrahedron to
its four corners. This network has cubic symmetry. The disordered foam structure
(again, see Fig. 1.7) is derived from the four-coordinated edge network of Plateau
borders of a mono-disperse foam. The data set with 125 cells is obtained by surface
area minimization with a volume constraint from Voronoi cells of random points by
Surface Evolver [44], as described in Ref. [148, 149, 150]. For the analysis of the elastic
moduli, the curved Plateau edges are straightened.
The network connectivity is now randomized using the following technique: With
probability p, each of the four-coordinated vertices is disconnected, or severed, to
form two locally unconnected edges each with a kink, as illustrated in Fig. 1.8, top
panel. The average coordination number v of the vertices continuously decreases
from v = 4 for the initial network with p = 0 to v = 2 when all vertices have been
disconnected at p = 1. (Alternatively, one can remove vertices from the structure,
and replace straight by bent struts; the coordination number is then fixed at four,
while the number of vertices decreases.) This latter configuration corresponds to
an ensemble of unbranched curves following the geometry of the initial network,
similar to self-avoiding polymers or random walks on the diamond lattice.
The network produced in this manner is now considered as an open-cell foam, or
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→

→

Figure 1.8.: Vertex disconnection operation. Top panel: A four-coordinated vertex is
disconnected to form a pair of unconnected two-vertices. The cube and
the white struts in the right-hand image are not part of the structure, but
drawn only to enhance clarity. Bottom panel: Dilation of the graph edges
to a voxelized network solid for the finite element analysis. The maximal
attainable volume fraction is limited by the fact that the two components
of a disconnected vertex must not reconnect upon dilation.
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network solid. The solid domain is obtained by dilation (inflation) of the graph to a
network of solid cylinders of radius R, see Fig. 1.8, bottom panel. The solid volume
fraction ϕ is related to the fiber radius R and limited by the fact that disconnected
vertices of the network are required to remain disconnected upon dilation.
Fig. 1.9 displays the elastic behavior of the obtained network solids. A strong, exponential decay of stiffness is observed when the vertex disconnection probability
is increased, both for the bulk and the shear modulus, for p < 0.5. This decrease is
observed despite, at the same time, the pore morphology is near constant, as quantified by the covering radius transform (details in Ref. [194], see also Refs. [266, 183]).
Thus, an elastic stiffness and fluid permeability can be tuned independently.
The dia network is of cubic symmetry. As such, it has not one shear modulus
as an isotropic medium, but two (see page 9). Fig. 1.9, in the inset, also shows that
these two shear moduli µ, µ0 approach each other when increasing the disconnection
probability p. The foam structure on the other hand, is isotropic (on larger scales than
a single cell) from the start, and has identical shear moduli even at p = 0.

Conclusions and Outlook
In this chapter, we describe the theory of linear elasticity, applied to the case of multiphase composites, and define effective elastic properties. We also describe the implementation of a voxel-based finite-element program, which allows for the evaluation
of effective elastic constants for a wide range of microstructures, which are not usually analytically tractable. The program is freely downloadable (Ref. [130]) and has
been tested in a number of applications, in particular also in chapter 2.
Of these applications, the present chapter describes two. In the first, we consider a
one-parameter family of hypothetical hexagonal mesophases, based on Schwarz’ H
surface, which may form due to entropic forces in a number of soft-matter systems
such as diblock copolymers, lipids and cell membranes. The literature currently only
reports cubic-symmetry mesophases in these systems. We show that, curiously, the
structure that should be the most favored among the H mesophases owing to its
very homogeneous domain diameters, also has a several properties which may lead
to its misidentification as a cubic-symmetry mesophase. In a simplified model as a
porous solid, we compute the elastic response of the structure and find that the stiffness tensor is only weakly anisotropic in the vicinity of the most favored structure.
Furthermore, at an isolated point close to the most favored structure, the stiffness
tensor is found to be exactly isotropic, even though the structure itself is not. The
same findings are also observed for the Doi-Ohta interface tensor, important for the
optical properties of polymer mesophases. Thus, we deem it plausible that hexagonal mesophases based on Schwarz’ H surface exist but have been misidentified.
Simulated SAXS spectra (more detail in Ref. [245]) are consistent with this hypothesis.
In a second project, we analyze the elastic properties of a network solid microstructure with randomized vertex connectivity. By disconnecting vertices in a ran-
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Figure 1.9.: Effective bulk and shear modulus κ and µ of the randomized diamond
networks with different solid volume fractions ϕ as function of the disconnection probability p. The inset shows the ratio of the two shear moduli µ and µ0 that are identical for the isotropic foam model, but different
for structures such as the diamond lattice with cubic symmetry.
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domized fashion, the elastic properties of the material can be tuned; at the same
time, the pore space morphology is largely unchanged. Hence, mechanical stiffness
and fluid permeability can be tuned independently. The dependence of elastic moduli on the disconnection probability is found to be exponential for p < 0.5. Also, the
initially well-ordered structure with cubic symmetry is found to cross over continuously into an isotropic structure, which is observed in the form of the effective elastic
tensor. The vertex disconnection model is interesting not only from a materials design point of view, but also because it is a model that explicitly takes topology into
account (see also the discussion in section 2.2), and allows for continuous variation
of the topology, while preserving to a high degree the geometry. Finally, the vertex disconnection model is also interesting as a percolation model, with properties
different from conventional bond and site percolation (see Susan Nachtrab’s thesis
[192] for more detail).
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2. Minimal Surface Scaffold Designs
for Tissue Engineering1
This chapter is devoted to the analysis of the mechanical properties of porous solids
based on triply-periodic minimal surfaces (TPMS). Porous solids with TPMS structure have previously been envisioned as candidates for use as scaffolds in tissue
engineering [213, 179]. The present work broadens the spectrum of minimal surfaces considered. Furthermore, a new type of scaffold architecture is proposed, the
sheet solid, which may be advantageous in this application.

2.1. Tissue Engineering Scaffolds and Minimal Surfaces
In reconstructive medicine, synthetic porous materials with custom-designed microstructure are used as scaffolds for tissue regeneration, in particular of bone [116,
219, 27]. The designer of such a structure has to overcome several simultaneous
challenges, including biocompatibility and biodegradability, constraints imposed by
production technology and by the requirement that living cells can adhere to and
differentiate on the scaffold interface. The scaffold also needs to provide mechanical and transport properties which enable and promote the regeneration process,
properties which depend to a large extent on morphology [290].
Previously, porous ceramic [300], salt-leached [112] and biomineralized [143, 263]
scaffolds have been considered for tissue engineering. With the advent of rapid
prototyping technology however, such as laser sintering [288] and stereolithography
[54], the use of custom-designed complex microstructures for tissue engineering has
become a feasible alternative. The informed choice of an optimally adapted scaffold
design relies essentially on structure-function relationships (see chapter 0).
Attractive candidates for biomimetic scaffold architectures with beneficial properties are provided by the large class of periodic minimal surfaces (Fig. 2.1), that define
regular porous materials [213]. Structures derived from minimal surfaces and other
related surfaces were conceived as lightweight construction materials as early as the
1970s [235] and have recently been found to optimize competing properties such as
the conductivities of the two complementary phases [268, 301]. The high-precision
1 The contents of this chapter is previously published as Ref. [133].

The Lattice-Boltzmann simulations
referred to at the end and in Table 2.1 were contributed by Christoph Arns; some structures were
generated by the author from Evolver scripts provided by Liliana De Campo, Stephen Hyde, and
most frequently, Ken Brakke. This project arose from a previous collaboration with Christoph Arns
and Mahyar Madadi addressing the question which morphological metrics govern the mechanical
properties of minimal surface scaffolds.
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Figure 2.1.: Examples of triply-periodic minimal surfaces. Shown are (from top left
to bottom right) translational unit cells of C(Y), Diamond, C(D), Batwing,
F-RD, Gyroid, Manta 35, Primitive, and Fischer-Koch S.
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Network solid

Sheet solid

Figure 2.2.: Scaffolds designs of 50% solid volume fraction derived from the Gyroid
minimal surface. Left panel: Network solid architecture. The minimal
surface partitions space into two interwoven domains. One is filled with
an isotropic elastic material, the other is left empty (void domain). Right
panel: Sheet solid architecture: The solid domain is given by a sheet of
thickness r folded onto the Gyroid minimal surface. The value of r is
adjusted to yield a solid volume fraction of 50%.
fabrication of scaffolds based on the Gyroid and Diamond minimal surfaces suitable
for tissue engineering has been demonstrated [179]. The main advantage of minimal
surface scaffolds is the open-cell structure, deemed to facilitate cell migration and
vitalization, while retaining a high degree of structural stiffness. The occurrence of
minimal surface geometries in in-vivo biological tissue, such as in beetle shells, weevils, butterfly wing-scales and crustacean skeletons [196, 119, 85, 86, 238], further
hints at their usefulness as biomimetic scaffold designs.
The emphasis of this work is on morphological aspects of scaffold design. We
consider a large number of bicontinuous triply-periodic minimal surfaces (TPMS)
each of which can be realized as two different types of scaffold architectures. Bicontinuous TPMS are smooth infinite surfaces that partition space into two intertwined
labyrinthine domains and that are periodic in three distinct lattice directions. TPMS
result from a local area minimization principle, which implies that they locally are
symmetric saddles (vanishing mean curvature, and Gaussian curvature ≤ 0). Each
domain consists of a single connected and infinite component; there are no sealed
cavities in the geometry. A large number of TPMS are known [235, 78, 119, 159].
The most isotropic have cubic symmetry and can be built by periodic repetition of
a cubic translational unit cell, see Fig. 2.1. Bicontinuous TPMS can be extended to
poly-continuous geometries, consisting of minimal surface patches glued together
along branch lines, which partition space into more than two congruent domains
[120]. We briefly consider these new geometries at the end of the chapter.
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Minimal Surface Network Solids and Sheet Solids
Two types of scaffold architecture are discussed in this section: minimal surface network solids and minimal surface sheet solids. Both are defined by partitioning space
into a single solid domain, filled with an isotropic elastic material, and either one or
two void domains. Minimal surface network solids have been investigated as scaffold
designs [213, 179]. The domain to one side of the TPMS represents the solid material,
the other side the void domain; the TPMS forms the solid/void interface and there
is a single, connected void domain. In the present work, network solids are derived
only from minimal surfaces with congruent domains2 . Because of the congruency,
each of the labyrinths has the same volume and interchanging the roles of solid and
void domain yields equivalent scaffolds; the final network solid has a volume fraction ϕ = ρ/ρ0 = 50%, where ρ is the effective mass density of network solid, and ρ0
is the mass density of raw material.
By contrast, minimal surface sheet solids are porous solids obtained by inflating the
mathematical minimal surfaces to finite, spatially homogeneous thickness until a
solid volume fraction of 50% is reached, see Fig. 2.2. The result is a warped sheet
which is triply-periodic with the same symmetries as the minimal surface. By definition, the thickness of the sheet is constant everywhere, and the solid/void interface
is a parallel surface to the minimal surface. The solid domain separates two networklike void domains which are infinite and intertwined, but not interconnected. Sheet
solids were only very recently proposed as tissue engineering scaffolds, by an independent study [299].

Voxelization of Minimal Surface Scaffolds
The majority of minimal surfaces analyzed in this study are generated using area
minimization with the Surface Evolver software [44]. The P, G, I-WP and D triangulated surfaces are derived from their respective Weierstraß parametrization [197,
119]. The result of these procedures is in both cases an approximation of the minimal
surface by planar triangles.
For the computation of the mechanical properties with the finite-element code
(section 1.2), ‘voxelized’ representations of the scaffolds are required (see Fig. 1.8
for an illustration of voxelized scaffolds). The voxelized representations are derived
from the surface via a discretization of its Euclidean distance map (EDM). For each
point p in space, the EDM( p) is the distance to the closest point on the minimal
surface. For each surface, the EDM field is evaluated on a simple cubic lattice corresponding to the desired voxel size, from a copy of the oriented translational unit
cell of the surface. The bicontinuous minimal surfaces are orientable3 , and conse2 Note

that we use the term ‘congruent’ in a slightly extended sense. Domains that are mirror images
of each other, such as found in the Gyroid surface, are also said to be congruent.
3 Triangulated surface representations of branched minimal surfaces (3srs and 4srs in this work, see
page 38) may also be generated using Surface Evolver, but are non-orientable. The EDM field is
computed in the same way as for bicontinuous surfaces, and sheetlike scaffolds are generated by
setting all voxels with EDM < d to one, with d chosen to yield a volume fraction of 50%.
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quently we can define a signed EDM field such that SEDM > 0 in one labyrinth,
and SEDM < 0 in the complement. Network solids are then produced by setting
all voxels with SEDM > 0 to one (solid). Sheet solids are created by setting all voxels with | SEDM | < d to one, with d chosen to yield a volume fraction of 50%. All
other voxels are void voxels. The source code of the voxelization software and the
voxelized structures are made available as Ref. [132].

2.2. Mechanical Properties of Minimal Surface Scaffolds
This section starts out by comparing the mechanical properties of different scaffold
designs of solid volume fraction ϕ = 50%, built from a material with a Poisson’s ratio
of ν0 = 0.2, and shows that sheet solids are superior to network solids in this case.
We then discuss the general requirements for morphological metrics relevant for the
mechanical properties, and the effect of solid domain diameter variations on the
stiffness of network solids. Finally, we investigate different material parameters and
volume fractions and show that, in each case, sheet solids are stiffer than network
solids.

Mechanical Properties at 50% Volume Fraction
It is our main result that, as demonstrated by Fig. 2.3, minimal surface sheet solids
consistently are considerably stiffer than minimal surface network solids of the same
volume fraction and built from the same material. For ϕ = 50% and ν0 = 0.2, we
find bulk moduli in the range [0.29; 0.31] for sheet solids, and [0.22; 0.25] for network
solids.
The mechanical properties of the scaffolds were computed using the voxel-based
finite element method (FEM) scheme described in section 1.2. The raw building
material is assumed to be an isotropic linear-elastic solid, with its tensor of elasticity
given by Eq. 1.13. All results are normalized to the raw material’s bulk modulus
κ0 , leaving only Poisson’s ratio as a parameter, which is fixed to ν0 = 0.2 in this
section. The scaffolds inherit cubic symmetry from the minimal surfaces, and, as a
consequence, their effective (homogenized) elastic tensor is fully characterized by
three effective moduli: effective bulk modulus κ, and effective shear moduli µ, µ0
[280]. These can be computed using the FEM code, with the boundary conditions
given on page 9.
With respect to the effective bulk modulus (Fig. 2.3, data in Table 2.1), a clear
separation of the structures into two groups according to scaffold architecture is observed; the sheet solids consistently have a larger bulk modulus than the network
solids. Some sheet solids (based on the F-RD and Batwing surfaces) achieve 92%
of the Hashin-Shtrikman bound which is a rigorous bound for quasi-isotropic media (κH.S. = κ0 /3 for a volume fraction of 50% and ν0 = 0.2, see Ref. [102, 3] and
page 11).
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Figure 2.3.: Comparison of the effective bulk modulus of minimal surface scaffolds
with 50% solid volume fraction and ν0 = 0.2. Red diagonal crosses indicate sheet solids, formed from bicontinuous minimal surfaces (Fig. 2.1),
blue boxes indicate the corresponding network solids; triangles the polycontinuous sheet structures (data in Table 2.1). It is seen that, for these
parameters, sheet solids are considerably stiffer than network solids.
Moreover, there is a correlation between the bulk modulus of network
solids and the variation of domain diameter, quantified by Xperc , see
Eq. 2.2. The solid line is a guide to the eye. Sheet solids have Xperc = 0
by definition, and the residual value is caused by discretization error.
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With respect to the shear moduli, a clear separation according to the type of scaffold is not observed. The µ range is [0.13; 0.24] for the network solids, and [0.16; 0.25]
for the sheet solids, see Table 2.1. Young’s modulus is direction-dependent for cubicsymmetry scaffolds [280]; we consider only the direction-averaged Young’s modulus
1
:=
E

Z

d2 n
1
2
1
=
+
+ 0,
4πE(n)
9κ 15µ 5µ

(2.1)

where the integration is over the unit sphere, is shown in Table 2.1. Sheet solids
consistently exhibit higher Young’s moduli, in the interval [0.252; 0.282], than network solids, in the interval [0.204; 0.233]. The largest E, attained by the F-RD sheet
solid, corresponds to 98% of theoretical upper bound given by Hashin-Shtrikman,
EH.S. = 0.287E0 . Sheet solids thus exhibit, for the parameters ϕ = 50% and ν0 = 0.2,
more stiffness than network solids.

Morphological Quantities and Mechanical Properties
An important goal in composite and porous materials research is the illumination of
the relationship between microstructure morphology and effective physical properties on the macroscale. Such a relationship is called a structure-function relationship.
In general, the dominant morphological parameter for the stiffness of a structure is
the solid volume fraction ϕ, deliberately kept fixed at 50% in this and the previous
section. The wide variations of the bulk moduli in Fig. 2.3 clearly show that it is also
crucial how efficiently the raw material is used. For example, scaffolds incorporating both slender feeble and thick strong struts usually are an inefficient design, as
are scaffolds composed of wide joints connected by thin struts. Thus, further metrics
beyond the solid volume fraction are required for a complete description.
The absolute values of domain thickness, or averages thereof, have dimensions of
length, and hence are not viable morphological metrics to predict mechanical properties. Any predictive morphological measure for mechanical properties has to be
dimensionless, as evident from the following argument: Consider shrinking the scaffold structure by a factor of λ = 21 , such that each translational unit cell now contains
2 × 2 × 2 scaled-down copies of the original unit cell. The linear elastic properties
of the new scaffold are the same as those of the original scaffold, as the scale factor
drops out of the elastic equations. This is despite the fact that morphological characteristics change by a factor of λ (wall thicknesses), λ2 (surface area per volume)
or λ3 (Euler characteristic per volume4 ). Any morphological metrics used to predict
the effective elastic moduli of a material consequently have to be dimensionless and
invariant under rescaling of the coordinates.
4 The Euler-Poincaré characteristic χ is a topological invariant which, for compact objects equals to the

number of components minus the number of handles plus the number of cavities. Thus, a coffee
cup has χ = 0, and a hollow sphere has χ = 2. For the periodic scaffolds, we compute χ as one of
the Minkowski functionals, namely the surface integral of Gaussian curvature, divided by 4π. See
also section 5.1.
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The volume fraction ϕ is a morphological metric and obviously invariant under
rescaling. Rigorous bounds for the effective bulk modulus of quasi-isotropic structures with fixed volume fraction ϕ are those by Hashin and Shtrikman (see page 11).
However, the lower Hashin-Shtrikman bound is always zero for a solid/void composite material, and better estimates of the elastic moduli need to incorporate more
information about the topology and geometry of the structure.
The example of an inefficient scaffold consisting of slender feeble and thick strong
struts leads to the conjecture that network solids with uniform solid domain diameter yield stiffer structures. The solid domain diameter is usually not constant
throughout a scaffold structure but varies spatially (cf. Fig. 2.2), and a proper procedure for its measurement needs to be defined. The Euclidean distance map (EDM,
or Euclidean distance transform, see Ref. [60, 226, 59]) specifies, for each point p in
a domain D, the distance EDM( p) to the domain boundary. From the EDM, minimal and maximal domain diameters can be extracted. We compute the percolation
critical radius Rperc [137] as a quantitative measure of minimal strut radius and the
maximum value Rmax of the EDM as a measure of the largest joint radius. The percolation critical radius of the solid (void) domain Rperc is the radius of the largest
sphere that can migrate, while confined to the solid (void) domain, from z = −∞ to
z = ∞, see the appendix A.1.
The ratio of Rperc ( D ) and Rmax ( D ) is invariant under rescaling and crudely characterizes variations in solid domain diameter. The dimensionless nonpercolation
ratio
Xperc ( D ) := 1 −

Rperc ( D )
.
Rmax ( D )

(2.2)

is a rough estimate of the amount of inefficiency in a scaffold in the following sense:
In an intuitive though simplified picture, most elastic stress is concentrated near the
solid domain’s bottle neck, which is quantified by Rperc . The effective mechanical
properties are expected to change drastically for structural changes to the scaffold
which change the width of the bottleneck. By contrast, weaker changes are expected when material is removed from places where the scaffold diameter exceeds
the width of the bottle neck. Any material in a strut beyond the radius Rperc is inefficiently used. According to this picture, a structure with constant domain diameter
yields the most homogeneous stress distribution and hence highest stiffness; this
corresponds to the case Rperc = Rmax and consequently Xperc = 0.
Fig. 2.3 shows that for the network solids, the effective bulk modulus tends to
decrease with increasing Xperc , justifying the previous argument that larger diameter variations lead to inefficient scaffolds and reduce the effective bulk modulus.
It is known from the distribution of medial surface distances that the Gyroid minimal surface bounds labyrinths of very homogeneous diameter [237], and it yields
the stiffest network solid among the minimal surfaces studied. There are, however,
several network solids which deviate significantly from this trend. For example, the
C(Y) network solid contains two types of struts with different diameter; since the
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Figure 2.4.: Influence of the solid volume fraction on the bulk modulus of minimal
surface based sheet and network scaffolds. We plot the bulk modulus
achieved by the two scaffold architectures for the G, P and D surfaces.
The results are normalized by the Hashin-Shtrikman bound, Eq. 2.4,
which gives the optimal bulk modulus at the respective volume fraction. Sheet solids consistently make more efficient use of the material
than network solids. The vertical line at ϕ = 50% corresponds to the
data in Fig. 2.3.
percolation critical radius is equal to the radius of the larger struts, Rperc is not influenced by the presence of thinner struts which use material inefficiently. Structures
with different types of struts are thus incompletely characterized by the nonpercolation fraction Xperc .
Clearly, this discussion does not apply to sheet solids, for which Xperc should vanish by definition. Since we compute the Xperc data in Fig.2.3 on voxelized representations, discretization effects prevent Xperc from vanishing exactly. The residual
value of Xperc can, however, serve as an estimate for the discretization effects. Since
the computation of the EDM is performed on voxelized data, the method is directly
applicable to tomographic data. It can be expected to provide useful results for the
optimization of network solids without dissimilar strut types.

Robustness against Solid Volume Fraction and Material
This section shows that the previous result from page 29 that minimal surface sheets
are stiffer than network solids is not specific to the parameter values ϕ = 50% and
ν0 = 0.2, but holds more generally. For practical applications, such as in tissue engineering, one is constrained by a multitude of requirements that may necessitate
compromises with respect to the scaffold architecture, and results that are only valid
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Network Solids
G (Gyroid) [235]
D (Diamond) [159]
P (Primitive) [235, 159]
S (Fischer Koch) [78, 159]
Bfy (Manta g = 19) [159]
C(Y) (Fischer Koch) [159]
C(P) (Neovius) [235, 159]
Pa (Batwing) [159]
M35 (Manta g = 35) [43]
C(D) (Disphenoid) [159]
Sheet Solids
F-RD (non-congr.) [235]
Pa (Batwing) [159]
M35 (Manta g = 35)
P (Primitive) [235, 159]
Bfy (Manta g = 19) [159]
D (Diamond) [159]
I-WP (non-congr.) [235]
C(P) (Neovius) [159]
G (Gyroid) [235]
C(Y) (Fischer Koch) [159]
C(D) (Disphenoid) [159]
S (Fischer Koch) [78, 159]
Branched Sheet Solids
4srs (4-cont. G) [120]
3srs (3-cont. G) [120]
I41 32
Fd3m
Pm3m
I43d
Pm3m
P43 32
Pm3m
Pm3m
Pm3m
Fd3m
8.57
8.98
9.29
4.38
9.29
7.27
6.51
6.43
5.89
8.37
14.7
10.5

3.33
4.14
2.53
5.89
5.33
4.76
3.83
5.41
6.09
8.40

-16
-12

-40
-48
-68
-4
-36
-16
-12
-16
-8
-24
-144
-40

-4
-8
-2
-20
-18
-12
-8
-24
-34
-72

0.0541
0.0681

0.0552
0.0529
0.0471
0.112
0.0527
0.0677
0.0752
0.0743
0.0838
0.0592
0.0329
0.0478

0.217
0.177
0.246
0.108
0.119
0.171
0.0781
0.0750
0.0760
0.0440

0.0589
0.0737

0.0566
0.0537
0.0477
0.112
0.0537
0.0701
0.0762
0.0750
0.0851
0.0610
0.0338
0.0488

0.228
0.217
0.432
0.149
0.232
0.176
0.245
0.256
0.250
0.173

0.0753
0.120

0.0519
0.0221
0.0283
0.135
0.0661
0.109
0.0918
0.0449
0.132
0.112
0.0113
0.0609

0.217
0.177
0.246
0.108
0.119
0.171
0.0781
0.0750
0.0760
0.0440

0.123
0.124

0.213
0.203
0.202
0.320
0.181
0.147
0.258
0.295
0.144
0.118
0.139
0.103

0.228
0.255
0.432
0.149
0.232
0.176
0.245
0.256
0.250
0.173

0.302 0.269
0.299 0.267

0.306
0.306
0.304
0.300
0.297
0.295
0.295
0.294
0.293
0.291
0.290
0.288

0.249
0.249
0.247
0.248
0.244
0.241
0.233
0.228
0.220
0.218

0.282
0.281
0.272
0.265
0.265
0.270
0.261
0.257
0.262
0.256
0.252
0.254

0.233
0.232
0.226
0.225
0.231
0.221
0.221
0.218
0.204
0.207

0.272
0.268

0.325
0.332
0.265
0.208
0.238
0.268
0.326
0.314
0.235
0.232
0.194
0.247

0.199
0.176
0.320
0.202
0.224
0.187
0.249
0.186
0.185
0.182

0.256
0.256

0.251
0.248
0.265
0.307
0.273
0.261
0.222
0.219
0.270
0.260
0.295
0.247

0.255
0.284
0.183
0.234
0.230
0.242
0.201
0.242
0.212
0.222

41511
25838

23253
43727
30783
45221
44834
38045
44767
47568
43820
25282
59813
63040

48281
45294
37992
63794
54302
35865
75551
83223
60386
97507

Solid
Void
Bulk Young Shear
Permea
2
Rperc /a Rmax /a Rperc /a Rmax /a κ/κ0 E/E0 µ/µ0 µ0 /µ0 k/Rperc

Fm3m
Im3m
Im3m
Im3m
Im3m
Pn3m
Im3m
Im3m
Ia3d
I41 32
Pn3m
Ia3d
9.78
8.07

Symm. A/a2 χ

P42 32
I41 32

Table 2.1.: Morphological and mechanical data for the minimal surface scaffolds. For each structure, the space group symmetry, surface area per unit cell, Euler index, percolation critical radius Rperc and largest EDM value Rmax are
given. Furthermore, the effective bulk moduli κ, shear moduli µ, µ0 and direction-averaged Young’s moduli E are
listed. All morphological data necessarily depends on the arbitrary choice of the translational unit cell (TUC); we
choose the smallest cubic TUC of the associated oriented minimal surface, of size a × a × a. (For the D and C(D)
sheet solids, smaller TUCs exist, for which periodic translation does not preserve orientation and exchanges the
two void domains.) All data is obtained from discretization of the cubic TUC by at least 2563 voxels.
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Figure 2.5.: Influence of Poisson’s ratio of the solid material ν0 on the bulk modulus
of Gyroid-based scaffolds. The results are normalized by the HashinShtrikman bound, Eq. 2.5, which gives the optimal bulk modulus at the
respective Poisson’s ratio. The volume fraction is fixed at 50%. The vertical line at ν0 = 0.2 corresponds to the data in Fig. 2.3.
under very special circumstances are of limited relevance. The most important functional dependency for the elastic moduli is usually on the solid volume fraction ϕ.
To check whether the results of the previous analysis also hold for ϕ 6= 50%, we
construct from each 50% scaffold a one-parameter family of scaffolds by dilation or
erosion5 :
(
D (0) ⊕ S (r )
if r > 0
D (r ) : =
(2.3)
D (0) S(−r ) if r < 0
where D (r ) is the solid domain, D (0) is the 50% structure, and the symbols ⊕ S(r )
and
S(−r ) denote the process of adding/removing respectively a layer of solid
material with thickness |r | (see Ref. [254]). By varying the radius r, the volume fraction ϕ(r ) can be tuned in a wide range without large changes in the geometry; ϕ(r )
is a monotonous function which is determined by the geometric properties of the
minimal surface (see appendix of Ref. [240]). For small enough |r |, the topology of
the material is preserved, and for each family of structures, the bulk modulus κ ( ϕ)
is found to be a smooth, convex function of volume fraction ϕ.
At low volume fraction, the effective bulk modulus κ ( ϕ) of model network and
sheet solids is usually found to be a power law κ ( ϕ) ∝ ϕn with a fractional exponent
n. For larger volume fraction, corrections have to be included (see for example [222]
and references therein). No simple model fits the data for the whole ϕ range, and as
5 The

structure obtained by erosion or dilation from a minimal surface network solid is not a minimal
surface network solid, since the interface is not a minimal surface.
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a result we compare it with the theoretical optimum given by the Hashin-Shtrikman
upper bound
ϕ
(2.4)
κH.S. = κ0 ·
2−ϕ
for each volume fraction.
Fig. 2.4 shows, for the scaffolds based on the G, P and D surfaces, the fraction of
the upper bound achieved by each structure. It shows that, for the medium volume
fractions useful in practice, the sheet solids outperform the network solids. Only at
very large volume fractions exceeding 80%, network solids attain bulk moduli comparable with sheets. For the low volume fractions, the network solids perform considerably worse than sheet solids; as they approach their percolation critical radius
at ϕ(r = Rperc ( D )), the bulk modulus eventually vanishes. Sheet solids asymptotically become optimal structures in the impractical limit ϕ → 0, and remain efficient
scaffolds over the entire volume fraction range.
In addition to the solid volume fraction ϕ, one is also constrained by the available
materials that have to be sufficiently compatible with the requirements of both the
living tissue and processing technology. A linear-elastic isotropic material is characterized by two numbers, bulk modulus κ0 and Poisson’s ratio ν0 . The bulk modulus
enters our results as a prefactor, so it suffices to study the dependence on Poisson’s
ratio, which was kept at ν0 = 0.2 up to now. Fig. 2.5 shows the bulk modulus of the
network and sheet solids based on the Gyroid TPMS, as a function of the Poisson’s
ratio of the solid material. Results are normalized to the Hashin-Shtrikman bound
(page 11) for ϕ = 50%, given by
2 − 4ν0
.
(2.5)
5 − 7ν0
For all values of ν0 , the Gyroid sheet solid has a higher bulk modulus than the Gyroid
network solid. The difference is found to increase with ν0 , and is about 20-40% for
typical materials with Poisson’s ratio between 0 and 0.4.
κH.S. (ν0 ) = κ0 ·

Conclusions: Sheet Solids beneficial for Tissue Engineering
Mechanical properties
We discuss two types of biomimetic scaffolds based on triply-periodic minimal surfaces, termed network solids and sheet solids, and their mechanical properties. While
network solids have received considerable attention in the mechanical and tissue engineering literature [213, 268, 301, 179], sheet solids, at least those based on minimal
surfaces, have only recently been suggested as scaffold designs for tissue engineering [299].
As the main result of this chapter, we show that, at the same solid volume fraction, sheet solids have a substantially higher effective bulk modulus κ and directionaveraged Young’s modulus E than network solids, for a wide range of volume fractions and material parameters. While a comprehensive explanation of this behaviour
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is elusive, it can be compared to the differences between hollow steel pipes and solid
steel struts with respect to bending rigidity. In civil engineering, it is a well-known
fact that at equal material usage, a hollow cylinder is preferable to a solid cylindrical strut; the moment of inertia of the beam cross-section enters the bending rigidity. Minimal surface sheets act as the triply-periodic analogon of the hollow pipe,
whereas network solids are representing networks of solid cylindrical struts.
A loose comparison can also be drawn between sheet and network patterns in
soft condensed materials, such as surfactant-water mesophases. Bicontinuous cubic
bilayer mesophases contain an amphiphile bilayer draped onto a minimal surface
geometry that separates two aqueous domains, in analogy to sheet solids. By contrast, bicontinuous microemulsion or sponge phases are monolayer patterns with
a single aqueous and a single hydrophobic domain, in analogy to network solids
[117]. Direct comparison of the relative stiffness of these soft sheet and network morphologies is difficult. However, bicontinuous microemulsions (resembling network
solids) invariably form disordered geometries, whereas ordered arrangements are
often found in bilayer mesophases (resembling sheet solids). This observation can
be explained in terms of the relative bending moduli, which are sufficiently large
in sheet-like bilayer patterns to induce mesoscale crystallization of the membrane to
minimize their bending energy [104]. In contrast, network-like mesoscale assemblies
exhibit lower bending rigidity, and can remain molten at the mesoscale due to the
enhanced entropy of these disordered patterns. While the comparison is loose, it is
consistent with the finding here that sheet structures are stiffer than networks.
In the context of disordered porous materials, the qualitative difference in stiffness
between network and sheet solids has been observed in Voronoi cell [221] and Gaussian random field models [222]. These results offer a challenge to the fundamental understanding of structure-function relationships for microstructured solids. A
morphological parameter X (if existent) that comprehensively characterizes a given
network or sheet solid with respect to its mechanical properties without resorting to
finite-element calculations has not been identified.
However, our data (in Fig. 2.3) conclusively show that for the class of minimal
surface network solids with cubic symmetry, variations in solid domain diameter
correlate to stiffness. The relevant variations are successfully quantified by the dimensionless nonpercolation fraction Xperc , see Eq. 2.2. The Gyroid network yields
the strongest scaffold among the network solids, owing to a small degree of thickness variations as found in this study using Xperc and in earlier work using medial
surface distances [240]. While validation of this result for disordered network solids
is an open task, the measure Xperc can be used in optimizing lightweight network
scaffolds for use in tissue engineering, as envisioned by Refs. [213, 179], providing a
guiding design principle augmenting topological optimization methods. For sheet
solids, Xperc vanishes by definition. The large difference of κ/κ0 between the Gyroid network solid and the sheet solid architectures, all of which have Xperc ≈ 0,
demonstrates the failure of Xperc to capture the resulting changes in effective elasticity. In section 1.5, a model network was considered where topology is explicitly
included as a parameter, and was shown to have a strong influence on the mechan-
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Figure 2.6.: Left panel: A tetra-continuous minimal surface, the ‘four-continuous Gyroid’. The labyrinth channels have the structure of the srs network, as in
the bicontinuous Gyroid, but there are four labyrinths instead of two. A
sheetlike scaffold with solid volume fraction of 50% can be derived from
this surface, labelled 4srs in Fig. 2.3. Right panel: The labyrinths graphs
of the 4srs scaffold.

ical properties. Here, again, the large difference between the sheet and network
solids suggests that a morphological parameter of topological nature is also relevant for the structure-function relationship. A hypothetical topological parameter
Xtop that concisely captures the influence of topology on the mechanical properties
would represent a highly useful result. Some insight can be gained from the required
rescaling invariance described in section 2.2, which precludes the unnormalized Euler characteristic from entering Xtop , since it is not invariant under rescaling (even
though a dimensionless number). Distributions of Gaussian curvature [240] are interesting candidates that remain to be explored. From the triangulations used for
the present study, distributions of Gaussian curvature cannot be computed with satisfactory accuracy. Since local Gaussian curvature must be computed locally, a very
high-quality triangulation is required. One may argue, however, that minute details
of the curvature distribution on the surface are irrelevant for the elasticity problem, since mechanical properties are computed on a voxelized representation with
a vastly different local curvature. A certain course-grained or ‘effective’ Gaussian
curvature should be sufficient, which is sensitive to the topology of the scaffold, but
does not depend on differential geometric quantities. The characterization of the anisotropy of curvature is, however, indispensable since the minimal surface scaffolds
have anisotropic effective elasticity (cubic symmetry).
The question of topology is of great relevance, as space partitions more complex than bicontinuous minimal surfaces are known that are based on interfaces
between three or more intertwined networks [120]. These surfaces share the local
minimum-area principle with the well-known bicontinuous minimal surfaces, but
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separate space into more than two intertwined domains. The interfacial surface
is not smooth everywhere, but consists of smooth finite minimal surface patches
bounded by straight or curved branch lines where three or more surface sheets meet
at dihedral angles. Polycontinuous minimal surfaces can be used to construct sheet
solids in the same way as bicontinuous surfaces, and yield new scaffold architectures
with a distinct topology (Fig. 2.6). The sheet solids derived from polycontinuous 3srs
and 4srs surfaces are found to be of comparable stiffness with the bicontinuous sheet
solids (Fig. 2.3).

Aspects Beyond Mechanical Properties
For technological applications where high porosity or minimal weight or resource
consumption are the essential design targets, sheet solids represent hence a solution
superior to network solids. There are further morphological features that distinguish
these two scaffold architectures, and will make each of them more or less adept for
specific applications. One feature is the different geometry of the void domains,
two narrower void domains for sheets compared to a single void domain in the
network solids. The narrower and disconnected void domains are prone to impede
diffusive or driven transport in the void phase. This is exemplified by the fluid
permeabilities k shown in Table 2.1 which were obtained using lattice-Boltzmann
simulations6 . In contrast to elastic moduli, k is not dimensionless and scales as λ2
with the length scale of the structure [137]. For the table, we normalize the values
with the square of the percolation critical radius, yielding a quantity independent of
the length scale. The data shows that, in order to achieve comparable permeability
k, most sheet scaffolds need to be fabricated with a lattice parameter that is about
one magnitude larger than for network solids. It is, however, not obvious whether
the same conclusions hold for transport in the physiological environment and for
the migration of cells, which is important for vitalization of the tissue scaffold. In
addition, due to the more efficient use of material, a sheet solid of the same stiffness
as a network solid can be produced with less material, and thus accommodate more
pore space and surface area. This warrants a more detailed experimental study.
A further aspect differentiating sheet and network solids is specific surface area7 .
For a given minimal surface and length scale, the derived sheet solid of 50% has
a larger surface area than the corresponding network solid, by virtue of the solid
domain having interfaces with two, rather than one, void channels. Even though
the area of each of those interfaces is smaller than the network solid’s interface area,
the sum of two interfaces has a larger area than the single interface in the network
6 The

7

permeability calculation is based on a lattice-Boltzmann method using D3Q19, 3-dimensional
lattice with 19 possible momenta components [211]. The implementation is similar to that detailed
by Martys et al. [170]. Calculations were performed by Christoph Arns.
We compute the surface area as the surface area of a Marching Cubes [160] interface to the voxelized scaffold. Thus the data in Table 2.1 does not match the more precise numbers known for the
network solids from the minimal surface community. We choose to compute the surface area from
Marching Cubes to be able to compare network solids and sheet solids.
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solid (see Table 2.1). With respect to applications in tissue engineering a large surface area is considered beneficial since it promotes both biodegradation and the attachment of living cells to the scaffold and thus its vitalization. Furthermore, it is
expected that a large surface area also enhances biodegradation as degradation is
an interface-driven process for certain classes of materials, see [290]. Note that the
specific surface area A/a3 (A the surface area in the unit cell, a the edge of the unit
cell) and permeability depend on the length scale at which the scaffold is fabricated,
while mechanical properties do not. Therefore, the scale of fabrication can be chosen
to optimize scaffold performance, at constant stiffness.
Proven fabrication technology and materials for network solids are applicable for
sheet solids with minimal modification; the required resolution is of the same order of magnitude. Hence, an experimental exploration of the transport properties
of minimal surface sheet solids is possible immediately. At a given feature size, a
larger surface area is exposed than in network solids. Volume fraction and the scale
of reproduction may be tuned within the limits of available technology, to achieve
the desired mechanical and transport properties. For network solids, predictions
of elastic moduli from finite-element modeling have compared favorably with measurements on fabricated scaffolds [288], and we expect the same to apply for sheet
solids. In conclusion, our analysis demonstrates that minimal surface sheet solids
are a type of scaffold architecture with significant potential benefits for tissue engineering. Compared to conventional network solids, sheet solids have favorable
mechanical properties and larger specific surface area. Given that current scaffold
fabrication technology is equally suitable for sheet solids, our results can be immediately implemented in scaffold design.
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3. Introduction to Minkowski Tensors1
Part II of this thesis is concerned with the quantitative description of planar morphology using a relatively recent class of shape metrics, the Minkowski tensors. In
the present introductory chapter, we define Minkowski tensors (section 3.1), and
discuss their most significant properties (section 3.2). Finally, we provide explicit expressions for the computation of all Minkowski tensors up to rank two in section 3.3.
Chapter 4 is dedicated to demonstrate how Minkowski tensors can be used to extract
physically relevant geometric information from experimental data. The focus here is
on morphometric methodology rather than the details of the physical systems. Even
though we only discuss the planar case here, the generalization to three dimensions
is much of the material also applies to three dimensions; this is, however, postponed
until section 5.1. Minkowski tensors are also used in parts III and IV of the present
thesis.
As outlined in the introduction (see page xiii), robust morphometric methods to
characterize shape are a prerequisite for research into physical processes that involve
complex spatial structure. Intricate structures develop spontaneously in systems as
diverse as polymers, liquid crystals or reaction-diffusion reactors. An understanding of the structure formation process requires succinct and quantitative description
of the morphology. Furthermore, many processes are subjected to geometric constraints, for example viscous flow in porous media, the flow of elastic force through
heterogeneous materials (part I), or the thermodynamics of confined fluids [146].
The goal to formulate structure-function relationships is only achievable if the relevant aspects of the structure can be described quantitatively. If isotropy may be
assumed, scalar shape metrics may be sufficient. For physical properties of tensorial
nature, however, such as elastic moduli or permeability, tensorial shape metrics that
explicitly quantify the orientation dependence of the morphological features are desirable. Figure 3.1 shows examples of processes where tensorial shape descriptors
are required.
Scalar Minkowski functionals have long proven useful as shape metrics [175], see
also [15]. However, they are insensitive to anisotropy and orientation. Here we
describe their tensorial extension, called tensorial Minkowski functionals or Minkowski
tensors, and show that they provide robust quantitative metrics of anisotropy and
orientation. Both are defined by the mathematical disciplines of integral and convex
geometry. Their attractiveness for the shape description is due to the robustness
against noise, and to a strong theorem by Alesker [5] stating that all morphological
information that is relevant for additive material properties is represented by the
1 Some

of the material in this chapter is previously published as Ref. [241].
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a)

b)

c)

d)

Figure 3.1.: Examples of anisotropic systems: a) Chemical Turing patterns: anisotropy distinguishes the lamellar and hexagonal phases. (from [205]). b)
In compacted ice sheets, the grain shape correlates to age and history
(the grains are visualized by cross-polarization, from [38]). c) Cancellous bone, the trabecular framework adapts to the loading direction that
the bone is subjected to [279]. d) Biopolymer networks transition from
isotropic (top) to an aligned state (bottom) when sheared. This leads to
non-linear shear stiffening (from [157]). Reprinted from [241].
Minkowski tensors (see below).
The application of scalar Minkowski functionals to shape description of complex
and often disordered material has been the subject of review articles [175], with
much of the mathematical background covered by textbooks on stochastic geometry
[228, 234]. By contrast, the generalization of many of the mathematical statements
from scalar functionals to tensor-valued functionals is the result of research in the
last decade [5, 115, 114, 173]. In the physical sciences, Minkowski tensors have been
used as shape descriptors of 2D neuronal cell networks [29], galaxies [30], and more
recently, metal foams [225]. They emerge as the relevant geometric property in a
morphological model of protein folding [99] and directed molecular motors [258].
This part of the present work has the principal purpose to describe Minkowski
tensors as powerful concepts for the description of anisotropic structure, and to provide explicit expressions to evaluate them for experimental and synthetic data. As
an exemplary application we demonstrate, in chapter 4, that robust metrics of intrinsic anisotropy and alignment of a microstructure can be derived from these tensors.
These anisotropy indices are ratios of eigenvalues of the Minkowski tensors. The appeal of Minkowski tensors for this purpose is due to the versatility of their definition:
the same definition applies to cellular, porous, network, percolating, etc. microstructures.
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Figure 3.2.: Left panel: A convex body K with smooth bounding contour ∂K, and the
location vector r and the surface normal n(r ). Center panel: A convex
polygon K and its parallel body K ] Be . Right panel: A rectangular open
subset of a topologically more complex body from Craig Marlow’s painting “White Spirits” [167].

3.1. Definition of Minkowski Tensors
Minkowski functionals, also known as Quermaßintegrale or intrinsic volumes, are defined in the mathematical disciplines of integral and convex geometry by fundamental measure theory [92, 228]. An equivalent definition based on curvature-weighted
integrals has been more popular in the physics community and is the basis of the
algorithm described in the present work. Both Minkowski functionals and tensors
are defined for bodies K embedded in arbitrary space dimension; in this chapter, we
consider exclusively the planar case. A body in the sense of this work is any closed
subset K of the Euclidean plane, provided its boundary is sufficiently smooth. While
mathematical theory is mostly concerned with convex K, more complicated entangled shapes such as shown in Fig. 3.2 (right) are an important application in physics.
Hence it will be important to generalize Minkowski functionals also to non-convex
bodies.
For a convex body K with a smooth boundary contour ∂K embedded in two-dimensional Euclidean space R2 the scalar Minkowski functionals are defined2 as
W0 (K ) :=

Z
K

d2 r

and Wν (K ) :=

1
2

Z

Gν dr

(3.1)

∂K

for ν = 1, 2, where the functions Gν are G1 = 1 and G2 = κ (r ). The symbol κ (r )
denotes the local curvature of the contour ∂K, at the point r.
The scalar Minkowski functionals are generalized to Minkowski vectors and tensors using symmetric tensor products of position vectors r and the normal vectors n
2 We

note that the mathematical literature predominantly uses a different convention for the lower
index, namely ν0 = (2 − ν), and often a different set of normalizing prefactors. We follow the
convention in physics literature here [175]. The definition of Minkowski functionals is generalized
to polygons with non-smooth boundary in section 3.3.
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of ∂K:
r

a

b

n

:= r|

.{z
..

a times

}r

n
|

.{z
..

b times

n} .

(3.2)

In this chapter, we will only need tensor products up to rank two, which we can
write explicitly:

(r

r )ij = ri r j

(3.3)

(n

n)ij = ni n j

(3.4)

(r

n)ij = 12 (ri n j + r j ni )

(3.5)

and by symmetry, r n = n r. In chapters 8 and 9, higher-rank Minkowski tensors
are considered, and so we also give a general definition, by

( v1

v2

vk )i1 i2 ...ik := v1(i1 v2i2 · · · vikk ) ,

···

(3.6)

where the parentheses in the indices indicate that the arithmetic mean is taken over
all permutations of the indices i1 , . . . , ik , analogous to Eq. (3.5), such that the tensor
is symmetric under permutation of indices.
Returning to the subject of rank-two Minkowski tensors, r n, r r and n n are
all tensors of rank two. The Minkowski tensors Wνa,b of rank a + b are defined by
W0a,0 (K )

:=

Wνa,b (K ) :=

Z

r

a

d2 r

r

a

K
1
2

Z

( ν = b = 0)
n

b

Gν dr,

(3.7)

(ν, b 6= 0),

(3.8)

∂K

again for ν = 1, 2. For a two-dimensional body this yields the three scalar Minkowski functionals for a + b = 0, three vectorial Minkowski functionals with a = 1 and
b = 0 (the functionals Wν0,1 always vanish for closed bodies [190, 94]), and seven
Minkowski tensors of rank a + b = 2. Of the latter, three can be eliminated using linear dependences, see below. For convenience, we define Wνa,b ≡ 0 for ν larger than
the dimensionality of the space and W00,b ≡ 0 for b > 0. Higher-rank Minkowski
tensors are well-defined and do have applications [258], but are only considered in
chapters 8 and 9.
The Minkowski functionals can be generalized to bodies representable as the finite union of convex bodies (this domain has been termed the convex ring [233])
while maintaining their essential properties. This is of vital importance for the application to complex biological and physical structures, since non-convex geometry
is the normal case.

3.2. Properties and Geometric Interpretation
of Minkowski Tensors
In contrast to the motion invariant scalar Minkowski functionals, the Minkowski
vectors and tensors are motion covariant. Their transformations under translation
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K1

111111
000000
000000
111111
000000
111111
000000
111111
000000
111111
000000
111111
000000
111111
000000
111111
000000
111111
000000
111111
000000
111111

K2
e

K1 ∩ K2

Figure 3.3.: Left panel: Composition K1 ∪ K2 of two convex bodies K1 and K2 . Right
panel: A non-convex body K (e) for which the conditional continuity of
the Minkowski functionals does not apply. As e → 0, the body K (e) converges to a solid box (with respect to the Pompelu-Hausdorff distance),
but the length W1 (K (e)) of the bounding contour does not converge to
the perimeter of the solid box.
and rotation of the body K are given by
Wνa,b (K

a

 
a
t
] t) = ∑
c =0 c

c

Wνa−c,b (K )

Wνa,b (ÔK ) = ÔWνa,b (K ).

(3.9)
(3.10)

where Ô is a rotation and K ] t denotes the translation of K by the vector t.
Minkowski functionals are additive, i. e. they fulfill
Wνa,b (K1 ∪ K2 ) + Wνa,b (K1 ∩ K2 ) = Wνa,b (K1 ) + Wνa,b (K2 )

(3.11)

for arbitrary bodies K1 and K2 and their union K1 ∪ K2 and intersection K1 ∩ K2 , see
Fig. 3.3. Additivity is the foundation of their robustness for application in shape
analysis.
The transformation behavior under rescaling of space (i. e. the order of homogeneity) of Wνa,b is given by the relation
Wνa,b (s K ) = s2+a−ν · Wνa,b (K ) .

(3.12)

Minkowski functionals Wνa,b (K ) are conditionally continuous in K, meaning continuous for convex K. This implies that small changes of K do not result in large changes
in Wνa,b (K ) which is important for the analysis of experimental data as it implies a
robustness against small levels of noise. However, for non-convex K the Minkowski
functionals are not in general continuous. Fortunately, the counter-examples are typically of lesser relevance to the applications. An example is given by Fig. 3.3: When
decreasing e, the body converges to a solid box with reference to the Hausdorff distance. However, Minkowski functionals such as the perimeter do not necessarily
converge to their respective values for the solid box.
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Characterization theorems
Alesker’s theorem makes a strong statement about the completeness of the Minkowski tensors for the purpose of shape description [5]. Specifically for the case of
rank-two tensors it states that any motion covariant, additive, and conditionally continuous functional ϕ(K ) that maps convex bodies onto symmetric rank-two tensors
is a linear combination of Minkowski functionals
ϕ(K ) =

∑

h

ϕ0,0
ν · Wν ( K ) E +

ν

2

∑ ϕνa,2−a · Wνa,2−a (K)

i

.

(3.13)

a =0

The coefficients ϕνa,b ∈ R do not depend on the body K. The unit matrix E := e x
e x + ey ey is used to raise the rank of the scalar Minkowski functionals to two.
Alesker’s theorem Eq. (3.13) is a generalization of the equivalent theorem for scalar
Minkowski functionals, Hadwiger’s characterization theorem [93].
The number of independent terms in Eq. 3.13 is further reduced by the linear dependences
Wν (K ) E = ν Wν0,2 (K ) + Wν1,1
+1 ( K )

(3.14)

that are valid for any body K and ν = 0 . . . 2 [173, 115]. Explicitly, these are
W0 (K ) E = W11,1 (K )
W1 (K ) E =
W2 (K ) E =

W10,2 (K ) + W21,1 (K )
2W20,2 (K ).

(3.15)
(3.16)
(3.17)

Eq. (3.15) is the well-known Gauß theorem. The set of linearly independent Minkowski functionals (i. e. a basis of the space of functionals of each rank) is shown in
Table 3.1.
The specific transformation behavior of the tensors under translations is of relevance to the morphological information these tensors contain. A tensor satisfying
Wνa,b (K ) = Wνa,b (K ] t ), a special case of Eq. (3.9), is translation invariant, otherwise
the tensor is called genuinely translation covariant or simply translation covariant. The
tensors Wν0,b are obviously translation invariant for any b and ν, but also W11,1 and
W21,1 are translation invariant due to the envelope theorems of Müller [190]. All other
Minkowski tensors of rank 1 and 2 are genuinely translation covariant. For a + b = 2
this implies that the space of the second-rank tensors decomposes into two complementary subspaces of translation invariant and translation covariant functionals,
Table 3.1.

Geometric Interpretation
Minkowski tensors may be interpreted geometrically, see Fig. 3.4. We restrict ourselves to the four nontrivial basis tensors in Table 3.1 that are not multiples of the
unit tensor E. Of those, the (2, 0) tensors can be interpreted as moments of inertia of
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Homogeneity

rank 0

rank 1

rank 2

4

–

–

W02,0 (t-cov)

3

–

W01,0 (t-cov)

W12,0 (t-cov)

2

W0 (m-inv)

W11,0 (t-cov)

W22,0 (t-cov); W0 E (t-inv)

1

W1 (m-inv)

W21,0 (t-cov)

W10,2 (t-inv); W1 E (t-inv)

0

W2 (m-inv)

–

W2 E (t-inv)

Table 3.1.: List of linearly independent Minkowski functionals of rank 0 (scalar), 1
(vectorial) and 2 (tensorial). All scalar Minkowski functionals are motion
invariant (m-inv), all Minkowski vectors are genuinely translation covariant (t-cov) and Minkowski tensors of rank two are either translation invariant (t-inv) or genuinely translation covariant. The Minkowski functionals in each column provide a basis for the space of functionals of the
corresponding tensor rank. The first column specifies the homogeneity of
the functional according to Eq. 3.12.

Figure 3.4.: Interpretation of the four nontrivial Minkowski tensors from the basis
given in Table 3.1: The first three can be interpreted as moments of inertia
for a three different mass distributions. For the area tensor W02,0 (K ), mass
is distributed uniformly across K, for the circumference tensor W12,0 it
is concentrated at the boundary, and for the curvature tensor W22,0 , it is
located at the vertices (the contribution of the concave vertex is negative).
The fourth tensor, W10,2 , characterizes the distribution of normals of the
boundary ∂K.
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the body K. The area tensor W02,0 (K ), is the moment of inertia of the body K itself;
the circumference tensor W12,0 is the moment of inertia of the wireframe boundary
∂K of K, i. e., all mass is concentrated on the boundary. The third is somewhat more
abstract, and its mass density is proportional to the curvature3 . The fourth tensor,
W10,2 relates to the distribution of normal directions on the boundary ∂K, as is shown
below. We also show that the linear dependence between W10,2 and W21,1 , Eq. (3.16),
can be understood as the rotation by π/2 that relates the tangent distribution to the
distribution of the normal vectors.

Dependence on Origin and Observation Window
The space of Minkowski tensors of rank 2 consists in two subspaces, one of genuinely translation covariant tensors and one of translation invariant tensors, see Table 3.1. For the use as metrics of morphology this distinction is one of importance.
First, use of the genuinely translation covariant tensors requires a specification of the
origin, the choice of which greatly affects the value of the corresponding Minkowski tensors (similar e. g. to the tensor of inertia). For the analysis of approximately
convex cells K—or a cell-wise analysis of cellular structure—a convention for the individual choice of origin may be sensibly defined, e. g. the center of mass W01,0 /W0
or, more generally, for a tensor Wν2,0 the corresponding curvature centroid

Cν (K ) :=

Wν1,0 (K )
.
Wν (K )

(3.18)

Nevertheless the specification of the origin complicates the analysis. (Note, for example, that W2 (K ) may vanish for non-convex bodies K, rendering the curvature
centroid Eq. 3.18 ill-defined.) For clearly non-convex structures with intricate connectivity and possibly percolating components (such as the painting in Fig. 3.2) the
origin is rarely clearly defined. Even with a given choice of origin 0 the values of
the tensors greatly depend on the size and aspect ratio of the window of observation. Shape metrics based on these genuinely translation covariant tensors are hence
more difficult to define.
The translation invariant tensor W10,2 , and its linearly dependent counterpart W21,1 ,
offer immediately applicable metrics for the intrinsic structure, and are evidently independent of the choice of origin. For a homogeneous structure, the dependence on
the size of the observation window is trivial, i. e. linear in the area of the observation
window.
3 Strictly

speaking, the curvature is singular at the vertices of a polygon, such as shown in Fig. 3.4.
Section 3.3 will show how this is circumvented.
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W10,2 as an Integral Measure of Normal Distribution
We now consider the relationship between the translation invariant W10,2 and the
distribution of normals. Given a body K with boundary ∂K, we define the function
ω (K, n0 ) =

1
2

Z

dr δ n(r ) − n0



(3.19)

∂K

where δ( x) is Dirac’s δ distribution4 and n(r ) the normal vector of ∂K at r. The function ω (K, n0 ) is the density function of normal directions of the bounding curve ∂K,
i. e. ω (K, n0 ) is the total length of all those patches of ∂K that
R have normal direction
0
n . It is normalized to the total contour length W1 (K ), i. e. S1 ω (K, n) dn = W1 (K ).
We can now rewrite the Minkowski tensor W10,2 as
W10,2 (K ) =

Z

1
2
1
2

=

dr n

Z∂K

Z

=

dr n

∂K
S1

dn0 n0

n
n

(3.20)
Z
S1

dn0 δ(n − n0 )

n0 ω (K, n0 )

(3.21)

with the unit circle S1 . This shows that the Minkowski tensor W10,2 is an integral
tensorial characterization of the normal vector distribution.
The following formulae can be useful to express functionals, such as surface free
energies, using the Minkowski tensors. Given two fixed vectors u and v,
u

· W10,2

·v =

Z
S1

dn (u · n)(v · n) · ω (K, n).

(3.22)

In particular, for u = v, both normalized,
u · W10,2 · u =

=

Z
S1

Z
S1

dn (u · n)2 · ω (K, n)
dn cos2 ∠(u, n) · ω (K, n) .

(3.23)

0,2
Linear dependence between W1,1
2 and W1 , and the tangent distribution

The linear dependence between W21,1 and W10,2 , equation (3.16), implies that these
tensors contain equivalent shape information. Using basic differential geometry we
show that W21,1 is an integral measure of the tangent distribution, and is hence related
to the normal distribution by a π/2 rotation.
4 Avoiding

the use of Dirac’s δ distribution, one may define ω as the probability density associated
with the image measure of H1 under the normal field mapping n : ∂K → S1 . H1 is the surface
measure on ∂K.
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The boundary ∂K of a body K is explicitly given as the curve S : [0, L] → R2 ,
l 7→ S(l ) parametrized by arc length; consequently L = 2W1 (K ). The unit-length
tangent vector
∂S
t (l ) :=
, |t (l )| = 1.
(3.24)
∂l
is related to the normal vector by a π/2 rotation


0 1
n(l ) := T t (l )
with T :=
.
(3.25)
−1 0
They fulfill Frenet’s equation ∂t/∂l = −κ (l ) n(l ) [62] with the curvature κ. The
Minkowski tensor W21,1 can now be expressed
W21,1 (K ) =

=

Z L
0

Z L
0

=
=

− 12
Z L
0

dl 12 κ (l ) n(l )
1
2

dl −
∂S
∂l
dl

∂2 S
∂l 2

S(l )
1
2

S(l )
S(l )

L

Z L

+

0

t (l )

0

dl

1
2

∂S
∂l

t ( l ).

∂S
∂l
(3.26)

Here Frenet’s equation was applied, followed by integration by parts with the boundary term vanishing. This result is to be compared with Eq. (3.20). Replacing the
tangents by normals yields
Z L

 

1,1
W2 (K ) =
dl 12 T −1 n(l )
T −1 n ( l )
0
"Z
#
L

= T −1

0

dl 21 n(l )

n(l ) T −1,t

= T t W10,2 (K ) T.

(3.27)

Equations (3.26) and (3.27) clarify the geometric meaning of W21,1 as an integral measure of the tangent distribution. In complete correspondence to Eq. (3.19), the tangent distribution is defined as
Z

0
1
ω (K, t ) = 2
dr δ t (r ) − t 0 ,
(3.28)
∂K

the vector t (r ) denoting the boundary tangent at r ∈ ∂K. The Minkowski tensor W21,1
can consequently be written as
W21,1 (K )

=

Z
S1

dt t

t ω (K, t )

(3.29)

in analogy to Eq. (3.21). Since ω (K, t ) = ω (K, Tt ) and, for any unit-length u, u
u + ( Tu) ( Tu) is the unit tensor E, this demonstrates that the linear dependence
Eq. (3.16) embodies the relationship between the tangent and normal distributions.
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γj
γi < 0

n(ij)
vh

|e(ij) |

n∗

n( jk)

n(hi) n(ij)

K1

(a)

vj
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K2

vk

n( jk)
γj > 0

(b)

vk

t(ij)

λ
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at distance ε

n(ij)
vj
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(c)

Figure 3.5.: Notation for the computation of Minkowski tensors for polygonal bodies. Left panel: An example for a body K = K1 ∪ K2 with polygonal
boundary contour ∂K and convex (β > 0) and concave (β < 0) vertices.
Right panel: The circular caps of the parallel body at convex corners have
normal vector n∗ (λ), see Eq. (3.31).

3.3. Computation of Minkowski Tensors
This section provides explicit expressions for the evaluation of all independent Minkowski functionals, vectors and tensors of a planar body K that is represented by
a polygonal boundary. In order to deal with the localization of curvature at polygon vertices, a parallel body construction is used to derive explicit results for convex
bodies. We then show that the same formulae also apply to non-convex bodies by
virtue of the additivity relationship Eq. (3.11). The results are summarized in Table
3.2.
A previously published algorithm to compute Minkowski tensors was specifically
designed for pixelized data [29]. Various articles describe the computation of the
scalar Minkowski functionals for pixelized data [174], and contour lines extracted
from pixel data [164] and for bodies represented by a bounding polygon [91].
Figure 3.5 introduces the notation for the polygonal representation of a body K,
consisting of a set of vertices vi and oriented edges e(ij) = v j − vi . The normal vector
of an edge is denoted
n(ij) := T

e(ij)

|e(ij) |

(3.30)

with T the π/2 rotation matrix as in Eq. (3.25). The tangent vector is t (ij) = T −1 n(ij) .
We adopt the convention that the orientation of all edges is chosen such that the
normal vector as defined above points out of the body K. Edges on the enclosing
boundary of K are hence oriented in counter-clockwise direction around the body.
If K contains a cavity, the edges marking the interface between K and the cavity
are oriented in clockwise direction around the cavity. Exterior angles γ j between the
normal vectors of the two adjacent oriented edges at vertex j assume values between
−π and π. For convex bodies these angles are always positive, γ j > 0.
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Parallel body construction
For Minkowski functionals involving the curvature κ, discontinuities of κ along the
polygonal boundary require special care: κ is 0 for points on the polygonal edges,
and undefined at the vertices. For convex polygonal bodies, the Minkowski functionals can be calculated using a parallel body construction in the well-defined limit
of vanishing parallel distance ε.
For a given body K, the parallel body Kε is defined as Kε := K ] Bε ; here Bε is the
disk with radius ε > 0 and ] is the Minkowski sum5 . Kε thus consists of the union
of copies of Bε centered at all points of K, see Fig. 3.2. The parallel body of a convex
polygon has a boundary curve with a continuous normal field n and well-defined
curvature. We now demonstrate this construction for the Minkowski functionals
W21,0 and W20,2 .
Since κ vanishes on the line segments bounding Kε , we only consider the circular
caps at vertices. On these curves parametrized by λ (see Fig. 3.5 (c)), we define the
mapping n∗ which yields the normal vector
n∗ (λ) = cos λ · n(ij) + sin λ · t (ij) .

(3.31)

On the circular caps the curvature is constant κ = +1/ε. The bounding curve Sε of
the parallel body Kε is explicitly obtained by translating v j along the normal n∗ by
the distance of ε; hence
W21,0 (K ) = lim

Z

ε →0 Sε

= ∑ lim
j

dr 21 r κ (r )
Z γj

ε →0 0

dλ ε

1
2

v j + εn∗ (λ)

1
ε

where εdλ is the infinitesimal line element on ∂Kε and the sum runs over all vertices.
Taking the limit ε → 0 one obtains
W21,0 (K )

=∑
j

1
2 γj v j

+ lim

Z γj

ε →0 0

dλ ε n∗ (λ)

= ∑ 21 γ j v j .

(3.32)

j

Note that the result depends on the location of the body with respect to the origin.
The computation of the Minkowski tensors Wνa,b with ν = 1, 2 that are given by
integrals over the bounding curve is achieved by similar means. For example, for
5
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For two sets K1 , K2 , the Minkowski sum is the set K1 ] K2 = { p1 + p2 | p1 ∈ K1 , p2 ∈ K2 }.

3.3. Computation of Minkowski Tensors

rank-zero tensors (scalars)
R 2

W0
d r
= ∑(i,j) 14 |e(ij) | · n(ij) · (vi + v j )
R 1
= ∑(i,j) 12 |e(ij) |
W1
2 dr
R 1
= ∑i 21 γi
W2
2 κ dr
rank-one tensors (vectors)
R
(W01,0 )x
x dr
=
R
(W01,0 )y
y dr
=
R 1
W11,0
=
2 r dr
R
1
=
W21,0
2 r κ dr

∑(i,j) (v j,y − vi,y )(v2i,x + vi,x v j,x + v2j,x )
∑(i,j) (vi,x − v j,x )(v2i,y + vi,y v j,y + v2j,y )
∑(i,j) 14 |e(ij) |(vi + v j )
∑i 21 γi vi

rank-two tensors
R 2 2
rk d r
(W02,0 )kk
R
(W02,0 )xy
xy d2 r

= ∑(i,j)

W12,0

R

1
2r

r dr

= ∑(i,j) 16 |e(ij) | · (vi

W11,1

R

1
2r

n dr

= 21 W0 E

W10,2

R

1
2n

n dr

= W1 E − W21,1 = TW21,1 T t = ∑(ij) 21 |e(ij) | · n(ij)

W22,0

R

1
2

r

r κ dr

= ∑i 21 γi vi

W21,1

R

1
2

r

n κ dr

= ∑(i,j) 12 |e(ij) |−1 · e(ij)

W20,2

R

1
2n

n κ dr

= 21 W2 E

1
12 | e(ij) | · n(ij),k

· (v3i,k + v3j,k + v2i,k v j,k + vi,k v2j,k )

1
vi,x v j,y − vi,y v j,x ·
= ∑(i,j) 24

· vi,y v j,x + 2vi,x vi,y + 2v j,x v j,y + vi,x v j,y
vi + vi

vj + vj

vj )

n(ij)

vi
e(ij)

Table 3.2.: Minkowski tensors for polygons. In the summations, i labels a vertex, and
the pair (i, j) an edge of the polygon, i. e. vi and v j are neighbor vertices
connected by an edge e(ij) with length |e(ij) |. The angle of inflection at
vertex i is denoted γi ; see also Fig. 3.5 (b) for the notation. The variable k
represents x or y. E is the unit tensor of rank two, and T is the π/2 rotation
matrix, Eq. (3.25).
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W20,2 :
W20,2 (K )

= lim

Z

ε →0 Sε

= ∑ lim
j

=∑

dr 12 n
Z γj

ε →0 0

Z γj
0

j

dλ

n · κ (r )
1
ε·
ε

1
2

n∗ (λ)

n∗ (λ)



2

dλ
1
2

,



2

(3.33)

again by restricting to the circular caps, canceling ε and the index j labeling the polygons’ vertices. Using the bilinearity of the tensor product we get
 2
n∗ (λ)
= cos2 λ · n(ij) n(ij) + sin2 λ · t (ij) t (ij)

+ 2 cos λ sin λ · n(ij)

t (ij)

(3.34)

which can be integrated by elementary calculus, yielding each vertex’ contribution
to W20,2 .
However, a simpler form is obtained by a change of variables to the angle θ =
θ (n∗ ) between the normal vector and the x axis, yielding

 

Z θ (n )
( jk)
cos θ
0,2
1 cos θ
W2 (K ) = ∑
dθ 2
(3.35)
sin θ
sin θ
θ (n(ij) )
j
where the vertices vi and vk precede and follow v j on the polygon contour, see
Fig. 3.5 (c). Using the fact that the polygons bounding K are closed, sinusoidal terms
in the anti-derivatives involved in Eq. (3.35) can be dropped. The resulting equation
h
i
W20,2 (K ) = ∑ 41 θ (n( jk) ) − θ (n(ij) ) E
j

= ∑ 14 γ j E = 21 W2 E,

(3.36)

j

verifies the linear dependence Eq. (3.16). Note that the polygons being closed is
essential for the result.

Non-convex Geometry
A body bounded by a number of polygons as previously described is not in general
convex. We can show that the formulae derived in the previous section, and summarized in Table 3.2, also hold for non-convex bodies because of the additivity property
Eq. (3.11). Consider a concave corner at a vertex v j , which implies γ j < 0. As illustrated in Fig. 3.6, K can always be viewed as the union K = K1 ∪ K2 of two bodies
K1 and K2 whose corners are convex at v j and whose intersection is the volume-free
line segment KL . For example, for W21,0 , the contribution of the corner at vertex v j is
v j (γ1 + γ2 − π ) = v j γ j
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with γ j < 0 and γ1 , γ2 ≥ 0. Hence the validity of Eq. (3.32) is not restricted to convex
polygons but includes arbitrary polygonal bodies. This same argument applies to
all other tensors Wνa,b with ν = 1, 2, i. e. those that are given as integrals over the
bounding surface.

Body Integral Functionals
The Minkowski functionals W0 , W01,0 and W02,0 are defined as integrals over K and
not over ∂K. By Gauß’ theorem they can be converted to contour integrals and thus
be easily computed from a representation of K by its bounding polygons, in the same
way for both for convex and non-convex bodies. For example, for W0 :
W0 (K ) :=

Z
K

d2 r 1 =

Z
K

d2 r ∇ · 21 r =

Z
∂K

dr · 12 r =

Z
∂K

dr 12 r · n(r ).

(3.37)

Similarly, vector fields f (r ) with ∇ · f equal to rk and (r r )kl with k, l ∈ {x, y}
exist, yielding similar formulae for the computation of the higher-rank Minkowski
functionals. Some detail is provided (for the 3D case) in the appendix A.2; the final
expressions can be found in Table 3.2.

Pixelized data
The shape metrics described here are applicable to binary or grayscale pixelized images if the pixelized image is converted into a polygonal contour6 . This conversion
can be achieved for binary data by the marching squares algorithm [164].
The marching squares algorithm iterates through the pixel dataset, i. e. the lattice
formed by the light and dark pixel centers, line by line from the top left corner to
the bottom right corner, see Fig. 3.7 (a). For each location, a 2 × 2 neighborhood is
considered which is in one of 24 = 16 configurations depending on the color of its 4
pixels, see Fig. 3.7 (b). For each configuration, there is a rule prescribing whether and
how to draw an oriented line segment separating light and dark pixel centers. The
line segments created for each neighborhood are then merged to form the contour of
the body visible in the binary image Fig. 3.7 (a).
Note that the line segment drawn depends only on the color values in the adjacent
four pixels. For the purpose of this algorithm, pixels at the dataset limits are assumed
to have void-phase neighbors. The orientation of the segments is chosen such that
the final contour inherently traces outer boundaries of bodies in counterclockwise
direction and any inner boundaries in clockwise direction. Grayscale images need
to be segmented, i. e. turned into binary datasets, before Minkowski functionals can
be computed. Simple thresholding is often an appropriate method, and the analysis
6

The conversion to polygonal contours does not have to be performed explicitly. It is possible to
assign each 2 × 2 neighborhood a corresponding contribution to the Minkowski functional Wνa,b ,
and evaluate the Minkowski functional as the sum of all local contributions, using a lookup table indexed by the 16 possible neighborhoods. This is conceptually equivalent to the procedure
presented here, but more computationally efficient.
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Figure 3.6.: The expressions for the vertex contributions of concave corners to the
Minkowski tensors are formally the same as those for a convex corner.
This is demonstrated using the additivity relation. At a concave corner
(γ2 < 0), the body K can always be interpreted as the union K = K1 ∪ K2
of two locally convex bodies K1 and K2 , which have been moved apart
for clarity (i. e. v4 = v5 = v6 = v2 ). The volume-free line K L represents
their intersection. Note that it is always possible to chose the new inflection angles γ4 , γ6 ≥ 0, and we have −γ2 + γ4 + γ5 + γ6 = 2π. Thus,
for example, the contribution of vertex v2 to tensor W22,0 is γ4 v4 ⊗ v4 +
γ6 v6 ⊗ v6 − γ5 v5 ⊗ v5 = (γ4 + γ6 − π )v2 ⊗ v2 = (π + γ2 − π )v2 ⊗ v2 =
γ2 v2 ⊗ v2 .
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Figure 3.7.: Conversion of pixel data to polygonized data using the Marching
Squares algorithm [164]: Left panel: The pixel centers form a square lattice. Pixels in the body phase are in black, void pixels are in white. Right
panel: The sixteen configurations of the four-neighborhood, and the corresponding oriented line segments to be drawn (bold arrows). The final
shape of the body is shown in light gray.
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of the threshold dependence of the resulting Minkowski functionals yields useful
morphological information [174]. More elaborate segmentation methods such as
watershed or region growing segmentation can be useful for noisier datasets [250,
163].
Minkowski tensors can also be computed for a subset of the data. In this case,
a post-processing step is required, where areas, edges and vertices are assigned to
sub-bodies (“labeling”). For example, a label could be defined by a connected component, or by a spatial domain (Minkowski maps, see below). Due to the additivity of
the Minkowski tensors, each label can be computed separately; details are found in
section 4.2. The computation time of each Minkowski functional using the approach
described is linear in the number of vertices and edges of the bounding polygons
and thus very efficient. If large datasets are considered, data analysis may be trivially parallelized, again due to the additivity property of the Minkowski functionals.
An implementation of the algorithms described is available as Ref. [131].

62

4. Applications1
A specific application of the Minkowski tensors is the quantitative characterization
of anisotropy of planar patterns. This chapter demonstrates the method by applying
it to a specific experimental dataset, namely of ice grains from Antarctic drill cores.
Subsequent sections introduce the analysis of non-cellular, percolating bodies using
Minkowski maps, and show an application to Turing patterns. The intention of this
chapter is not to present a complete morphological analysis of these systems, but
rather to briefly demonstrate the particular strength and principles of the Minkowski
tensors for anisotropy characterization.
Alternative methods for the characterization of anisotropy and alignment exist.
Fourier transforms are a common way to characterize anisotropy, and have been
applied e. g. to trabecular bone [47], to electrodeposited structures interpreted as the
outcome of reaction-diffusion models [227], to fiber systems [276], and single crystal
mats of linear polyethylene [37]. Methods based on correlation functions are also
known, e. g. applied to YBCO surfaces [22]. As well as anisotropy, Fourier methods
can also quantify alignment, e. g. in thin copolymer films under the influence of an
electric field [204]. A difficulty with Fourier methods is that great care must be taken
to avoid effects due to a finite window of observation.
An anisotropy measure applicable to porous media is derived from the directional
variations of average chord lengths. For a two-phase medium, e. g. consisting in a
solid and a void phase, a chord is a segment of a straight line that is fully contained
in one of the two phases. Under certain simplifying assumptions, the distribution of
chords is ellipsoidal, and a mean intercept length (MIL) tensor can be derived from
it [176]. The MIL tensor has been popular for the analysis of the microstructure of
bone [285, 101, 279, 171, 51].
Measures of anisotropy derived from the normal vector distribution of a given
shape that are similar in spirit to some of the Minkowski tensors have been used
to describe the shape anisotropy of simulated 3D foam cells [148]. Deformations of
cellular or granular material have recently been quantified using the so-called texture
tensor whose definition is based on the sum ∑ l ⊗ l over a subset of link vectors in the
structure [23, 90]. Eigenvalue ratios of the texture tensor can be used to characterize
anisotropy, e. g. for Antarctic ice crystals [71] and liquid foam cells [122]. Further
anisotropy metrics are based on the Steiner compact [215], wavelet analysis [262] or
star-volumes [136], or specifically for height-profiles, the analysis of the slopes as a
function of the azimuthal angle of the cross-section [251].
1 Some

of the material in this chapter is previously published as Ref. [241]. The contents of section 4.4
is previously published as part of Ref. [242]. The icecore data was provided by Gael Durand, and
the Turing pattern data by Harry Swinney.
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4.1. Anisotropy and Alignment of Antarctic Ice Grains
Simple metrics derived from eigenvalue ratios of the Minkowski tensors can be used
to quantify the degree of anisotropy and alignment of a planar pattern. For a symmetric matrix W we define the ratio of its two real eigenvalues λmax and λmin , with
|λmax | ≥ |λmin |, as
β (W ) : =

λmin
∈ [−1, 1].
λmax

(4.1)

The ratio of eigenvalues β(Wνa,b ) of each of the rank-two Minkowski tensors Wνa,b (K )
of a convex body K is a measure for the anisotropy of the shape of K. For brevity, we
a,b
a,b
set β a,b
ν ( K ) = β (Wν ( K )). Isotropy is defined, for the present chapter, by β ν ( K ) = 1,
and deviations from unity quantify the degree of anisotropy. Note that both spheres
and squares are termed isotropic here because the two principal directions are equivalent, even though not all directions in the system are equivalent (see Fig. 4.1).
The origin for this analysis is chosen such that Wν1,0 = 0 i. e. for W02,0 the origin
is the center of mass. The dependence on the origin limits the applicability of the
genuinely translation covariant functionals to complex and extensive non-convex
geometries. However, the translation invariant tensors W21,1 and W10,2 yield intrinsic
shape information even for complex and extended geometries.
Note that β(Wνa,b ) does not depend on the length scale of the object. If s K is a copy
a,b
of K with coordinates scaled by a factor of s > 0 then β a,b
ν ( s K ) = β ν ( K ). Figure 4.1
displays the variation of β for rectangles and ellipses with varying aspect ratios.

Ice Grains in Antarctic Drill Cores
Quantitative morphology has to be used to interpret ice cores from glacial regions,
especially in the context of paleoclimatic studies [75]. Glacial ice is formed by a complicated process of compactification and shear of layers of snow. This process leads
to a general increase in ice grain size with depth and age. The morphology of the fabric formed by a multitude of ice grains is used for dating and further interpretation
of ice cores [247].
Durand et al. showed that a rank-two tensor could be used to extract information
about the strain suffered by the material during its history ([71], see also [76]). They
analyzed data of Antarctic ice samples from depths ranging from 100 m to approximately 3000 m with increments between 4 and 30 m. For each depth, the polygonal
outlines of the ice grains where extracted from a two-dimensional micrograph of the
sample. The z axis of each micrograph, i. e. the vertical axis in the ice grain representations in Fig. 4.2, corresponds to the vertical direction of gravity, and the x axis is an
arbitrary horizontal direction.
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Figure 4.1.: The ratio of eigenvalues β(Wνa,b ) when calculated for rectangles (left)
and ellipses (right) with varying aspect ratio. Formulae for these plots
are given in Table 4.1.

W0
W1
W2
Wν1,0
W02,0
W12,0
W21,1
W22,0

rectangle
pq
p+q
π
0
pq
2
12 · Ar
pq
1
3
12 · Ar + 4 · Ar
Ar
π
2
4 · Ar
1
2

Z 2π

ellipse
π pq
f 1 ( p, q)
π
0
π pq
2
4 · Ae

diag f 12,0 ( p, q), f 12,0 (q, p)

diag f 21,1 ( p, q), f 21,1 (q, p)
π
3
p + q · Ae

q

p2 − ( p2 − q2 ) cos2 ϕ
Z 2π
q
2,0
1 2
f 1 ( p, q) := 2 p ·
dϕ cos2 ϕ · p2 − ( p2 − q2 ) cos2 ϕ
f 1 ( p, q) :=

·

0

dϕ

0

f 21,1 ( p, q) := 21 p2 q2 ·

Z 2π
0

dϕ

cos2 ϕ
( p2 − ( p2 − q2 ) cos2 ϕ)3/2

Table 4.1.: Minkowski functionals and tensors for idealized shapes. Some functionals for the ellipse can not be written in closed form and are given by
elliptic integrals instead. The diagonal matrices Ar = diag( p, q) and
Ae = diag( p, q) contain the scale parameters of the rectangle and the ellipse respectively.
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Anisotropy of the Individual Grains
To quantify the average anisotropy of the ice grains Ki we calculate the Minkowski functionals Wνa,b (Ki ) for the individual ice grains, each described by a polygon
translated such that Wν1,0 vanishes. Fig. 4.2 shows the ensemble average
D
E
a,b
β a,b
(4.2)
ν ( d ) : = β ν ( Ki )
d

and standard deviations
σd ( β a,b
ν )

s
:=

h

a,b
β a,b
ν ( Ki ) − β ν ( d )

i2 

.

(4.3)

d

The symbol h·id indicates averaging over all ice grains in images taken from depth
d, i. e., β a,b
ν ( d ) characterizes the anisotropy of a typical ice grain at depth d. Note
a,b
that β ν (d) and β a,b
ν ( Ki ) are different, but the meaning should be apparent from the
context. The statistical weight of each grain is the same. Although the average size
of ice grains (not shown) increases with depth, their anisotropy parameters β a,b
ν (d)
for any of the rank-two Minkowski tensors only decreases at a rate of approximately
0.019 ± 0.002 per kilometer. The extrapolated value at depth 0 indicates a clearly
2,0
anisotropic grain shape at all depths. Their values β2,0
1 (0) = 0.53, β 0 (0) = 0.54,
1,1
β2,0
2 (0) = 0.40, β 2 (0) = 0.59, extracted from linear fits to the data points with depth
less than 1500 m, correspond to ellipses with axis ratios of 0.66, 0.73, 0.74 and 0.72,
respectively, as is seen in Fig. 4.1.

Anisotropy of the Ice Grain Fabric
While the anisotropy of the shape of the individual ice grains only weakly depends
on their depth (and hence on their age), we now show that the degree of their relative orientation changes with depth. Instead of the averaged eigenvalue ratios β a,b
ν
that are insensitive to the relative orientation of the grains, we now consider the
eigenvalue ratios of averaged Minkowski tensors. These essentially characterize the
degree of orientational order or alignment in the ice grain fabric.
Given the Minkowski tensor Wνa,b (Ki ) of a body Ki , we assign two distinguished
directions to the body Ki . These are the two normalized eigenvectors vmin and vmax
of Wνa,b (Ki ) corresponding to the eigenvalues λmin and λmax , respectively. The angle
θi = ∠(vmax , ex ) between vmax and the x axis provides information about the orientation of the body Ki . Fig. 4.3 shows the distribution of θi for two different ensembles
of ice grains, calculated for the tensor W21,1 . This demonstrates that near the surface
there is only a slight preference for the ice grains to be horizontally aligned, while at
larger depths, there is a clear preference for horizontal alignment. To further quantify the alignment, consider the Minkowski tensor Wνa,b —below, we will specifically
use W21,1 —and define


ανa,b (d) := β hWνa,b (Ki )id .
(4.4)
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Figure 4.2.: Top: Sections of the ice core samples, at depths of about 140 m, 850 m,
and 2800 m respectively. A single section shows about 4.5 × 3.5 mm2
2,0
of the sample [70]. Bottom: Anisotropy parameter β1,1
2 and β 2 as func2,0
tion of depth with error bars corresponding to σ( β1,1
2 ) and σ ( β 2 ), see
Eqs. (4.2) and (4.3). While the grains increase in size with depth, their
anisotropy parameters β a,b
ν are nearly unchanged, significantly different
from the isotropic value 1.
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This is the eigenvalue ratio of the average Minkowski tensor, in contrast to the average ratio of eigenvalues of Minkowski tensors used above in Eq. (4.2). For ensembles
of essentially similar bodies Ki , i. e. β(Wνa,b (Ki )) ≈ β(Wνa,b (K1 )), this quantity is indeed a measure for the degree of alignment of the grains, as can be understood in
the following model.

Anisotropy vs. Alignment
Assume all bodies Ki in the ensemble are identical in shape and size to a body K, but
not in orientation, i. e. Ki = Ô(θi )K with the rotation operator Ô and the individual
rotation angles θi . Furthermore, let the angles θi be distributed according to the
probability density ρ(θ ), and assume that the Minkowski functional Wνa,b (K ) has the
eigenvalues λmin and λmax . Then we can write using the motion covariance Eq. (3.10)
of Minkowski tensors

hWνa,b (Ki )i = hÔ(θi )Wνa,b (K )iρ
= hO(θi )Wνa,b (K )Ot (θi )iρ

(4.5)

where the symbol O represents the rotation matrix associated with Ô, and the averages h·iρ are evaluated according to the distribution ρ. The average in Eq. (4.5) can
be shown to depend on ρ only via the quantity
Z2 := hsin(2θi )i2ρ + hcos(2θi )i2ρ ≤ 1

(4.6)

and the ratio of eigenvalues is
ανa,b =

λmin + λmax − Z · (λmax − λmin )
.
λmin + λmax + Z · (λmax − λmin )

(4.7)

For example, Z = 1 for a totally ordered sample with θi = θ1 and thus ανa,b = β a,b
ν . A
disordered sample with flat distribution ρ(θ ) = 1/2π has Z = 0 and consequently
ανa,b = 1 for any value of β a,b
ν .
1,1
Figure 4.4 shows α2 of the Antarctic ice grains as a function of depth. The relative
orientation varies from almost isotropic without strong preferred alignment, α1,1
2 =
0.87 at the surface, to one with significant alignment at greater depth, e. g. α1,1
2 =
0.68 at depth 1.5 km. The slope of the straight line fit to the data with depth less
than 1500 m is −0.127(8) per kilometer. This completes our demonstration that the
ice grain shapes have an almost constant degree of anisotropy (Fig. 4.2) but align
increasingly with increasing depth (Fig. 4.3 and Fig. 4.4).

Comparison with Texture Tensor
We conclude by comparing our analysis to the original by Durand et al. [71] of the
same system using a texture tensor. For the ice grain data, we find good numerical agreement between α1,1
2 ( d ) and an approximation of Durand’s texture tensor M,
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Figure 4.3.: Distribution of ice grain orientation. Left panel: We show the distribution
of the angle θ = ∠(vmax , ex ), where vmax is the eigenvector of W21,1 associated with the larger eigenvalue. (Thus, θ = 0 means the longer axis
of the grain is aligned with ex ). The upper distribution is extracted from
ice grains at depths 165 – 218 m, while the lower distribution contains
ice grains from 2783 – 2818 m. The distribution is confined to an interval of length π because eigendirections are only defined up to a multiple
of π. Right panel: Dependence of the mean and standard deviation of θ
on the depth d. Below about 1.5 km, data quality is reduced due to insufficient statistics within each micrograph, which contains less and less
grains due to their increasing size.
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which is defined as
M :=

1
N

∑ η e(ij)

e(ij)

with

η=1

(4.8)

(ij)

where the sum extends over a localized subset of polygon edges taken from the
dataset [71]. Note that this tensor is, apart from a rotation by π/2 and the factor η =
1 instead of η = |e(ij) |−1 the same as W21,1 , see Table 3.2. The numerical agreement
is not surprising given similarities in the mathematical structure of both metrics;
however, the Minkowski functionals have mathematical advantages which promise
increased robustness2 .
Figure 4.4 shows a comparison of the alignment measure α1,1
2 of the Antarctic ice
grains as a function of depth with corresponding ratio of eigenvalues m := β( M)
of the texture tensor. The data for m is obtained from Fig. 3 (right) in Ref. [71] by
inverting Eqs. (1) and (3) in Ref. [71]. The rotation R in their Eq. (3) is assumed to be
the identity operation which is justified by the very small values of |Uxz | in Fig. (3 b)
in [71].
This analysis of the ice grain data clarifies that, for an ensemble of bodies with
comparable shape anisotropy, the texture tensor is an implicit measure of global
grain alignment. The metrics ανa,b and β a,b
ν given here provide distinct morphometric
characterizations for individual grain anisotropy and global grain alignment. Most
importantly, however, our analysis shows that a relationship between mechanical
deformations on the one hand and the Minkowski tensors on the other hand may
be developed, similarly to the description of the corresponding relationship for the
texture tensor [71, 168]. An in-depth comparison of the strengths and weaknesses of
both approaches for a wider range of microstructures is desirable.

4.2. Definition of Minkowski Maps
This section describes a local anisotropy analysis of a non-cellular system with bodies spanning the whole dataset, in contrast to the ice grains discussed above. The
lack of a natural subdivision into local domains or cells is overcome by the concept
of Minkowski maps.
By their definition, the Minkowski functionals are integral quantities, and computing them on a heterogeneous dataset amounts to taking an average. It is frequently
useful not to take that average over the whole dataset, but restrict it to smaller domains. For example, in a polycrystalline system where there is short-range, but no
long-range order, a local characterization of shape is required. This motivates the
remark that, in contrast to W21,1 , M is sensitive to changes of the discretization of the polygon
even if the polygonal shape remains constant. Consider a polygonal body K with edges e(ij) . Each
edge contributes e(ij) e(ij) to U, and e(ij) e(ij) /|e(ij) | to W21,1 . Introduce an additional vertex
into the edge, such that the vertex lies on the edge that it splits. The contribution to M changes to
1
e(ij) , while W21,1 ’s is invariant.
2 · e(ij)

2 We
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Figure 4.4.: Dependence of α1,1
2 ( d ), see Eq. (4.4), on depth for the Antarctic ice grain
shapes, and the corresponding data extracted from the texture tensor of
reference [71] for the same data. As α1,1
2 ( d ) is a metric for the alignment of
the grains, as opposed to the anisotropy of the individual grain shapes,
the good agreement demonstrates that for these data the texture tensor
is essentially a measure of alignment.
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Figure 4.5.: The window of observation F. Minkowski maps are defined as the Minkowski functionals of K restricted to the window of observation F, which
are functions of ( x0 , y0 ), for a fixed window size lx × ly .
definition of Minkowski maps; see Fig. 4.8 for an example. On the other hand, experimental datasets are of finite size, and in the majority of cases the structures being
imaged are cut off at the limits. Even in synthetic data, periodic boundary conditions
are frequently imposed, leading to the possibility of bodies spanning the simulation
domain and becoming infinite. In these cases the complete boundary of the bodies
is either not known or not a closed curve, and assumptions of integral geometry do
not apply in the strict mathematical sense. Nevertheless, Minkowski analysis is still
a useful tool in characterizing the shape of such structures.
We refrain from formally extending the definition of Minkowski functionals to
open bodies with open-ended contours. Instead, we introduce the concept of labeled
domains and define Minkowski functionals for the individual domains. Note that a
single connected component of K may be subdivided into multiple domains, and
a domain may comprise multiple components of K. We demand that none of the
labeled domains be in contact with the dataset limits. However, boundary curves of
adjacent domains may be connected, see Fig. 4.6.
If the body K is not fully bounded within the limits of the dataset, open-ended
polygons occur at the dataset limits. We define a rectangular window of observation
F of size lx × ly with lx < L x and ly < Ly , where L x × Ly is the size of the dataset.
We require F to be enclosed by the dataset as displayed in Fig. 4.5, i. e. 0 < x0 −
lx /2 < x0 + lx /2 < L x and 0 < y0 − ly /2 < y0 + ly /2 < Ly , where ( x0 , y0 ) are
the coordinates of the center point of F. Introducing new vertices at the intersection
points F ∩ ∂K, the dataset is segregated into polygon edges fully contained in F,
none of which has open ends, and polygon edges outside of the observation window
which may have open ends, see Fig. 4.6. The Minkowski functionals of the former
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subset3 are denoted Wνa,b (K [ F ]).
Using the concept of an observation window, we define Minkowski maps. For a
moving window of observation F ( x0 , y0 ) of fixed shape lx × ly the Minkowski map
is

Wνa,b ( x0 , y0 ) := Wνa,b (K [ F ( x0 , y0 )]) .

(4.9)

Usually, F is chosen considerably smaller than the dataset, in order to access local
information with high resolution, but large enough to provide robustness by averaging over the heterogeneities of the microstructure.
Minkowski maps can be applied in two slightly different ways: First, Minkowski maps yield a continuous image of size ( L x − lx ) × ( Ly − ly ) when Wνa,b ( x0 , y0 ) is
computed for all possible center point coordinates such that F does not exceed the
dataset, see Fig. 4.8. Each value Wνa,b ( x0 , y0 ) contains shape information about the
observation window centered at ( x0 , y0 ). Windows of observation of adjacent image points overlap, implying redundancy in the recorded data. This mode is computationally expensive, but yields smooth data with advantages for visualization.
Second, Minkowski maps can be computed for a chessboard-like arrangement of
non-overlapping windows of observation as illustrated in Fig. 4.6. We define a rectangular grid subdivision of F into n x × ny domains of equal size, and compute the
Minkowski functionals for each domain. The total computation time for this mode
is approximately the same as when computing global Minkowski functionals of K.
Furthermore, the additivity property can be retained in this mode.
The formalism presented is also useful to take into account open boundaries if
they, as is typical for microscopy images, are located exclusively at the dataset limits.
With n x = ny = 1 and lx and ly only marginally smaller than L x and Ly , none of
the bounding contours of K in the observation window F have open ends and their
Minkowski tensors can be computed. Similarly, for synthetic data with periodic
boundary conditions, the global Minkowski functionals of the translational unit cell
can be evaluated by padding the structure to 3 × 3 identical copies of the unit cell,
and choosing the window of observation accordingly to select the central copy.
For the class of genuinely translation covariant tensors, coordinates of the origin
must be specified. The origin can be a global point shared by all domains, in which
case the Minkowski functionals of a domain strongly depend on the position of the
domain. Alternatively, the origin can be chosen as the domain center, which will
reveal more about the internal structure of the body K in the domain. However, this
choice implies the loss of the additivity property because of the different origins.
Similarly, when performing a connected-component-wise analysis, one may choose
a global origin or choose the corresponding centroid Eq. (3.18) of the component.
it is not evident that the restriction on the window F, denoted Wνa,b (K [ F ]) is different from
the Minkowski functional of the intersection, Wνa,b (K ∩ F ). Note however, that the latter introduces
new edges at the boundaries of F, while the former does not. This can be formalized by interpreting
the Minkowski functional Wνa,b (K ) of a fixed body K as a measure on R2 ; the measure of the window
F is then, in the present terminology, Wνa,b (K [ F ]). Details can be found in Ref. [261] page 235 ff.

3 Possibly,
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Figure 4.6.: A grid of non-overlapping windows of observation Fi with i = 1, . . . , 6
of the body K. Left panel: A label i is assigned to all edges of ∂K inside
that Fi , and the label −1 to all edges that are not contained in any of the
Fi . With this subdivision, it is guaranteed that none of the edges with
non-negative labels have open ends, although it is possible that the next
or previous edge is one with a different label. This allows for the computation of all Minkowski functionals defined as boundary curve integrals, i. e. Wνa,b with ν = 1, 2. Right panel: The polygonal contours used
to compute the Minkowski functionals W0a,0 . For these volume integrals,
additional edges are inserted such that the bounding contours are closed
polygons which is a prerequisite for the application of Gauß’ theorem in
e. g. Eq. (3.37).

74

4.3. Minkowski Maps in Turing Patterns
When computing Minkowski functionals for labeled data, and when computing
Minkowski maps, symmetrized forms of the formulae given in Table 3.2 should be
used. For example, the formula for W21,0 should be replaced by

W21,0 = ∑ 41 β i vi + β j v j .
(4.10)
(i,j)

We will now demonstrate how these concepts can be applied to local anisotropy
analysis for chemical Turing patterns.

4.3. Minkowski Maps in Turing Patterns
Turing patterns result from the interplay of diffusion and reaction of multiple chemicals (morphogens) in a two-dimensional reactor. The pattern that is observed is the
concentration of one specific chemical; this concentration is driven by diffusion and
the reaction of that chemical with others. Various ordered phases are observed as
stationary states of the system, in particular lamellar or hexagonal morphologies
[191]. Fig. 4.7 shows snapshots of a lamellar phase and a hexagonal phase, that form
depending on a control parameter. The control parameter can be the temperature or
the concentration of another chemical, for example; in Fig. 4.7, it is the concentration
of H2 SO4 .
Morphometric order parameters are needed to quantify the spatial structure of
such such systems, and compare it with models thereof based on reaction-diffusion
equations. Furthermore, the analysis of such order-parameters may help to gain
insight into the nature of the phase transitions between different spatial patterns. As
has been shown above, metrics of orientation can be derived from the Minkowski
tensors. For the Turing patterns, a local analysis is desirable because they usually
lack long range order.
The data shown in Fig. 4.7 was taken from a chlorite/iodide/malonic acid reaction
in a two-dimensional open spatial reactor and is described in detail by the original
authors in Ref. [205]; a previous, complementary analysis of the datasets based on
scalar Minkowski functionals can be found in Ref. [174]. The datasets are grayscale
images where the intensity is proportional to the concentration of one of the morphogens. They were converted to binary images using threshold segmentation with
a manually chosen threshold value ρ 4 . A “body” in the sense of this work is thus
formed by the regions in the reactor where iodide concentration exceeds a certain
threshold. The control parameter that determines the structure of the adopted phase
is the concentration of H2 SO4 available to the system.
A key difference between the hexagonal and lamellar phases is the (local) anisotropy found in the lamellar; however, integral alignment metrics that average over
4

An analysis of the dependence of the morphological metrics on ρ is essential and yields additional
morphological information, see e. g. Ref. [174]. In this work, however, we are concerned with the
introduction of Minkowski tensors, and omit this discussion. We chose an intermediate value of
ρ in whose vicinity neither the topology nor the displayed β0,2
1 change significantly when varying
the segmentation threshold ρ.
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Figure 4.7.: Sensitivity of the Minkowski tensors to changes in the isotropy: The anisotropy parameters β0,2
1 (i ) were calculated for individual rectangular
domains in a Turing pattern system. We show the averages h β0,2
1 (i )i
taken over all 10 × 10 domains contained in a single image (512 ×
480 px2 , with i = 1, . . . , 100). The error bars were estimated from the
variance of the β0,2
1 (i ) in each image. The concentration parameter on
the x axis controls the transition from the lamellar (left) to the hexagonal
phase. Representative subsets of system at various concentrations are
shown above, as is the size of the checkerboard domain subdivision.
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the whole dataset cannot detect this anisotropy because there is no long-range order
(Fig. 4.8), and the global average runs over multiple zones with distinct ordering.
The global Minkowski tensor W10,2 , when computed for such lamellar phases without long-range order is proportional to the unit tensor, despite the visible anisotropy
at a local scale.
Consequently, we decompose the system into N rectangular domains Fi , as illustrated in Figs. 4.6 and 4.7. We compute the Minkowski tensors separately for each
domain, as described in section 4.2. In this analysis, we focus on W10,2 , which has
been shown to be a translation invariant integral measure of the distribution of normal vectors. We also compute the anisotropy measure
0,2
β0,2
1 (i ) : = β W1 ( K [ Fi ])



(4.11)

0,2
separately for each domain. In Fig. 4.7, the average h β0,2
1 (i )i : = ∑i β 1 (i ) /N of all
domains in a single image of the experimental system is plotted. It can be seen that
h β0,2
1 (i )i increases as the system comes closer to its hexagonal phase (with isotropic
normal distribution). This demonstrates that the Minkowski map can capture and
quantify the degree of local anisotropy in a system such as a Turing-type reaction,
and distinguish phases with different symmetry.
A more detailed picture of the morphology of the ordered zones is gained when
we look at W10,2 ( x0 , y0 ) as a function of x0 and y0 , also described in section 4.2. We
calculate β(W10,2 ( x0 , y0 )) for a snapshot of the Turing system and plot it in Fig. 4.8 (c),
mapping the range [0; 1] to the grayscale [black; white]. Regions appearing dark in
this picture correspond to well-ordered lamellar phases, and are separated by the
residual hexagonal-ordered phase and unordered zones. This representation specifically emphasizes the heterogeneity of the sample. Note that the Minkowski map is
smaller than the original image by half the window of observation in each direction.
Various other types of 2D systems display phases morphologically similar to those
found in Turing patterns, and Minkowski tensors can be applied to their analysis.
Examples include thin copolymer films [216] and copolymers aligning in an electric
field [204, 242]. An analysis of a metal foam under compression using a Minkowski
map technique was recently performed by Saadatfar et al. [225].

4.4. Minkowski Correlators in Cellular Systems
For a cellular structure, each of the Minkowski tensors W = Wνa,b of an individual
cell comprises information about both the degree of shape anisotropy of the cell and,
if it is anisotropic, also about its orientation in space. By considering the tensor in
its eigensystem, these two qualities are somewhat separated; the eigenvalue ratio β
is a measure of anisotropy, and e. g. the eigenvector vmax of the largest eigenvalue is
indicative of the orientation of the cell. Having determined Minkowski tensors and
centers of mass for all cells, it is possible to study orientation correlations and their
decay with distance. Orientation correlations yield additional information to the
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Figure 4.8.: Construction of a Minkowski map for a Turing pattern system (chlorite/iodide/malonic acid). Left panel: Grayscale image displaying the
concentration of one of the chemicals. Center panel: Binary image obtained by segmentation. The small frame shown is the size of the observation windows F ( x0 , y0 ) used here to calculate the Minkowski map.
Right panel: Final Minkowski map. The intensity shown encodes the ratio
of eigenvalues β(W10,2 ), white corresponding to unity and black to zero.
Note how the white (isotropic) parts of the map correspond to hexagonal
patches in the original image.
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Figure 4.9.: Quantification of orientation correlations in a tessellation model (subfigure a). Five realizations of the model were generated with correlations
from very short (150, subfigure b) to quite long ranged (850, subfigure f).
The analysis of the tessellations using Minkowski tensors successfully
extracts the artificially introduced orientation correlations (subfigure g).
Solid curves are fit curves to the known functional form, yielding decay
constants k0 in good agreement with the values of k0 used to generate
the realizations.
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standard mass density correlation analysis by the radial density correlation function
g2 . This use of Minkowski tensors is somewhat reminiscent of the study of stress correlators in soft matter systems (for example, in Ref. [232]). In this section, the method
is illustrated by the study of a tessellation toy model, where a prescribed decay of
alignment is imposed on a square lattice triangulation via a Gaussian random field
with tunable correlation length.
For any cellular structure, an intuitive approach for the quantification of orientational order correlations is by considering eigendirections of the Minkowski tensors
W, say W = W10,2 , evaluated for all cells n = 1, . . . , N. Let W (r n ) designate the Minkowski tensor of the cell centered at r n and vmax (r n ) the eigenvector to the largest
eigenvalue of W (r n ). If the spatial structure is homogeneous, specifically translation
invariant, on longer length scales, an ad-hoc definition for an orientational order
correlation function is given by
g(r ) := [vmax (0) · vmax (r )]

2

:= M



vmax (ri ) · vmax (r j )

2 

(4.12)

where M denotes the average over all pairs (i, j) of cells with distance vector ri −
2
r j = r. The notation [vmax (0) · vmax (r )]
is borrowed from statistical physics
where h·i denotes the thermodynamical ensemble average. For an individual sample, assumed to be spatially homogeneous and of sufficient size, the ensemble average is replaced by the spatial average and g(r ) is defined by the right hand side.
For perfect orientational disorder and vanishing alignment, one obtains g(r ) = 1/3.
This ad-hoc definition has several shortcomings. Most importantly, it only incorporates information about the eigendirection of the largest eigenvalue but does not
take the degree of anisotropy or elongation into account; moreover, it requires to
choose an arbitrary direction for cells with degenerate eigendirections, for example
for isotropic cells. More elegantly, the full tensorial nature of Minkowski tensors can
be exploited. Define the tensor G (r ) := hW (0) ⊗ W (r )i where W (0) and W (r ) are
the Minkowski tensors of the cell at 0 and r respectively, and the angle brackets have
the same meaning as in Eq. (4.12). In index notation,
Gijkl (r ) := hWij (0)Wkl (r )i.

(4.13)

The symmetry Wij = Wji of the Minkowski tensors leads to the relation Gijkl =
Gjikl = Gijlk . In principle, the remaining independent elements of the tensor G can
be interpreted as orientation correlation functions Gijkl (r ). For most applications, we
can also assume point inversion symmetry, and get Gijkl (r ) = Gijkl (−r ) = Gklij (r ).
The thus defined tensor of rank four has 21 remaining independent components
for the three-dimensional situation and six for the two-dimensional case; it has the
same structure as the elastic tensor [154, 200]. Further assuming cubic (3D) or square
(2D) symmetry reduces the number of components to three independent components Gxyxy , Gxxyy and Gxxxx , both in 2D and 3D. Full isotropy imposes in addition
Gxyxy = ( Gxxxx − Gxxyy )/2, leaving Gxyxy and Gxxxx as independent orientational
correlation functions.
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Assuming a globally isotropic system, we consider the radial averages Gxyxy (r ),
defined as
Gxyxy (r ) :=

1
4πr2

Z

dΩ Gxyxy (r ),

(4.14)

and analogous formulae for indices xxxx and xxyy. The following relationships
demonstrate the meaning of the two correlation indices Gxyxy (r ) and Gxxxx (r ), for
W = W10,2 : The double trace
tri,j trk,l Gijkl (r ) =

∑ Giijj (r ) = 9Gxxxx (r ) − 12Gxyxy (r ) = hW1 (0)W1 (r )i

(4.15)

i,j

quantifies correlations between the surface areas W1 (r 0 ) of the cells at r 0 = 0 and
r 0 = r. Further interpretation of Gxyxy and Gxxxx is provided by relating these indices to the ad-hoc correlation function g(r ) defined above, for the example of a
random configuration of identical flat disks; for each disk the tensor W10,2 (r ) is equal
to W1 e(r ) ⊗ e(r ) with e(r ) the normal vector of the disk at position r, and the disk
area W1 (r ) = W1 since the disks are identical. It follows that
D
E
(4.16)
∑ Gijji (r ) = W12 ∑ ei (0)e j (0)ei (r )e j (r ) = W12 g(r )
i,j

i,j

and 6Gxyxy (r ) + 3Gxxxx (r ) = W12 g(r ). The more general tensorial indices Gxyxy and
Gxxxx hence reduce to the ad-hoc correlation function g(r ), Eq. (4.12), for this specific
example.
We illustrate this analysis for the toy model shown in Fig. 4.9. It consists of a tessellation of the plane by identical isosceles right-angled triangles, the vertices of which
are the sites of a square lattice. Each square of the lattice is filled by a pair of triangles
with two possible configurations (“orientations”): the hypotenuse can be one of the
two diagonals through the square (the two cases are indicated by the colors red or
blue). A cellular structure with artificially introduced prescribed correlations is now
generated using a Gaussian random field f (r ), which is a field of random variables
with Gaussian statistics [2]. The Gaussian random field controls the cellular structure, by choosing the orientation of the hypotenuse centered at r according to the
sign of f (r ) (red for +, blue for −). The correlations among the Gaussian variables
f (r ) are, in this way, transferred to orientational correlations on the triangulation.
Realizations of f (r ) are generated by taking the real part of the Fast Fourier Transform of a random complex function f˜(k). Values of f˜(k) are statistically independent for distinct k; their complex phases are uniformly distributed, and the expectation value of their modulus is h| f˜(k)|i ∝ exp(−k/k0 ). The real-space correlation
function h f (0) f (r )i of such a field decays as (4 + k20 r2 )−3/2 ; the decay constant k0
can be tuned via the spectrum f˜(k) in Fourier space. Thus, the constant k0 sets the
length scale of orientational correlation, or the alignment length scale.
Conventional density correlation functions are not useful to study order in this
system; density remains (almost) fixed since the center of mass of the triangular cells
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are almost the same for two possible configurations of pairs of triangles. By contrast,
the Gxyxy correlation function recovers the decay constant k0 of orientational correlations quantitatively. Figure 4.9 shows the correlation function Gxyxy for the square
lattice tessellation model, with W = W10,2 , and fit curves of the known functional
form of the correlation function. The fitted decay constants are in good agreement
with the values used to generate the tessellations. In the square lattice tessellation
model, of the three independent correlation functions, Gxxxx and Gxxyy are constants
due to the 90 degrees rotational symmetry between the two allowed configurations
of triangle pairs. In a general problem, such as in a real cellular solid or foam, this
need not be the case. Three independent correlation functions can exist there, and
exhibit more complex behavior than the single alignment length scale in the present
toy model.
The ability to quantify orientation correlations and alignment using Minkowski
tensors, demonstrated here for a toy model, applies immediately to cellular structures; if a clear subdivision into cells is not available, this construction can still be
applied via the technique of Minkowski maps (section 4.2. Moreover, by evaluation
of the Minkowski tensors for Voronoi cells, correlations can also be studied for ensembles of isotropic particles, such as fluid particles (part III) and granular matter
(part IV). The quantitative description of orientation correlations will be in particular useful for systems where density correlations, quantified by the conventional
two-point correlation function, fail to provide a significant morphological signature
as in the example discussed here.

Conclusion and Outlook
The preceding chapters describe a procedure for the quantitative analysis of anisotropy in planar patterns using Minkowski tensors. Explicit expressions for the computation of Minkowski tensors, both for pixelized data and for polygonal data, are
given. In particular, the usefulness of the Minkowski tensors to characterize anisotropy and alignment is demonstrated. An anisotropy index is formed as the ratio of
the smaller and the larger eigenvalue of the different Minkowski tensors, each Minkowski tensor emphasizing different aspects of the morphology. The tensor W10,2
(and its twin rotated by 90 degrees, W21,1 ) is especially notable for being translation
invariant. It is a robust integral measure of the normal distribution.
Two applications of Minkowski tensors to experimental data are given. In the first
example, two different aspects of the ice grain fabric structure can be clearly disentangled: We show that, while the anisotropy of individual ice grains only weakly
changes with depth, the increase of alignment of the (anisotropic) ice grains with
depth is a significantly larger effect. We also show that the robustness properties
of Minkowski tensors are advantageous in this application. The second example
demonstrates the Minkowski analysis for data which does not naturally decompose
into cells. Using the concept of Minkowski maps, a local analysis of the morphology is possible, which is a prerequisite for systems such as liquid crystals, polymers
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and reaction-diffusion systems, where percolating domains are frequently found.
Finally, we illustrate the quantification of orientational correlations in a toy model.
The study of orientational correlations, and thus, orientational order, may turn out
useful in particular for the understanding of cellular materials and related systems,
such as sphere packings (see parts III and IV).
While robust metrics of anisotropy and orientational order are useful applications
of the Minkowski tensors, the firm mathematical foundations of Minkowski tensors
suggest further applications. The theorems of Hadwiger and Alesker [92, 5] state
that additive material properties may be expressed in terms of the Minkowski functionals and tensors; some applications already exist [258, 97, 98]. The transport and
mechanical properties of certain classes of random porous solids may possibly be
connected to the Minkowski tensors, even though for ordered porous structures,
such as in chapter 2, this is not the case. Long-range correlations in the structure
due to its periodicity prevent additivity to apply in ordered systems. Whether disordered systems are different, remains to be studied. This process will greatly benefit
from experimental and theoretical application of Minkowski tensors for as diverse a
range of planar patterns as possible. Some examples beyond this work can be found
in Ref. [242], for example the analysis of an anisotropic generalization of the Boolean
grain model. Methods and algorithms described here provide the fundamentals for
this analysis. Software allowing the computation of Minkowski tensors of experimental and simulated data is made available [131].
Another future prospect of Minkowski tensors is the availability of kinematic formulae analogous to the generalized Crofton formulae [234, p. 172] for scalar Minkowski functionals. These formulae allow among other things for the estimation
of three-dimensional Minkowski functionals from two-dimensional sections. The
kinematic formulae have been generalized to Minkowski tensors [114], and their
exploitation in the future provides new perspectives in data analysis, in particular
when three-dimensional tomography data of a system is unavailable.
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Local Anisotropy of Fluids
using Minkowski Tensors
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5. Local Anisotropy in Fluid Models1
As new experimental techniques become available, more detailed information on the
nature of the fluid state can be accessed. New scattering experiments reveal the local
ordering of fluids [291, 217], and confocal microscopy allows for individual particles
in colloidal suspensions to be tracked [284]. This richness of new data calls for new
methods to characterize the morphology of equilibrium and non-equilibrium fluids
and related systems.
While fluids of spherical particles usually are globally isotropic, the local environments of the particles may be anisotropic (Fig. 5.1). Local anisotropy in jammed
bead packs has recently been studied in the framework of Minkowski tensors [244].
Local anisotropy may, in fact, play a crucial role both for dynamical and equilibrium
properties of particle systems. At the very least, measures of local anisotropy can be
used as a local order parameter to discriminate between the various equilibrium and
non-equilibrium states of an assembly of particles. The following chapters extend
the analysis given in [244] to important model fluids, namely the ideal gas (Poisson
point process), the hard-sphere and hard-disk ensembles, and to the Lennard-Jones
system. We demonstrate that the local anisotropy yields distinct evidence of the
phase behavior of simple fluids; furthermore, we show that Minkowski tensors provide a robust means to its characterization.
As a measure of local geometry in particulate matter, local anisotropy evidently
competes with existing measures based on nearest-neighbor analysis, including the
bond-orientational order parameters [186, 273, 138, 156], and tensorial measures
such as Edwards’ configurational tensor [72], quadrons [39], and fabric / texture
tensors [71]. These measures are, while undoubtedly widely and successfully applied, reliant on identifying suitable neighborhoods. Neighborhoods, by their very
nature, change discontinuously, in contrast to the shape measures of Voronoi cells
used in the present study. The volume distributions of Voronoi cells have been studied [178, 32, 203] and the shape of Voronoi cells is their next important property.
Scalar measures of shape such as the isoperimetric ratio [189, 218, 259] contain some
signature of anisotropy; however, they do not discern between the generally distinct but often correlated concepts of asphericity (meaning deviation form a spherical shape) and anisotropy (meaning elongation or directedness). It is our hypoth1 The

contents of the present chapter is previously published in Ref. [135]. The author is especially
indebted to Fabian Schaller, with whom he collaborated closely during data analysis and who is
the principal programmer of the 3D Minkowski code [231]. Discussions with Walter Mickel and
Fabian were invaluable for this project. Others kindly provided data, generated specifically for this
analysis: Tomoaki Nogawa (3D hard spheres molecular dynamics), Markus Spanner (hard disk and
hard sphere Monte Carlo) and Christian Goll (Lennard Jones MD).
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Figure 5.1.: Histograms of local density (x axis) and Voronoi cell anisotropy index
(y axis) in a Poisson point pattern, a dilute hard disks fluid (η = 32%),
and hard disks configurations below and above the phase transition (η =
61%, 76%). The shape of the distribution changes characteristically with
the packing density.
esis that explicit anisotropy measures such as the Minkowski tensors will turn out
similarly useful for the identification of phase transitions in fluids and other particulate systems, while being more generic and robust in their definition than measures
based on neighborhoods. Explicit anisotropy measures may also be more easily generalized to aspherical particles, relevant to liquid crystalline phases [83, 278, 74].
This part of the thesis is organized as follows: 5.1 generalizes the definitions of
the Minkowski tensors from section 3.1 to the three-dimensional case; sections 5.2
and 5.3 demonstrate the application of Minkowski tensors to the characterization
of local anisotropy in simple fluids, with the example of the ideal gas (or Poisson
point process). The subsequent sections give results for interacting fluid models: the
hard-disk and hard-sphere models (section 5.4), and the Lennard-Jones system (5.5).
These results may serve as reference data for the interpretation of local anisotropy
measurements on related, in particular experimental systems. Finally, chapter 6
compares Minkowski anisotropy indices with established structure metrics, namely
the Edwards configurational tensor and bond-orientational order parameters, with
a particular focus on robustness in the presence of noise.

5.1. Spatial Minkowski Tensors as Shape Metrics
The quantitative description of shape requires the choice of adequate metrics that
may be associated with the shape in question. Minkowski functionals, and their
generalization, Minkowski tensors, have been introduced in part II of the present
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work for planar bodies only. The formalism however also extends to the threedimensional case.
Given a compact subset of D-dimensional Euclidean space K ⊂ RD , called a body,
with a sufficiently smooth boundary, the Minkowski functionals in two and three
dimensions are defined as
W0 (K ) :=
Wν (K ) :=

Z
K
1
D

dD r

Z

(5.1)

dD−1 r Gν (r ),

1 ≤ ν ≤ D,

(5.2)

∂K

where Gν (r ) is a symmetric combination of the principal curvatures κi of the boundary ∂K. In two dimensions, G1 = 1, G2 = κ, (there is but one curvature) and in three
dimensions G1 = 1, G2 = 21 (κ1 + κ2 ), G3 = κ1 κ2 . The Minkowski functionals are, up
to conventional prefactors, the area, the circumference, and the Euler characteristic
(in 2D) and the volume, the surface area, the integral mean curvature, and the Euler
characteristic (in 3D) of the body K. As in the planar case, the set of spatial Minkowski functionals has a number of properties which make them useful for shape
analysis of physical systems [175]. In particular, Hadwiger’s characterization theorem [93] also applies to the three-dimensional case (see section 3.2). Also in complete
analogy to the two-dimensional Minkowski tensors, three-dimensional Minkowski
tensors arise by including tensor products of the position vector r and the outer
boundary normal n in the integrals in Eq. 5.2:
W0a,0 (K ) :=
Wνa,b (K ) :=

Z
K
1
D

dD r r

Z

a

( ν = b = 0)

dD−1 r Gν r

a

n

b

(5.3)

(ν, b 6= 0).

(5.4)

∂K

As in two dimensions, Minkowski tensors span the space of additive, conditionally
continuous and motion-covariant functionals (Alesker’s theorem [5, 115]). A basis of
the space of tensor-valued functionals of rank two is given in Table 5.1. In addition
to the scalar Minkowski functionals, six Minkowski tensors (as opposed to four in
2D) are required to span the space.
Explicit expressions for the computation of Minkowski tensors for bodies bounded
by triangulated surfaces can be derived via a parallel body construction (see section
3.3) and were given by Breidenbach and Mickel [45, 181], and details on the derivations can be found in Ref. [241]. They were re-derived for the present work and are
given, for completeness, in appendix A.2. For example, the Minkowski tensor
W10,2 (K ) =

1
3

Z

d2 r n(r )

n (r )

(5.5)

∂K

can be written, for a polyhedral body K bounded by polygonal facets with areas A( f )
(f) (f) (f)
and normals n( f ) = (nx , ny , nz ),

(f) (f)
W10,2 (K ) ij = 31 ∑ A( f ) ni n j ,
(5.6)
f
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Tensor
D=2

E · W0
E · W1
E · W2

Matrix element i, j
R
δij · K d2 r
R
1
2 δij · ∂K dr
R
1
2 δij · ∂K dr κ

Tensor
D=3

E · W0
E · W1
E · W2
E · W3

W02,0
W12,0
W22,0

d2 r ri r j
R
1
2 ∂K dr ri r j
R
1
2 ∂K dr κ ri r j

R

K

W02,0
W12,0
W22,0
W32,0

W10,2

R
1
2

∂K

dr ni n j

W10,2
W20,2

Matrix element i, j
R
δij · K d3 r
R
1
2
3 δij · ∂K d r
R

1
2
6 δij · ∂K d r κ1 + κ2
R
1
2
3 δij · ∂K d r κ1 κ2
R 3
d r ri r j
K
R
1
2
3 ∂K d r ri r j
R

1
2r κ + κ
d
ri r j
2
1
6 ∂K
R
1
2
3 ∂K d r κ1 κ2 ri r j
R
1
2
3 ∂K d r ni n j
R

1
2
6 ∂K d r κ1 + κ2 ni n j

Table 5.1.: A basis for the space of rank-two additive, conditionally continuous,
motion-covariant functionals in terms of Minkowski functionals Wν and
Minkowski tensors Wνa,b . E is the unit matrix, κ = κ (r ) the local curvature of the boundary contour ∂K at point r, κ1 (r ) and κ2 (r ) the principal
curvatures of the boundary surface ∂K, n(r ) the outer boundary normal
at point r.
the superscript f labeling the facets. An analogous formula holds in two dimensions, when replacing the facet areas and normals with edge lengths and normals
respectively. Based on such expressions, two computer programs are implemented
which calculate the Minkowski tensors for polygonal and triangulated data and are
publicly available [131, 231].

5.2. Characterization of Local Anisotropy in Point Patterns
Having assigned a number of tensorial shape descriptors to each body K, we can
now define an anisotropy index for each body K and each Minkowski tensor Wνa,b (K ),
as in section 4.1, by the dimensionless ratio
β a,b
ν (K ) :=

λmin (Wνa,b (K ))
λmax (Wνa,b (K ))

,

(5.7)

where λmin (W ), λmax (W ) are the smallest and largest eigenvalues of the D × D matrix W; D the spatial dimension. An anisotropy index of β = 1 indicates an isotropic
body, and values ranging from 1 to 0 correspond to increasing degrees of anisotropy.
The dimensionless anisotropy index is a pure shape measure; it is invariant under
a,b
isotropic scaling of K, i. e. β a,b
ν ( sK ) = β ν ( K ), for all s > 0.
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Note that, in the framework of this analysis, we consider any body isotropic that
has Minkowski tensors proportional to the unit matrix. Bodies with n-fold rotation
symmetries through the origin (n ≥ 3) have degenerate eigenvalues due to the additivity of the Minkowski tensors; as a consequence, many well-known highly symmetric bodies have β = 1. This includes, in two dimensions, the circle and square,
and any regular polygon; in three dimensions, the sphere, the cube, and the fcc unit
cell (rhombic dodecahedron) centered at the origin are examples of isotropic bodies.
We characterize local anisotropy of point configurations, representing for example the centroids of fluid particles, by computing the anisotropy indices β of their
Voronoi cells. Each point g(i) in the configuration, termed germ, is assigned a Voronoi
cell K (i) that consists of all points in RD closer to g(i) than to any other germ g( j) 6=
g(i) . From any point configuration { g(i) }, i = 1, . . . , N we thus obtain a set of N
bodies {K (i) }, and consequently, N Minkowski tensors {Wνa,b (K (i) )}. For the translation invariant Minkowski tensors, the choice of origin is irrelevant; for the others,
the germ point g(i) is chosen as the origin to compute the tensor Wνa,b (K (i) ). Voronoi
cells are frequently used to define the free volume available to an individual particle in a fluid configuration, and in glassy and supercooled states, for example [259].
The same concept has been used in granular matter for static packings (among others, Ref. [19]). The Voronoi tessellations of a set of points is computed using readily
available software [25]. In contrast to the neighborhood topology, the shapes of the
Voronoi cells are a continuous function of the point pattern.
For the following sections, the superscript (i ) labels the germ point in the point
configuration. Since we study point configurations consisting of a large number of
points, all results will be of statistical nature. Averages over the germs in one or more
a,b
1
(i )
(i )
configurations are denoted by µ( · ); for example, µ( β a,b
ν ( K )) = N · ∑i β ν ( K ) is
the average anisotropy index of Voronoi cells, with the average taken over all the
germs. In addition, σ( · ) denotes the standard deviation; for the observable X (i) , it is
computed from σ2 ( X (i) ) = ( N − 1)−1 · ∑i ( X (i) − µ( X (i) ))2 . For brevity, we identify
a,b
(i )
µ( β a,b
ν ) : = µ ( β ν ( K )).

5.3. Poisson Point Process (Ideal Gas)
The simplest model of a fluid is the ideal gas; molecules in the gas do not interact,
and as a consequence, their locations g(i) are uncorrelated. Mathematically, ideal
gas configurations are modeled by a Poisson point process (PPP) [234]. The only
free parameter in the Poisson point process is the intensity ρ, which is equal to the
expectation value of the number of particles per unit volume. This parameter can be
removed by a rescaling the coordinates in the system. Since the anisotropy indices
β a,b
ν , as defined above, are invariant under scaling of the body, the measured degree
of anisotropy is independent of the intensity ρ.
Voronoi tessellations are difficult to treat analytically. Thus, we estimate the parameters of the β a,b
ν distributions numerically. For this purpose, ten realizations of
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Fct.

µ(Wν )

exact µ(Wν )

σ(Wν )

D=2

W0
W1

1.00ρ−1
2.00ρ−1/2

ρ −1
2ρ−1/2

0.53ρ−1
0.49ρ−1/2

D=3

W0

1.00ρ−1

ρ −1

0.42ρ−1

W1

1.94ρ−2/3

W2

3.05ρ−1/3


4 4π 1/3
Γ
3
3

1 4π 8/3
Γ
40
3

5
−2/3
3 ρ

1
−1/3
3 ρ



0.49ρ−2/3
0.78ρ−1/3

Table 5.2.: Scalar Minkowski functionals of Voronoi cells induced by a Poisson point
process. ρ is the intensity of the point process, Γ the Gamma function,
and D the spatial dimension. Exact results are taken from [203] and [234,
p. 477], numerical values estimated in the present study from 160,000
random Voronoi cells.
the Poisson process on a square [0; 1)2 and on a cube [0; 1)3 are generated by first
drawing the number of germs from a Poisson distribution with mean 16384 and
subsequently placing the germs in the square or cube; germ point coordinates are
drawn independently from uniform distributions in on [0; 1). The Voronoi tessellation is computed for each configuration with periodic boundary conditions, and
Minkowski tensors and functionals are computed for the individual Voronoi cells.
Table 5.2 shows results for the average scalar Minkowski functionals of PoissonVoronoi cells. Analytical expressions are known for the averages, and we find numerical values close to the exact results [178, 203, 234]. Analytical expressions for
the standard deviations of the respective distributions seem to be unavailable. The
scalar Minkowski functionals (area, perimeter in 2D and volume, surface area, integral mean curvature in 3D) are found to be compatible with generalized Gamma distributions in agreement with the literature (see Fig. A.1 in appendix and Refs. [100,
203]).
Table 5.3 shows the mean and standard deviation of the anisotropy indices β a,b
ν for
Poisson-Voronoi cells. Since the anisotropy indices are invariant under scaling, the
length scale ρ does not enter, and the tabulated values are fingerprints of a point pattern with uniformly and independently distributed germ points. The full distribution of β0,2
1 values is shown in Fig. 5.2 (bold lines). In the 3D case, it is approximately
a Beta distribution, which is remarkable because the Beta distribution is closely related to the Gamma distribution2 . The agreement is less good in the 2D case.
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3
2

4

Hard Disks η = 24%
Hard Disks η = 69.3%
Hard Disks η = 74%
Poisson point process 2D
Beta best fit

Hard Spheres at η = 45%
Hard Spheres at η = 58%
Poisson point process 3D
Beta best fit
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2

1
log f(β)

log f(β)
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anisotropy index β0,2
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anisotropy index β0,2
1

0.8

1

Figure 5.2.: Distribution of the anisotropy index β0,2
1 in configurations of hard disks
(left) and spheres (right) of various packing fractions. The Poisson limit
η → 0 is indicated by the bold black line. Also shown is the best fit of a
Beta distribution ∝ x m (1 − x )n to the Poisson limit.

µ( β a,b
ν )

σ( β a,b
ν )

W02,0
W12,0
W22,0

0.396
0.463
0.363

0.201
0.197
0.200

W10,2

0.540

0.180

Tensor
D=2

Tensor
D=3

W02,0
W12,0
W22,0
W32,0
W10,2
W20,2

µ( β a,b
ν )

σ( β a,b
ν )

0.344
0.405
0.355
0.292
0.457
0.694

0.1330
0.1330
0.1301
0.1261
0.1251
0.0871

Table 5.3.: Mean and standard deviation of the anisotropy indices β a,b
ν of the Voronoi
cells induced by a Poisson point process. The intensity ρ of the Poisson
point process does not affect the dimensionless anisotropy indices.
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Figure 5.3.: Average anisotropy indices µ( β) for equilibrium ensembles of hard disks
(left) and spheres (right) vs. packing fraction η. In the limit η = 0, the
hard disks/spheres local anisotropies are identical to those of the Poisson
process (solid bullets), and for η = ηmax we reproduce the triangular/fcc
lattice (also solid bullets). In 2D (left-hand side), changes of slope at
the transition densities (magnified in inset) are observed. In 3D (righthand side) the average β displays a discontinuity at the first-order phase
2,0
transition. The values of β2,0
2 are very close to those of β 0 and have been
omitted for the sake of clarity. The inset shows metastable states in or
close to the coexistence region; symbols are Monte Carlo results, lines
molecular dynamics simulations.
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Figure 5.4.: Standard deviations of the β distribution for equilibrium hard disks (left)
and spheres (right). A linear decrease as η → ηmax as been divided out.
All data points calculated from Monte Carlo simulations. In the hard
disks system, σ( β) is continuous across the phase transition (magnified
in inset). The hard spheres system show a discontinuity. The values of
2,0
β2,0
2 are very close to those of β 0 and have been omitted for the sake of
clarity. Solid bullets on the plot frames represent the limit of the Poisson
point process η = 0.
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5.4. Equilibrium Hard Spheres and Disks
The hard disks and hard spheres model is beyond doubt one of the most important
generalizations of the ideal gas. This model, consisting in spherical particles without
interaction other than elastic hard repulsion, possesses a fluid–solid phase transition
[4, 292] and – in the 3D case – vitreous and jammed states [289]. In contrast to the
ideal gas discussed above, the hard spheres model does have an intrinsic length
scale by virtue of the particle radius and packing fraction η. This work focuses on
monodisperse particles, even though the method is applicable to more general models when one replaces the Voronoi tessellation by more general ones [203].
Two different procedures have been employed to generate realizations of hard
disks and hard spheres configurations: First, Monte Carlo (MC) simulations using
alternating local Metropolis moves of single particles and collective cluster moves,
specifically swaps of clusters between the configuration and its inversion at a randomly chosen point [147, 68]. Second, a 2D and a 3D event-driven molecular dynamics (MD) code solving Newton’s equations for a set of particles interacting via a
hard spheres potential [214, 121]. All simulations are performed in the NV ensemble
with periodic boundary conditions; particle numbers are 16,000 in the MC simulations (4,000 for the larger densities η > 0.6 in 3D), and up to 256,000 in the MD 3D
simulations. The starting configuration is an ordered triangular or fcc lattice.
The pair correlation functions of the resulting configurations are found to be in
agreement with the Percus-Yevick approximation in the fluid phase [127]. The mean
square displacement of the particles between two sampled configurations in the
fluid phase is as large as the expectation for completely independent configurations,
indicating a sufficiently equilibrated system. Away from the phase transition densities, both in 2D and 3D, the pair correlation functions from MC and MD are in
agreement.

Distribution of Anisotropy Indices
In similar fashion as with the Poisson data in chapter 5, a periodic Voronoi tessellation is computed for each configuration of particles, and Minkowski tensors and
anisotropy indices are assigned to each particle. Fig. 5.3 shows the averages of β a,b
ν
for hard disks and hard spheres ensembles as a function of density. It is seen that
increased order corresponds to more isotropic Voronoi cells in both hard disks and
hard spheres.
We find MD and MC results to be in close agreement with each other except for
in the vicinity of the hard spheres coexistence region. There, naturally, metastable
states persist due to finite system sizes and simulation times, and the state of the
system depends heavily on its history. The metastable fluid branch can be traced
2 If

the random variables X, Y are independent Gamma variates with the same length scale θ of the
Gamma distribution, then X/( X + Y ) is a Beta variate. In the case of β a,b
ν , X and Y correspond
to the smallest eigenvalue λmin and the increment λmax − λmin , which are approximately Gamma
distributed, but not independent variables.
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even beyond the fluid/solid coexistence region (see Fig. 5.3, inset in right panel) by
choosing random initial conditions [172] instead of the usual fcc initial conditions
and a fast compression protocol (more detail in section 6.2). Given enough simulation time, it would eventually form fcc nuclei and crystallize. The metastable fluid
branch is distinctly more anisotropic on a local scale than the solid phase, again confirming the rule of thumb that more ordered systems are more locally isotropic.
In both MC and MD simulations, a discontinuity in the average anisotropy index
µ( β a,b
ν ) is observed at the hard spheres phase transition, with the solid phase being
more isotropic locally. At the same time, the standard deviation of the distribution
of β a,b
ν drops discontinuously across the transition; in the solid phase, it goes to zero
almost linearly, σ( β a,b
ν ) ∝ ( η − ηmax ), where ηmax is the maximum global packing
fraction.
For large packing fractions, the system approaches the fcc state with isotropic cells
only (µ = 1, σ = 0). For small packing fractions, the Poisson limit is recovered, and
µ, σ attain their respective values for the Poisson point process (bullets on the plot
frame in Figs. 5.3, 5.4). Remarkably, tensors W22,0 and W02,0 yield very similar anisotropy indices. No explanation for this data collapse has been identified. The shape
of the distribution of β values, seen in Fig. 5.2, remains qualitatively similar and unimodal from the Poisson limit η = 0 to the close-packed limit; its average value has a
discontinuity at the phase transition. The development of the distribution function
with varying packing fraction can be seen in Fig. 5.5.
The situation in the hard disks system is less clear, and the nature of the phase transition has been the subject of continuous debate; current opinion favors a two-step
transition according to the Kosterlitz-Thouless-Halperin-Nelson-Young scenario as
opposed to a very weak transition of first order (see [35] and Refs. therein).
Mean anisotropy indices show a change of slope at the transition densities (Fig. 5.3,
left-hand). In the transition region, we use systems of 64.000 disks in a hexagonal
simulation cell with periodic boundary conditions3 . We find no significant differences between systems of 16.000 and 64.000 disks, given enough relaxation time. The
µ( β) curves in Fig. 5.3, left-hand side, and second moments µ( β2 ) behave linearly as
prescribed by the lever rule, with coexistence densities of ≈0.70 and 0.72. Binder et
al. [35] report closer values of 0.706 and 0.718. Full equilibration of the hard disks
system in the transition region, however, remains difficult even with more advanced
algorithms than the ones used in the present study [33].

Correlations among Anisotropy Indices
We find that the four (in 2D; six in 3D) different anisotropy indices display a qualitatively similar behavior. This shows that the anisotropy of the Voronoi cells is a
generic feature and does not depend on the particular aspect of anisotropy being
3A

square box was also used. As expected, it leads to artifacts for large packing fractions (starting
from about η ≈ 0.75), and µ( β) = 1, σ( β) = 0 is never attained as cells are strained by the incommensurate simulation box.
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analyzed. Shapes can easily be constructed where the different Minkowski tensors
yield widely different anisotropy indices. However, such shapes do not generally
occur in a Voronoi tessellation.
This motivates the use of a single anisotropy index instead of the full set of Minkowski tensors. To justify this, we calculate the correlation coefficients corr( X, Y ) :=
cov( X, Y )/(σ( X )σ(Y )), cov( X, Y ) := µ(( X − µ( X ))(Y − µ(Y ))), of the anisotropy
indices; most pairings of β a,b
ν are correlated with corr > 0.8 over the whole packing
0,2
fraction range of the hard spheres ensemble. Only corr( β2,0
0 , β 2 ) gets as low as 0.7
for the smallest packing fractions. The same is true for the hard disks ensemble,
0,2
corr > 0.8 for most pairings; only corr( β2,0
0 , β 1 ) gets as low as 0.65 for the most
dilute systems. It is thus justified, for the anisotropy analysis of the hard spheres ensemble, to focus on a single convenient anisotropy index, for example the translation
invariant β0,2
1 . In the remainder of the article, we drop the indices ν, a, b off the β.

Comparison to Isoperimetric Ratio
Measures of asphericity have been previously used, e. g. the isoperimetric ratio (also
called shape factor [189, 218]), defined by ζ := (W1 )2 (W0 )−1 /ω2 in two dimensions,
and ζ := (W1 )3 (W0 )−2 /ω3 in three dimensions, with the volume ω D of the Ddimensional unit sphere. Starr et al. use an asphericity index based on nearest neighbors distance in the Voronoi tessellation [259].
The distinction between asphericity, meaning deviations of the shape from a sphere,
and anisotropy, meaning that the object has different spatial extension or surface
area in different spatial directions, is subtle. Clearly, a sphere’s isoperimetric ratio
can be increased by applying an undulation to the bounding surface or by deforming it into a cube. Both leave the anisotropy unchanged. On the other hand, ζ also
changes when the sphere is deformed into an ellipsoid, becoming anisotropic. The
anisotropy indices β clearly distinguish between asphericity and anisotropy. Also,
the Minkowski tensors not only provide a convenient anisotropy index, but also
identify explicitly, by means of the eigenvectors, the preferred directions for each
cell. Accordingly, we find that ζ is less correlated with the β indices than the set of
a,b
β among themselves; corr(ζ, β a,b
ν ) ranges between −0.6 and −0.2 for all β ν both in
two and three dimensions, meaning that the Minkowski tensors probe a different
aspect of the cell shapes than the isoperimetric ratio alone.
It is noteworthy that the isoperimetric ratio follows a double-peak distribution in
the hard disks system (reproducing the results of Ref. [189]). The distribution of the
β a,b
ν indices, however, is unimodal, see Fig. 5.2; it changes continuously across the
solid/fluid phase transition.

5.5. The Lennard-Jones system
Configurations of Lennard-Jones (LJ) fluids with 100.000 particles in periodic boundary conditions are generated using a parallel molecular dynamics code [88, 84]. The
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Figure 5.5.: Histograms of anisotropy index β2,0
0 and packing fraction η of Voronoi
cells in the hard spheres ensemble. The x axis of each box shows the
packing fraction η (i) ∈ [0; 0.75] of individual cells, the y axis shows
(i )
the anisotropy parameter β2,0
0 ( K ) ∈ [0; 1]. Darker gray corresponds
to larger probability. The distribution changes characteristically from a
triangular shape (η < 0.2)√to a ellipsoidal distribution for higher densities. In the limit η → π/ 18 ≈
√ 0.74, the distribution becomes a Dirac
distribution f (η, β) = δ(η − π/ 18)δ(1 − β).
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ρ = 0.21

ρ = 0.26

ρ = 0.31

ρ = 0.36

ρ = 0.41

Figure 5.6.: Histograms of β2,0
0 and d for Lennard-Jones configurations. The x axis of
each box shows local particle number density d(i) ∈ [0; 4.5] of individ(i )
ual Voronoi cells, the y axis shows the anisotropy parameter β2,0
0 (K ) ∈
[0; 1]. The critical point would correspond to the configuration at T = 1.1
and ρ = 0.26; below, vapor/liquid coexistence is found; above, a single fluid phase exists and the probability distribution only has a single
component.
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Figure 5.7.: Histograms of the Voronoi cell anisotropy and density at four points in
the Lennard-Jones phase diagram (sketched in inset): a) vapor state b)
liquid state c) critical composition d) coexistence of liquid and vapor.
The systems consist of 100.000 particles each. The x axis shows a local
normalized density given by the reciprocal cell volume V in units of the
global density ρ, while the y axis shows the anisotropy index β2,0
0 . A
more complete survey of the phase diagram is found in Fig. 5.6.
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LJ fluid is a true thermal system, the phase diagram is two-dimensional, and includes a critical point. The precise location of the critical point depends on the
numerical treatment of the LJ potential, in particular the cutoff radius and cutoff
corrections [274]. Here, a cutoff of 2.5r0 is chosen.
For the pointlike LJ particles, we consider, as previously in Fig. 5.1, the local normalized (particle number) density d(i) = 1/(ρV (i) ), where ρ is the global particle
(i )
(i )
(i )
number density,
 and the volume V := W0 (K ) is the volume of Voronoi cell K (i).
(
i
)
Thus, µ 1/d
= 1. Fig. 5.7 shows two-parameter histograms of the densities d
(i )
and anisotropy indices β2,0
0 ( K ) of Voronoi cells in LJ configurations. Configurations from four points in the LJ phase diagram are shown, and the corresponding locations indicated in the phase diagram sketch (inset). In the high-temperature limit,
above the critical point, we find a continuous change of the probability distribution
from a triangular shape (subfigure a) as is also found for the ideal gas (Fig. 5.1) to a
ellipsoidal shape (subfigure b) as is found in the hard spheres system (also seen in
Fig. 5.1). Below the critical point, coexisting liquid and vapor phases can be clearly
distinguished as two components of the probability distribution (subfigure d). These
components grow closer as the temperature is increased, and eventually merge at the
critical point (subfigure c). A more complete survey is in Fig. 5.6.
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6. Robustness of the Minkowski Tensors1
Most metrics characterizing the structure of particulate matter require the definition
of neighborhoods NN(i ), i. e. a set of other particles that a given particle i is deemed
to interact with, and that is included in the computation of the order parameter or
structure metric. Examples for metrics based on the definition of neighborhoods
include the Edwards configurational tensor C and the bond-orientational order parameter Q6 . Neighborhoods are, by their very nature, dichotomic, meaning that a
second particle j 6= i either is contained in i’s neighborhood NN(i ), or is not. This dichotomy can give rise to discontinuous changes in the structure metrics when small
changes are made to the particle configuration, and to difficulties in the implementation of the structure metrics on a digital computer where the computational accuracy
necessarily is limited. Some authors take the trouble to address this issue by introducing weight prefactors which ensure that neighbors disappear continuously [298].
It will be seen that Minkowski tensors include such weighting by definition (see also
section 9.3).
The most popular choices to define neighborhoods are to use the z closest particles
as nearest neighbors (z = 12 in 3D and z = 6 in 2D, e. g. [61, 297]), the mechanical
contacts (e. g. [39]), cutoff radii [187, 202, 169, 69, 139] and the Delaunay tessellation
[296, 208, 294, 152, 158]. Each of these choices comes with certain problems. Mechanical contacts are attractive due their physical meaning, but are ill-defined for
hard-particle interactions in numerical data. Fixed cutoff radii, usually of the order
of 1.2σ to 1.6σ, with the particle diameter σ, do not take variable density into account. As a consequence, some authors fix the cutoff radius at the first minimum
of the radial pair correlation function [153, 48, 107, 1, 281], which is, however, not
always known or clearly defined. Moreover, the pair correlation function is a global
average and does not respect the local geometry around the particle. It would seem
that the least arbitrary choices are a fixed number of nearest neighbors and Delaunay
bonds, but even those come with certain problems as will be seen in the examples
below.

6.1. Configurational Tensor in the Einstein Solid System
A simple model of a thermal solid is defined by putting the germs on an ideal lattice, and allowing each germ to deviate by a small distance ε (i) from its ideal site, as
1 Part

of this chapter is published in Ref. [135] (the first section), the remainder is presently unpublished. Both sections have tremendously profited from discussions and collaboration with Walter
Mickel.
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Figure 6.1.: Widely used definitions of particle neighborhood. a) The Voronoi tessellation (red) and its dual, the Delaunay tessellation (blue). b) The Delaunay neighborhood. c) Neighborhood via a cutoff radius. d) z = 6
neighborhood.
in the Einstein solid. We generate a point configuration by drawing, independently
for each lattice site, the random displacement vector ε (i) from a three-dimensional
Gaussian distribution. The set of germs is then { g (i) = l (i) + ε (i) }, where l (i) are
the fcc lattice sites. The noise amplitude q
is given by the root mean square displacement (RMSD) of the particles, RMSD =

µ(|ε (i) |2 ); since the expectation value of

ε (i) vanishes, RMSD = σ(ε (i) ). Increasing the noise amplitude eventually destroys
lattice order and yields a Poisson point pattern. This model neglects correlations between displacements of different particles that necessarily exist in a real solid, and
does allow for overlap if the particles have finite radius.
In Fig. 6.2, as the noise amplitude is increased, µ( β0,2
1 ) decreases continuously
from unity, similarly as it does when decreasing packing fraction η from the maximum density state in the hard spheres model (Fig. 5.3). In the limit of strong noise,
the anisotropy index of the Poisson point pattern is recovered (µ( β0,2
1 ) → 0.457).
The Minkowski tensors of Voronoi cells vary continuously when germs as dislocated. The topology of the Voronoi tessellation may change; however, the shape of
the Voronoi cells K (i) is a continuous function of the germ point locations. For example, it is possible that a small dislocation of a germ creates additional facets in the
Voronoi tessellation; however, since these new faces are very small, and their contribution to the tensor of the cell is weighted with their area, only a small change in the
tensor is effected.
This continuity property is not necessarily guaranteed for other, similarly defined
shape measures. For example, Edwards and Grinev [72] and Makse et al. [162] define
a configurational tensor
C (i ) : =

∑

(r (i ) − r ( j ) )

2

(6.1)

j∈NN(i )

with some suitable definition for the set NN(i ) of nearest neighbors. NN may be
defined using the Delaunay triangulation, or a fixed cutoff radius, or mechanical
contacts. If, under a small dislocation of a germ, the neighborhood NN changes, a
comparatively large change of the tensor results, because the bond vector r (i) − r ( j)
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Figure 6.2.: Left panel: Anisotropy index for W10,2 (K (i) ) and Edwards’ configurational
tensor C (i) , applied to a fcc Einstein solid. The noise amplitude is quantified by the root mean square displacement RMSD of the germs from
their ideal lattice sites. The Minkowski tensor W10,2 (K (i) ) is computed
from the Voronoi tessellation of the lattice, C (i) is computed with the
Delaunay neighborhood and distance cutoff neighborhoods of the order
of the noise amplitude. It is seen that, even for vanishingly small levels of noise, C (i) of a single lattice site is not an isotropic tensor, while
W10,2 (K (i) ) is. Tensor isotropy is defined via the ratio of eigenvalues, as
in Eq. 5.7. The x axis and cutoffs are in units of the fcc nearest neighbor
distance a. Right panel: Illustration of point configuration with a degenerate Delaunay triangulation. A small perturbation (not drawn to scale)
lifts the degeneracy and breaks the isotropic 4-simplices into anisotropic
triangles.

105

6. Robustness of the Minkowski Tensors
to the lost or newly gained neighbor tends to be larger than the other bond vectors.
Consequently, C (i) changes discontinuously2 .
The discontinuous behavior of C (i) is especially pronounced for near-degenerate
configurations, for example the fcc lattice with vanishingly small noise amplitude.
As Fig. 6.2 shows, C (i) is not an isotropic tensor at zero noise, even though a fcc lattice site has 12 symmetrically arranged nearest neighbors. This is due to numerical
roundoff errors. For simplicity, we discuss the two-dimensional case, which exhibits
the same conceptual problem. Consider the perfect square lattice in Fig. 6.2. The
Delaunay simplices are not, as in a general point pattern, triangles, but degenerate
to squares. C (i) computed from such simplices is an isotropic tensor. However, tiny
amounts of numerical inaccuracy or noise lift the degeneracy for some of the squares
and cause the squares to break up into triangles [25]. C (i) computed from the triangles is no longer an isotropic tensor. Due to the same effect in three dimensions, C (i)
with the Delaunay neighborhood is not a good measure of anisotropy.
Note that the Minkowski tensor W10,2 is similar to the Edwards tensor as the normal directions of Voronoi facets are precisely the directions of the bond vectors via
the Voronoi–Delaunay duality. However, the weighting with the facet area in Eq. 5.6
ensures that the tensor is a continuous function of the germ point locations.

Discrimination of Einstein Solid and Hard Spheres Equilibrium Solid
As shown above, the mean anisotropy index µ( β) of the Einstein solid decreases
with increasing noise amplitude, similar to the hard spheres solid. However, the two
point patterns are clearly structurally different, as the hard spheres system includes
correlations between individual particles.
To see this, it is again useful to study the correlation between local normalized
density d and local anisotropy β. Figure 6.3 shows that d(i) is negatively correlated
with β(K (i) ) for the Einstein solid (blue dashed line), while the two variables are
positively correlated for the hard spheres solid (red solid line). Positive correlation
is the rule for interacting systems such as hard spheres, and has also been found
for jammed bead packs [244], while a negative correlation has been found for foam
models [141].
This can be understood considering that, for the hard spheres solid, a higher density implies that the cell shape is closer to the shape of the particle since particles
cannot overlap. On the other hand, for the Einstein solid, no minimum distance is
enforced, and high densities are the result of one germ intruding into the domain of
another, creating two oblate Voronoi cells.
that Edwards et al. use C (i) to describe physical contact points in granular matter, and for that
purpose, C (i) must change discontinuously. However, as a consequence, C (i) is vulnerable to small
dislocations of the particles.

2 Note
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Figure 6.3.: Comparison of average anisotropy index β0,2
1 as a function of local normalized densities d. The Voronoi cells are binned in density bins, and an
average of their anisotropy indices is computed separately for each bin.
The error bars are estimated from standard deviations in each bin. The
plot shows that the correlation of anisotropy index and cell volume distinguishes between the Einstein solid and the equilibrium hard spheres
structure (in the solid phase), even though parameters were chosen such
that the global averages µ( β0,2
1 ) are equal. (The second x axis at the top of
the plot gives the local packing fraction in each bin, for the hard spheres.)
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6.2. Bond-orientational Order in the Metastable Fluid
Another structure metric commonly used is the bond-orientational order parameter
Q6 , defined by
l

Ql (i ) : =

∑

!1/2
2
|ym
l (i )|

(6.2)

m=−l

ym
l (i )

1
:=
·
| NN(i )|

r

4π
· ∑ Ylm
2l + 1 j∈NN
(i )



ri − r j
|r i − r j |


(6.3)

where Ylm are spherical harmonics (see appendix A.3), with the angular arguments
θ, ϕ taken from the direction of the bond vector r i − r j , and | NN(i )| is the number of
neighbors of particle i. The merits of the bond-orientational order parameter are considered in greater detail later in chapter 7.3. At this point, it suffices to show that the
results obtained for Q6 can depend considerably on the choice of neighborhood. To
distinguish the bond orientational order parameters computed from different definiz=12
tions of neighborhood, we use more precise symbols such as QD
6 (Delaunay), Q6
rc
(fixed number) and Q6 (cutoff radius) in the following where relevant.
For this analysis, we use data from a molecular dynamics simulation of a supercompressed hard-sphere fluid, i. e., a fluid-like state with a packing fraction larger
than the phase transition density. The method of simulation is similar to the wellknown Lubachevsky-Stillinger algorithm, where the spherical particles grow during the simulation until a predefined packing fraction or pressure is reached (see
Ref. [161], and chapter 8.2 for more detail). The present method allows for the each
particle to expand independently of the others, meaning that the system is polydisperse during the compression stage [198]. Once particles have reached their target
size, they stop expanding, thus reaching a monodisperse, dense random state which
retains many properties of the fluid state. The packing fraction of 0.61 is a practical
limit due to diverging computer time. The supercompressed fluid may terminate at
the RCP point (see Fig. 7.2 and Ref. [128]).
Bond-orientational order, in particular the Q6 order parameter, is frequently used
for the analysis oder supercooled or supercompressed fluids [144]. Fig. 6.4, left
panel, shows the average of Q6 as a function of the packing fraction η, for four
different definitions of neighborhood. Large differences in the absolute values of
h Q6 i are observed between different choices of neighborhood. It is also seen that
the qualitative behavior of the curves depends on the neighborhood; some curves
exhibit rising, some falling trends, some have extrema, some are monotonous. A
large part of this ambiguity may be due to the number of neighbors changing with
density (right panel of Fig. 6.4) for the cutoff neighborhoods. The Delaunay and
fixed-number neighborhoods exhibit more consistent, though still different results.
This calls into question the concept of neighborhood as a basis for structural order
metrics such as Q6 . The Minkowski method on the other hand does not require
neighborhoods.
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Figure 6.4.: Left panel: Average of bond-orientational order parameter h Q6 i, computed with several different definitions of the particle neighborhood, as
a function of the system’s packing fraction η: blue crosses, Delaunay; orange squares, cutoff radius at 1.2 particle diameters; green bullets, cutoff
at 1.4; black stars, twelve closest neighbors. Depending on the definition,
q6 shows an overall rising or falling trend with or without extrema. Right
panel: Corresponding number of nearest neighbors. The definition via
the Delaunay tessellation yields a rather constant number of neighbors,
while for definitions via cutoff radii, the number of neighbors depends
sensitively on the system packing fraction.
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Conclusions and Outlook
The present study shows how Minkowski tensors can be used to characterize point
patterns, and in particular their local anisotropy. A simple, linear algorithm to compute the Minkowski shape tensors of polygons is given in part II of this work; for
3D polyhedra, linear algorithms also exist (see Ref. [243] and appendix A.2). Implementations of these algorithms are made freely available [131, 231].
Particle configurations from a number of fluid models are analyzed using the Minkowski tensor framework, and reference values for these model systems are given.
In each of the systems, the Minkowski tensor analysis is able to quantify the geometrical structure of the system in a robust way. The anisotropy analysis using
Minkowski tensors is found to be sensitive to the phase behavior of the fluids, and
the average anisotropy index may be used to distinguish collective states of the fluid.
A more complete characterization is achieved by the correlation of local anisotropy
β(i ) with local packing fractions or densities d(i) , as is shown for the examples of the
Einstein solid and the Lennard-Jones system.
We find that the different Minkowski tensors yield qualitatively similar results,
and that the statistical correlation coefficients among them are generally high; we
conclude that local anisotropy in fluids is a generic feature and does not depend on
which aspect of anisotropy is analyzed. We also find that the correlation of anisotropy indices with a measure of asphericity, the isoperimetric ratio, is considerably
lower, indicating that the isoperimetric ratio probes different aspects of the geometry.
Further structure metrics exist, in particular the Ql bond-orientational order parameters. Section 9.3 will show that there is a connection between bond-orientational
order and the Minkowski tensor analysis, with the key distinction being the robustness of Minkowski tensors.
The continuity properties of Minkowski tensors (section 3.2) guarantee that small
shifts in the germ positions do not influence the result in an undue manner, as is
the case for a naı̈vely defined bond tensor. It particular, this work shows that the
Minkowski tensor W10,2 includes the necessary weight prefactors to “repair” the configurational tensor. Section 6.2 shows that results for the bond-orientational order
parameter Q6 can depend significantly on the choice of neighborhood. A consistent, universally accepted choice for the Q6 neighborhood, however, does not exist.
Minkowski tensors on the other hand, avoid the need for a neighborhood definition.
The Voronoi tessellation’s geometry depends continuously on the particle coordinates, and the Minkowski tensors depend continuously on the geometry (if convex,
see section 3.2). This guarantees that the results from Minkowski tensor analysis are
reproducible and robust.
Further research into Minkowski tensors is needed. For the hard spheres system, exact relations between the equations of state and the geometry of the available
space, in particular its surface area and volume, are known to exist [255, 257, 58, 230].
Similar relations are not yet known for Minkowski tensors of available space. Still,
a density functional theory based on Minkowski tensors of convex particles has
been developed, and provides accurate approximations for the equations of state
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[224, 97, 98].
A related question is whether there are restrictions to the distribution of anisotropy indices (or the original Minkowski tensors) in a tiling, similar to the constraints
that exist scalar properties [234, p. 450]. Put simply, any tessellation implies a certain
distribution of Minkowski tensors; conversely, is there a valid tessellation for every
distribution of Minkowski tensors?
Finally, the application of the Minkowski tensors to a comprehensive set of experimental data is desirable. For this purpose, software is made available [131, 231],
which also forms the foundation for the analysis of jammed granular matter in the
subsequent part. The data given here for simple fluids may serve as reference data
when analyzing other systems, for example more complicated soft matter systems
such as aspherical particles or liquid crystals.
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Crystallinity in Jammed Spheres
using Minkowski Tensors
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7. From Kepler to Bernal:
The Random Close-Packed state
The history of sphere packing predates modern science; the greengrocer’s solution
to the problem (Fig. 7.1) is probably as old as the trade itself. The proof that the
fcc arrangement and its stacking variants are the best way to pack spherical objects
on the other hand is a fairly recent accomplishment. The original formulation as a
mathematical conjecture is usually attributed to Johannes Kepler [21] and appeared
on Hilbert’s list of millennium problems. The proof took until 1998 to finally arrive,
just in time, and relies on computers to check a large number of cases [95].
A similarly deep understanding of random sphere packings, is still lacking. Desmond Bernal is considered the father of the field; he studied sphere packings as
models for the structure of liquids [32]. Experiments with ball bearings densified by
tapping showed that random sphere packings tend to reproduce a packing fraction
around 64% [249]. The class of packings is today referred to as Bernal packings or the
random close-packed (RCP) state; the mechanism for the reproducibility of the number
0.64 remains under debate even today.
The relevance of random close packing derives partially from its being a highly
simplified model system for real granular matter such as sand, salt grains etc. It
is also still useful to gain insight into phenomena in disordered materials such as
liquids [106, 10], amorphous solids, and glasses [210]. Moreover, the simplicity of
‘pouring ball bearings into a beaker’ is only an apparent simplicity. Questions arise
such as whether sphere packings produced in this manner have reproducible properties, are independent of the preparation protocol, and can be described by a small
number of state variables, analogous to the success of thermodynamics for other
states of matter [18]. Finally, sphere packings are prototypes for more general packing problems, such as of tetrahedra or ellipsoidal particles (Ref. [272] gives a list).
Part IV is divided into three chapters: Chapter 7 introduces the problem of jammed
packings and in particular the random close-packed state. Section 7.1 discusses jamming in general, followed by a review of some of the most prominent theories for
explaining the random close-packed state in spheres (section 7.2). We also review
the standard techniques used to characterize the geometrical structure of packings
(section 7.3) and discuss some of their shortcomings. Section 8.1 introduces a novel
method to characterize geometrical structure, based on rank-four Minkowski tensors. This method is applied to numerical sphere packings in sections 8.2 and 8.3.
We find that a limiting packing fraction for amorphous packings exists, which is
determined in section 8.4. Finally, chapter 9 provides an outlook onto a more appropriate formalism for higher-rank Minkowski tensors, spherical Minkowski tensors.
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Figure 7.1.: Left panel: The most efficient (densest) way to stack oranges; here, the
hcp variant is shown. Image modified from JJ Harrison. Right panel: Two
ways to stack hexagonal lattice planes to form the densest sphere packings (Barlow packings). Graphics modified from Wikimedia Commons.

7.1. Sphere Packings and Jamming
We define a sphere packing as a collection of points r i such that no pair of points is
closer than the sphere diameter 2R, i. e. |r i − r j | > 2R for i 6= j. The terms ‘sphere
packing’ and hard-sphere configuration are used interchangeably here. Furthermore, a
sphere packing is said to be jammed if it does not admit infinitesimal translations of
spheres; the spheres are in contact with each other in such a away that the packing
is mechanically rigid. Several different notions of jamming can be distinguished: 1.
Local jamming entails that each sphere is in contact with four (D + 1 in D dimensions)
other spheres; the contacts are not all in the same hemisphere of the central sphere,
and consequently, the central sphere cannot be translated while fixing the remaining
spheres. 2. Collective jamming is a stronger requirement and means that no subset of
the spheres may be moved while fixing the others; finally, strict jamming requires that
there are no volume-conserving strains of the packing volume (including the boundaries) that do not violate the packing condition [270]. Without proof, we assume that
the packings analyzed here are at least collectively jammed.
As outlined in the introduction, the densest possible sphere packings are variants
of the fcc packing (Fig. 7.1), the so-called Barlow packings. All can be built by stacking
hexagonally-packed lattice planes. The most prominent are the fcc lattice packing
(ABC stacking order) with cubic symmetry, and the hexagonal close packing (hcp,
ABAB stacking order). Locally, i. e. as seen from a sphere embedded which only sees
its neighbors, every Barlow packing has fcc or hcp structure. The corresponding
Voronoi cells have 12 facets towards the neighbors in contact and no further facets.
The Voronoi cells are the rhombic dodecahedron (fcc) and the trapezo-rhombic dodecahedron (hcp; drawings of both on page 127).
When poured into a container in a physical experiment, spherical particles however do not tend to form highly ordered lattice packings; instead, a disordered state
is formed, and with vibration or shaking, its packing fraction can be increased up to
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a limit of η = 64% [249]. Numerically, jammed packings can be generated with
the Lubachevsky-Stillinger (LS) algorithm [161], which is a modified moleculardynamics
technique (see section 8.2). Using LS, packings in between η ≈ 0.56 and
√
π/ 18 ≈ 0.74 can be generated. In physical experiments, achieving packing fraction beyond 0.64 is difficult, or as an anonymous Nature staff member put it in a 1972
issue, ,,Ball bearings and similar objects have been shaken, settled in oil, stuck with
enamel paint, kneaded inside rubber balloons–and all with no better result than a
density of about ρ = 0.636.” [11]
Indeed, it has been claimed that a reversible branch of disordered jammed states
exists in vertically vibrated granular matter [199] with packing fractions between
η ≈ 0.63 and 0.655. This implies that crystalline nuclei formed in such a system
do not grow but disintegrate under the vibration dynamics. Partial crystallization
into a lattice packing has been observed for few experimental protocols; examples
include horizontally vibrated containers into which spheres are poured slowly [209],
and cyclically sheared containers [195, 220]. The configurations produced by such
methods typically contain well-ordered patches embedded in an amorphous matrix,
somewhat reminiscent of the behavior of phase coexistence near a discontinuous
phase transition.

Granular Matter and Statistical Mechanics
Granular matter is usually considered an athermal system since thermal fluctuations
– of order kB T – are much smaller than the gravitational energy required to lift particles by a considerable distance, of the order of their own diameter. Nevertheless,
being systems with a large number of degrees of freedom and showing collective
phenomena, the formalism of thermodynamics may apply to granular matter. The
treatment of granular matter in the style of statistical mechanics was launched in
1989 by Edwards et al. [73], who proposed a formalism analogous to the microcanonical ensemble. In this picture, all configurations (microstates) of fixed total
volume Vtot of the packing are considered to be equally probable. The number of
such configurations Ω defines a granular entropy,
S(Vtot ) := λ ln Ω(Vtot ),

(7.1)

where the constant λ is the equivalent of Boltzmann’s constant kB and has units
of volume. S is completely equivalent to the microcanonical entropy Std (U ) =
kB ln Ω(U ), at fixed internal energy U. (We assume that Std does not depend on
further properties such as system volume, particle numbers, magnetizations etc.)
From the entropy, the thermodynamical temperature is usually obtained as
1
∂S
= td .
T
∂U

(7.2)
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It it also possible to define the equivalent of the thermodynamical temperature, the
Edwards temperature
X :=

∂Vtot
.
∂S

(7.3)

The Edwards temperature can be interpreted as a compactivity of the sphere packing, X = 0 corresponding to the most compact packing, and X = ∞ to the least
compact. Using the thermodynamical formalism of Legendre transforms, the volume potential Vtot (S), and the analogon of the free energy, the effective volume
Y = V − XS.
Formally, Ω may be written as an integral over the 3N degrees of freedom from
the positions of the particles
exp (S/λ) = Ω =

Z

d3 r1 . . . d3 r N Q δ(W − Vtot ),

(7.4)

where the function Q = Q(r 1 , . . . , r N ) picks out the physical configurations from
the configuration space, i. e. the those configurations without particle overlaps and
with mechanical stability, and the δ function restricts the integration to the “volume
shell”; W = W (r 1 , . . . , r N ) corresponds to the Hamiltonian in statistical mechanics
and is the volume functional of the packing. This formalism has inspired many derived works. Alas, the contaction conditions (the function Q) can only be treated
under very restrictive, simplifying assumptions; see Refs. [188, 17, 212] and references therein for recent work.
The problem of enumerating the entirety of jammed states remains unsolved.
Packing problems are conveniently studied using computer simulation; popular algorithms include the Lubachevsky-Stillinger [161] and Jodrey-Tory [125] algorithms;
more are available [53, 303, 256]; recent developments include algorithms specifically
engineered to create loose (but strictly jammed) packings via linear programming
[269]. It is, however, unclear if the current numerical protocols can reach all jammed
states, and even if that were the case, how statistical weights should be chosen [129].

7.2. The notion of Random Close Packing
Currently, the question if and how the phenomenon of random close packing fits
into the Edwards formalism is controversial. One school of thought attributes the
existence of a reproducible packing fraction to a first-order phase transition in an
athermal ensemble, in the style of Edwards statistical mechanics [212]. The situation
is analogous to the crystallization transition in thermal hard spheres, where disordered and crystalline states are observed, separated by a coexistence region. The
athermal ensemble contains all admissible sphere packings with mechanical stability (i. e. all jammed packings). As in the thermal hard spheres system, states are
history independent in this picture, and show no traces of the preparation protocol.
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Figure 7.2.: Order diagram of hard-spheres systems. We plot the average anisotropy
µ( β) from Minkowski functional W02,0 against the packing fraction in different kinds of hard-sphere systems. Black: thermal equilibrium hard
spheres, blue: jammed states (LS algorithm), green: snapshots during
compression using LS, orange: metastable fluid (data from T. Nogawa,
see page 108).

The reproducible RCP fraction is now identified as the packing fraction of the disordered phase, at coexistence;
√ the other phase is a crystalline phase with a fixed volume fraction of η = π/ 18 ≈ 0.74. Any packings with packing fractions between
those numbers thus consist of appropriate volumes of the RCP structure and the fcc
lattice packing. Aristoff et al. [14] report phase transitions in Markov chain Monte
Carlo simulations of granular models designed to mimic the essential features of real
packing problems; it remains to be shown that such transitions also explain the RCP
phenomenon for the full hard-sphere system.
A different view attributes the emergence of random close packing to dynamical
phenomena. One such interpretation was proposed by Liu and Kamien [128] and
begins from the thermal hard-sphere model. In this model, the fluid phase can be
continued, as a metastable branch, through the phase transition zone. At the terminus of the metastable branch, pressure is reported to diverge; this point is now
identified with the RCP point. This procedure amounts to excluding ordered configurations from the ensemble of hard spheres; it is not obvious that a unique solution to this problem exists. Numerically, the exclusion of ordered configurations
is achieved by sufficiently fast compression. Molecular dynamics simulations using
variants of the LS algorithm, by Nogawa et al., suggest that the concept is viable
(see. Fig. 7.2, and note that the metastable branch seems to point to the RCP tran-
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sition point). However, the exact nature of the metastable branch is certainly not
completely independent of the details of the compression protocol.
O’Hern and coworkers [206] propose another dynamical definition of random
close packing, using an energy minimization scheme. Starting in initially disordered,
non-overlapping soft (e. g. Hertzian) spheres, they slowly expand the spheres, and
perpetually minimize the energy of the system using a conjugate gradient algorithm.
From a critical packing fraction on, called φc , which depends on the initial configuration, a non-overlapping solution can no longer be found without crossing energy
barriers; the system is said to be jammed. O’Hern et al. [206] find that the distribution of overlap thresholds φc narrows as the system size is increased and seems to
converge to a delta peak located at φc ≈ 0.648. In the same way as for the pressure
divergence in metastable disordered hard spheres, details of the compression protocol such as the interaction potential, minimization algorithm etc. enter the definition
of the RCP state. O’Hern et al. [207] further suggest that a jamming phase diagram
may be constructed, parametrized by temperature, packing fraction and stress; in
this diagram, the onset of jamming at φc corresponds to a point J, at zero applied
stress and zero temperature. Point J is compared to a critical point in conventional
phase diagrams [207].
As a third view, Torquato [273] notes that the random aspect of the random close
packing is not quantified; moreover, even without quantification of order it seems
plausible that the admixture of crystalline domains to an otherwise random system can increase the packing fraction at the expense of decreased disorder (randomness). Disorder and close packing may thus be traded against each other. As a result,
Torquato et al. consider the RCP state to be ill-defined [273], and propose to replace
it with a new concept, the maximally random jammed (MRJ) state. The MRJ state is
defined as the state, among all jammed states, that minimizes some order parameter
Ψ. A natural candidate for a suitable order parameter is the global bond-orientational
order parameter
Ψ6 : =

6
4π
· ∑ |hY6m (n)i|2
13 m=−6

!1/2
(7.5)

where n is a bond vector connecting the centers of a pair of nearest-neighbor particles, the angle brackets denote the average over all existing bonds in the system.
(Note that Ψ6 is different from Q6 : the order of averaging and taking the modulus
have been exchanged compared to Eq. 6.2.) This metric vanishes in a globally disordered system, which is assumed to be a perfectly isotropic state. Its maximum
is assumed in the ordered fcc lattice [273], and is equal to Q6 (fcc). While the MRJ
concept is intriguing, it may not solve the RCP problem: First, it is not clear (though
plausible) that the state minimizing Ψ6 is unique. More importantly, criteria for the
selection of order parameters are lacking. Different order parameters were found to
yield similar, though not identical MRJ states [129]. It is also an open task to elucidate the link between the order parameter being minimized and the physics of the
hard-sphere system. A physical mechanism leading to the minimization of an order
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parameter is not evident. (Note however, that similarly, there is no candidate for a
mechanism that guarantees the ergodicity of the athermal ensemble.) Concluding,
it is safe to say that the nature of the RCP state is currently not universally agreed
upon.

7.3. Geometric Structure Analysis
Even though a theory of jammed sphere packings is currently unavailable, there is a
large body of literature devoted to the analysis of simulated or experimental sphere
packings. Sphere packings generated via the usual numerical or experimental protocols (a tentative list can be found on page 117 and 118) beyond the (alleged) RCP
packing fraction are mixtures of crystalline domains with different orientation, and
amorphous (isotropic) domains. Global order parameters such as Ψ6 , Eq. 7.5, tend
to be ill-suited for the analysis of a polycrystalline system since the signatures of different crystalline domains interfere destructively. The pair correlation function g2 (r )
may show signatures of order, but is not an explicit metric of order (see for example, the analysis in Ref. [223]). Most studies consequently focus on a local analysis of
order; examples include the bond-orientational order parameter Q6 , discussed below, but also other methods such as quasiregular tetrahedra [8] and the translational
order parameter T [273, 129]. It has been argued [129] that a good order parameter
should be able to quantify order at any length scale; we shall return to this point on
page 143, but for the moment focus to a purely local analysis.
Most research uses the Q6 order parameter introduced in the seminal work of
Steinhardt et al. [260]. Note that the term order parameter is used in a rather loose
sense here; it is different from the concept of an order parameter in statistical physics
which vanishes in one phase and has a finite value in the other. Ψ6 from Eq. 7.5 is an
order parameter in this sense, while Q6 , a quantification of local order, is not.
As detailed in the previously in section 6.2, suitable neighborhoods have to be
chosen for the bond orientation analysis. A natural choice in granular matter systems is to use the mechanical contact network, i. e. to consider particles i, j neighbors
if and only if |r i − r j | = 2R. This definition poses obvious numerical problems in the
case of perfectly hard spheres; such systems have no closed contacts in simulation.
The Delaunay tessellation on the other hand is degenerate for the fcc packing and
does not reproduce the correct limit for η → ηmax (see section 6.1). Despite this deficiency, QD
6 is frequently used for jammed systems in the literature (e. g. [129, 296]).
Q6σ with a cutoff corresponding to the first minimum of the pair correlation function
is also frequently used (e. g. [275]), though the position of said minimum depends on
the packing fraction, and is generally not well-established. The most reliable choice
thus seems to be to define the set of neighbors as the 12 particles closest to the central
sphere, i. e. Q6z=12 . Using Voronoi facet weights instead of on-off neighborhoods is
an elegant alternative (see chapter 9 for more detail).
Even with a robust definition of neighborhoods (or the abolishment of neighborhoods on favor of continuous weights), Q6 is an incomplete characterization of local
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geometric structure. Steinhardt et al. already define two families of metrics Wl , Ql
(l ∈ N) and interprets them as invariants of the bond orientation distribution [260].
Of these, usually only Q6 is considered, leading to an incomplete analysis.
A study of large numerical (Lubachevsky-Stillinger) sphere packings with bond
orientation analysis using Q6 was performed by Xu et al. [296]. The spectrum of Q6
values in their packings η > ηRCP are similar to those shown in Fig. 7.3. The plot
shows a continuous spectrum produced by the amorphous ‘random’ matrix, and
superimposed peaks corresponding to crystalline clusters with hcp and fcc order. It
is obvious that, using only the Q6 invariant, it is not possible to distinguish between
some disordered arrangements of spheres and a hcp arrangement; the situation is
the same (with less background) for fcc.
A more specific, though largely unnoticed order metric is the rotational invariant
of the bond orientation distribution Q446 , defined via
l1

Q l1 l2 l3 ( i ) : =

∑

l2

∑

l3

∑

m1 =−l1 m2 =−l2 m3 =−l3



l1 l2 l3
m1 m2 m3



m3
m2
1
· ym
l1 ( i ) y l2 ( i ) y l3 ( i )

(7.6)

where the symbols ym
l (i ) denote, as in the definition of Q6 (Eqs. (6.2) and (6.3)), the
average over the spherical harmonics of the bond vectors of particle i to its neighbors; the parentheses are Wigner’s 3j symbol [286, p. 284]. The parameter Q446 was
empirically found to be particularly sensitive to fcc order, and takes values larger
than 0.0007 for fcc arrangements, and smaller values for non-fcc [185]. However, a
systematic theory of such rotational invariants is lacking, and Q446 was only found
by enumeration of a large number of triples of angular momenta (l1 , l2 , l3 ) in the
upper row of the Wigner 3j symbol.
Anikeenko et al. [8, 9] compute the Delaunay tessellation of the sphere centers, and
define a number of metrics to identify quasiregular tetrahedra amongst the Delaunay
simplices. A Barlow packing consists of ‘quasiregular’ tetrahedra and the degenerate Delaunay decomposition of regular octahedra (quartoctahedra in the nomenclature of Ref. [9]) in the ratio of 2:1. Ref. [8] reports that the fraction of quasiregular
tetrahedra, i. e. tetrahedra close to the regular tetrahedron with respect to their edge
lengths, increases with the packing fraction and reaches a plateau at η ≈ 0.646. At
the same time, quasiregular tetrahedra connect to form polytetrahedral complexes;
the fraction of tetrahedra involved in polytetrahedra peaks at η ≈ 0.646, and the
polytetrahedra decompose for higher packing fractions, as the system enters a polycrystalline state. The method is intrinsically symmetric with regards to fcc/hcp,
since both packings decompose into the same Delaunay simplices. Note that the degeneracy of the Delaunay tessellation for fcc/hcp does not pose the same problems
for the quasiregular tetrahedron method as for bond orientation analysis (section 6.2;
the topology of the Delaunay graph does not enter the order parameters, and only
the shape of the Delaunay simplices is quantified, which does not depend on how
the degeneracy is resolved.
Schröder-Turk and coworkers [244] use Minkowski tensor analysis to study the
local anisotropy of jammed packings, with the same methodology as in part III of
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Figure 7.3.: Frequency distribution f ( Q6n ) of all cells (red solid) and of the subset
(blue dashed) of cells that are identified as neither hcp nor fcc using Minkowski tensor analysis (i. e. ∆fcc > δ and ∆hcp > δ; the method is introduced in section 8.1). The cells depicted are (a) an ideal hcp cell, (b) an
ideal fcc cell, and cells identified by Q6n , but not by Minkowski tensors, as
(c) hcp and (d) fcc. The data is taken from ten configurations combined,
each consisting of N = 4 × 104 spherical particles, with η between 0.656
and 0.660.
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the present work. They find that around ηRCP , there is a kink in the average local
anisotropy curve (data shown in Fig. 7.2), signalling a structural change in the packings. Using the anisotropy indices β, it is not possibly to distinguish between fcc
and hcp cells, since both have β = 1 (see section 5.2). Schröder-Turk et al. however
can show that the Minkowski tensors are robust measures since a number of experimental datasets and numerical (LS) data collapse [244]. Concluding, we find that a
sensitive structure metric is lacking that is not based on bonds (since the definition
of neighborhoods is at least numerically delicate, if not arbitrary altogether as in
dense fluid-like states, section 6.2) and can reliably identify and classify crystallinity
in sphere packings.
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8. Analysis of Jammed LS Beadpacks
using Rank-four Minkowski Tensors1
Minkowski tensor analysis, in particular using eigenvalue ratios β, has proven its
aptitude to detect isotropic clusters in hard-sphere configurations, as described in
part III of this thesis, and in Ref. [244]. It is, however, not capable to differentiate
between important types of crystalline clusters, most notably the close-packed (fcc
and hcp) arrangements, ordered clusters that do not tile space, such as the regular dodecahedron with a fivefold symmetry, and other structures of high symmetry.
High-symmetry cells generically are isotropic (in the β = 1 sense, see also pages 64
and 90). Viewing the Minkowski tensor formalism as a systematic expansion in increasing tensorial powers of normal and position vectors (section 3.1), it is natural to
progress from rank-two tensors to rank-four Minkowski tensors. For rank four and
higher, isotropic symmetry is distinct from cubic symmetry. This is evidenced by
the appearance of a second independent shear modulus when going from isotropic
to cubic symmetry in the theory of linear elasticity (which is formulated using a
rank-four tensor, see part I on page 7). In this chapter, we develop a method based
on rank-four Minkowski tensors which allows for a more differentiated analysis of
polyhedra, and in particular, to discriminate between the Voronoi cells of the fcc and
hcp lattices; this method is applied to jammed sphere packings (chapter 7) generated numerically, elucidating the structural modification occurring in these packings
close to the alleged RCP point.

8.1. Minkowski Tensors of Rank Four
Definition and general properties
This section introduces Minkowski tensors of rank four, which are used in later sections to characterize jammed sphere packings. The definitions of the Minkowski
tensors given in section 3.1 readily generalize to rank four. We consider only the
simplest tensor,
W10,4 (V )

=

1
3

·

Z

d3 r n ( r ) ⊗ n ( r ) ⊗ n ( r ) ⊗ n ( r ) ,

(8.1)

∂V

1 The

studies presented in this chapter were undertaken in close collaboration with Walter Mickel
and represents a joint work. The results have, in the mean time, been published as Ref. [134]. The
Lubachevsky-Stillinger implementation is due to Monica Skoge and the Torquato group; pointpattern2voronoi3d due to Matthias Hoffmann, Karambola due to Fabian Schaller.
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defined for a polyconvex body V as a boundary integral involving the fourth tensorial power of the normal field. For brevity, we set W10,4 = W10,4 (V ) when the body
is unambiguous. Other Minkowski tensors than W10,4 could be used here, though
W10,4 is most convenient to compute and interpret. As all the rank-two Minkowski
tensors, W10,4 is motion covariant, additive, and conditionally continuous (see section 3, where these properties where introduced). More specifically, W10,4 belongs to
the translation invariant tensors, not dependant on the position of V in space. It is a
symmetric tensor, meaning
W10,4


ijkl

= W10,4



(8.2)

(ijkl )

using the symmetrization notation from page 48. The contraction over any pair of
indices of W10,4 (V ) reproduces the tensor W10,2 (V )

∑
i

W10,4


iikl

= ∑ W10,4

and by extension, ∑i,j W10,4 (V )
tional W1 .

i


iijj


ikil

= ∑ W10,4
i


klii

= W10,2


kl

,

(8.3)

= W1 (V ) with the surface area Minkowski func-

Eigentensors and Rotational Invariants
A morphology metric suitable for the characterizing hard-sphere systems should be
rotationally invariant, since the hard-sphere physics do not a priori designate a preferred direction. Thus, the tensor W10,4 cannot be directly used. Instead, rotational
invariants have to be constructed. The problem is considered in greater detail in
section 9.2; here, we adopt a pragmatic approach and construct some rotational invariants, borrowing ideas from the theory of the elastic stiffness tensor (page 7).
Owing to its symmetry, W10,4 has fifteen independent elements, and can be conveniently written in the Mehrabadi supermatrix notation as a 6 × 6 matrix (cf. section
1.7 and Ref. [177])
√
√
√


Sxxxx
Sxxyy
Sxxzz √ 2Sxxyz √ 2Sxxxz √ 2Sxxxy
 S
Syyyy
Syyzz √2Syyyz √2Syyxz √2Syyxy 
xxyy




2Szzyz
2Szzxz
2Szzxy 
 √ Sxxzz √ Syyzz √ Szzzz
M(S) := 
 , (8.4)
 2Sxxyz
2Syzyz
2Syzxz
2Syzxy 
√2Syyyz √2Szzyz
√

 2Sxxxz
2Syzxz
2Sxzxz
2Sxzxy 
√
√ 2Syyxz √ 2Szzxz
2Sxxxy
2Syyxy
2Szzxy
2Syzxy
2Sxyxz
2Sxyxy
with S = W10,4 (V )/W1 (V ). In complete analogy to the procedure for rank-two
tensors (section 5.2), the rank-four tensors are applied to Voronoi cells, and the
symmetry of a polyhedral Voronoi cell V is reflected in the spectrum of the matrix M(S(V )). Cells with cubic symmetry have a triply-degenerate eigenvalue, one
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ico

fcc

hcp

bcc

sc

(5,1)

(3,2,1)

(2,2,1,1)

(3,2,1)

(3,2,1)

ς1

1
3

1
3

1
3

1
3

1
3

ς2

2
15

1
6

1
6

ς3

2
15

1
6

5
36

ς4

2
15

1
6

5
36

ς5

2
15

1
12

1
9

ς6

2
15

1
12

1
9

8−4/ 3
33
√
8−4/ 3
33
√
8−4/ 3
33
√
−1+2 3
33
√
−1+2 3
33

structure
type

√

1
3
1
3

0
0
0

Table 8.1.: Exact expressions of the eigenvalue tuple (ς 1 ≥ · · · ≥ ς 6 ) of W10,4 for
ideal polyhedra: the regular dodecahedron (icosahedral bonds), and the
Voronoi cells of the fcc, hcp, bcc and simple cubic lattice.
doubly-degenerate eigenvalue, and one nondegenerate eigenvalue (3-2-1). Hexagonal symmetry has the signature 2-2-1-1, and the sphere, not a polyhedron of course,
has the isotropic signature 5-1 [177]. Note, however, that cells of low symmetry may,
in special cases, display the signature of a higher symmetry. For example, the regular dodecahedron cell has signature 5-1 even though it is anisotropic. This is in
complete analogy to aspherical cells with β = 1 in the rank-two Minkowski analysis
(see also pages 64 and 90).
The six-tuple formed by the eigenvalues ς i of M (S), in descending order, ς =
(ς 1 ≥ · · · ≥ ς 6 ), may be considered a symmetry fingerprint of the polyhedron V. In
Table 8.1, we give analytic expressions for several ideal Voronoi cells.

Δ pseudometric
Due to its definition, the six-tuple ς is invariant under rotation, scaling and translation of the polyhedron V for which the tensor W was computed. Thus, the six-tuple
ς now conveniently lends itself to the definition of a distance measure on the space
of polyconvex bodies, induced by the conventional Euclidean distance applied to
the ς tuples:
∆(V1 , V2 ) :=

6

∑

ς i (V1 ) − ς i (V2 )

2

!1/2
.

(8.5)

i =1

127

8. Analysis of Jammed LS Beadpacks using Rank-four Minkowski Tensors
It is evident that the distance ∆(V1 , V2 ) of two bodies V1 , V2 does not define a metric
in the strict mathematical sense on the polyconvex bodies, since ∆(V1 , V2 ) = 0 if V2
is a rotated, scaled or translated copy of V1 . Even if bodies are identified that can
be related by such operations, ∆ does not constitute a mathematical metric; pairs of
distinct bodies V1 , V2 can be found such that ∆(V1 , V2 ) = 0; for example, the regular tetrahedron and the sphere share the ς tuple (1/3, 2/15, 2/15, 2/15, 2/15, 2/15).
Examples of such indiscernible bodies in the space of polyhedra can also be found
[182].
A mathematical metric on the non-empty compact sets is given by the PompeluHausdorff distance,
∆H (V1 , V2 ) := inf{ε > 0 : V1 ⊆ V2 ] Bε and V1 ⊆ V2 ] Bε },

(8.6)

where the notation ] Bε denotes the Minkowski sum with a ball of radius ε, i. e.
the parallel body with distance ε (see section 3.3). The Pompelu-Hausdorff distance
satisfies the three axioms of a mathematical metric,
1. ∆H (V1 , V2 ) = 0 ⇔ V1 = V2 (identity of indiscernibles)

(8.7)

2. ∆ (V1 , V2 ) = ∆ (V2 , V1 ) (symmetry)

(8.8)

H

H

3. ∆H (V1 , V3 ) ≤ ∆H (V1 , V2 ) + ∆H (V2 , V3 )

(triangle inequality).

(8.9)

The Pompelu-Hausdorff distance is, however, more difficult to evaluate for numerical data than the ∆ distance measure. It can be quickly checked that ∆ satisfies both
the symmetry and the triangle inequality axioms by viewing ∆ as the composition of
the function mapping a body to its unique ς tuple, and the conventional Euclidean
metric on R6 . The first axiom has to be weakened to
1. ∆(V1 , V2 ) = 0 ⇐ V1 = V2 ,

(8.10)

rendering ∆ a pseudometric. For the purposes of the present analysis, this is completely sufficient.
The pseudometric ∆, due to its definition via the spectrum of M (S), is in particular
sensitive to the symmetries of the body V. Specifically, it provides a quantification
of the (pseudo-)distance of a polyhedron to a reference polyhedron, for example the
Voronoi cell of the fcc lattice Vfcc ,
∆fcc (V ) := ∆(V, Vfcc ),

(8.11)

and analogously for other types of crystalline order, including hcp, fcc, and simple
cubic. In this way, crystalline order metrics may be defined, which quantify the closeness of a particle environment to a crystalline arrangement. The reference cell does
not have to be the Voronoi cell of a crystalline lattice; for example,
∆ico (V ) := ∆(V, P12 ),
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∆fcc, ∆hcp
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RMSD = 31/2 σ

Figure 8.1.: Red: Average ∆fcc as a function of the root mean square displacement
RMSD of lattice points from the ideal fcc lattice. The x axis is in units of
the lattice parameter, and the error bars give the standard deviation of
the distribution of ∆i ’s in the configurations. The (practically identical)
green curve gives the data for the hcp lattice, and the ∆hcp crystalline
order metric.
P12 being a regular dodecahedron, measures the closeness of the particle environment to icosahedral bond order; this is the same arrangement that maximizes the
Q6 bond orientational order parameter (section 6.2). Note however, that in contrast
to the bond-orientational order parameter, the ∆ pseudometric does not make reference to a concept of bonds or neighborhoods. The discontinuities introduced by
bonds have been shown to be problematic for the Q6 parameter. ∆ on the other hand
is defined via Voronoi cells, which are continuous functions of the seed points.
To test the crystalline order metrics, we revisit the Einstein solid model from section 6.1. We generate point patterns {r (i) } by starting from an ideal fcc (or hcp)
(i )
lattice, and displacing the ideal lattice points r 0 by independently and identically
distributed random vectors d(i) ,
(i )

r (i ) : = r 0 + d (i ) .

(8.13)

The probability distribution for choosing the displacements d(i) is an isotropic threedimensional Gaussian distribution ∝ √
exp(−d2 /2σ2 ), and consequently the root mean
square displacement (RMSD) equals 3σ.
Figure 8.1 shows that the average ∆fcc is in approximately linear relationship with
the RMSD (given in units of the lattice parameter). This indicates that ∆fcc quantifies the dissimilarity of the Voronoi cells from the ideal lattice Voronoi cells, which
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increases with the RMSD. Moreover, the corresponding data for the hcp lattice and
∆hcp is in close agreement with the fcc data, indicating that the sensitivity of ∆ for
deviations from both fcc and hcp arrangements is of the same order of magnitude.
This will become important in the next chapter for the choice of thresholds to detect
fcc and hcp cells; due to Fig. 8.1, the thresholds for both types of crystalline clusters
are chosen to be equal.
Thus, the ∆ pseudometric provides a practical distance measure which can be
quickly computed. It is based on the eigenvalue spectrum of the rank-four Minkowski tensor W10,4 , and as such, in particular sensitive to the degeneracies enforced
by crystalline symmetry. ∆ distances to the ideal (reference) Voronoi cells provide
useful crystalline order metrics in experimental and simulated data. Finally, the definition of ∆ does not require the choice of bonds or a neighborhood as the Q6 order
parameter does (section 6.2), and uses the continuous Voronoi construction instead.
The remainder of this chapter contains an application of these metrics to numerically
generated jammed sphere packings.

8.2. Lubachevsky-Stillinger algorithm
Jammed sphere packings are conveniently generated using the Lubachevsky-Stillinger (LS) algorithm [161, 275]. This section briefly describes the operation of the
algorithm in a nontechnical way. The LS algorithm performs an event-driven simulation of an assembly of identical point particles interacting with a hard-sphere
interaction potential
(
0 r > 2R(t)
Vint (r ) =
(8.14)
∞ r < 2R(t)
where R(t) is a nondecreasing function of time; this corresponds to particles which
inflate over time, steadily reducing the permissible volume of configuration space.
Rotational degrees of freedom, gravity and friction are not taken into account. The
simulation box is a cube with periodic boundary conditions. The initial configuration is a random point pattern with a minimum distance, and different packings
have independent initial configurations. Here, the sphere radii are taken to increase
linearly with growth rate γ, i. e. R(t) = γt. Due to the increasing particle radii,
pressure increases in the course of the simulation, and the system asymptotically
approaches a jammed state [66]. Specifically, we use the implementation kindly provided by the authors of Ref. [253] on their website [252]. The simulation is terminated once a predefined pressure is reached; the parameters to the simulation program are listed in the table in Fig. 8.2. Via the growth rate, the final packing fraction
η can be tuned, see Fig. 8.2; η is not strictly a function of γ, but the variations are
small for γ > 0.001; they become non-negligible for smaller γ. The final packing is
then analyzed (see below); no special precautions are taken to remove unconstrained
particles (rattlers). The preparation procedure is thus similar to the protocol used in
Refs. [296, 244].
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final η

0.70
0.65
0.60
0.55

10-4
10-2
100
growth rate γ

N
growthrate
eventspercycle
initialpf
temp
maxpressure

4 × 104 or 104
1 . . . 10−4
20
0.01
0.1
1012

Figure 8.2.: Right panel: Parameters chosen for the Lubachevsky-Stillinger algorithm,
available from [252]. Left panel: Final packing fraction attained by the
hard-sphere configuration at the termination pressure of 1012 , as a function of the growth rate γ. Each data point represents a single configuration (no averaging). Reproducibility of the packing fraction is diminished for γ < 10−4 .
For this study, a large number (9,900) of packings with a range of packing fractions
(see plot in Fig. 8.2) is generated. 6,600 of these are packings with 104 spheres and
3,300 are packings of 4 × 104 spheres. The total computational effort for this dataset
constitutes about 16,000 core hours. Smaller packings than 104 were not generated
since the statistics from analyzing such a small packing are insufficient; during analysis one would have to average over multiple distinct realizations. Packings larger
than 4 × 104 on the other hand require in excess of 48h to generate for small γ ≤ 10−4
and were not produced.

8.3. Minkowski Analysis and Frequency of
Crystalline Clusters
We now use the rank-four Minkowski tensors and crystalline order metrics defined
in section 8.1 to analyze the sphere packings generated in section 8.2. Ref. [244]
showed using rank-two Minkowski tensor analysis that an β-isotropic Voronoi cells
(cf. section 4.1) start to occur in LS jammed packings, but also in experimental packings, around the RCP point. However, a classification of Voronoi cells, for example
into fcc- and hcp-type cells is not possible within rank-two analysis. Furthermore, a
much larger quantity of packings is analyzed here.
When analyzing a jammed packing using rank-four Minkowski tensors, the procedure is similar as for rank-two tensors (section 5.2). First, the Voronoi diagram
is calculated from the point pattern formed by the particle centers, using periodic
boundary conditions. Then, W10,4 is calculated for each Voronoi cell individually. For
each Voronoi cell V (i) , the superscript i labelling the particles, the crystalline order
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γ = 0.0001

γ = 0.0003
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γ = 0.0001

γ = 0.0003

0.80

ηlocal

0.10

fcc

0.70

0.60
hcp
0.50
0.00

0.05
∆hcp
(i )

0.10

Figure 8.3.: Local (per-cell) packing fraction ηlocal = 4πR3 /3/V (i) vs. crystalline order metrics ∆fcc,hcp (V (i) ) in LS hard-sphere configurations with different growth rate γ. The configuration with γ = 0.0003 (η = 0.6502) is
at the threshold of crystallization, the configuration with γ = 0.0001
(η = 0.6572) contains a fraction of crystalline clusters. Crystalline clusters appear as the protruding ‘horns’ at ηlocal ≈ 0.74.
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Figure 8.4.: Bond-orientational order parameter Q6 and crystalline order metrics
∆fcc,hcp in LS hard-sphere configurations with different growth rate γ.
The configurations are the same as in Fig. 8.3. The inset in the fcc plot
shows the full set of data, the large plots magnify the range around
the crystalline clusters; the dashed lines indicate the strip of cells (mis)identified as crystalline by Q6 analysis; only the leftmost part of that
strip is truly crystalline.
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metrics from Eq. (8.11),
∆fcc (V (i) ) = ∆(V (i) , Vfcc )

(8.15)

∆hcp (V (i) ) = ∆(V (i) , Vhcp )

(8.16)

serves to quantify its “distance” from the ordered arrangement. All averages in this
chapter, unless otherwise noted, are averages over the cells, i. e. over i.
Fig. 8.3 shows the results of ∆fcc analysis for two LS jammed configurations with
different growth rates, γ = 0.0001, 0.0003. The bulk of the two distributions collapses; the configuration with γ = 0.0001 however contains a discernible fraction
√
(i )
(i )
of spheres in close-packed arrangements (π/ 18 ≥ ηlocal & 0.74, with ηlocal =
4πR3 /3/V (i) ). The close-packed Voronoi cells clearly separate into fcc and hcp. The
distance ∆(Vfcc , Vhcp ) is about 0.06 and can be read off the plot as the distance between the two ’horns’ of the distribution. The plot of ∆hcp is similar to the ∆fcc plot
and demonstrates that the situation is symmetric, and that fcc and hcp arrangements
occur in comparable frequencies (though not necessarily equal) in the packing. This
is not the case for thermal hard-sphere systems, even though the preference for fcc
is a small effect, see Refs. [293, 41] for more detail. Hence it is important to treat fcc
and hcp on equal footing in jammed hard spheres.

Comparison with Bond Orientation Analysis
It is instructive to contrast the results from the rank-four Minkowski analysis with
the conventional analysis using the Q6 bond-orientational order parameter (section 6.2, Eq. (6.2)). Fig. 8.4 displays the correlation of the ∆-based order metrics and
Q6 ; the formation of crystalline clusters is visible as a concentration of datapoints in
the distribution at Q6 = Q6 (fcc) = 0.57452 and at ∆fcc = 0. The ∆fcc metric, however, incorporates more geometric information than Q6 ; the latter would classify all
the cells in the strip bounded by the dashed lines in Fig. 8.4 as fcc ordered, even
though many are rather far from ∆fcc = 0. In the language of statistical test theory,
the detection of crystalline clusters based on Q6 alone has a low specificity, defined
as the ratio
specificity =

#(true negatives)
,
#(true negatives) + #(false positives)

(8.17)

or, equivalently, a high type I error rate. Identification of hcp nuclei is even more
difficult with Q6 since the hcp peak coincides with the bulk of a continuous spectrum
of amorphous Voronoi cells, whereas the fcc peak is at the periphery of that spectrum
(see Fig. 7.3). This continuous spectrum is due to oblique dodecahedra and related
cells. The ideal dodecahedron, which is the Voronoi cell corresponding to a perfect
icosahedral bond arrangement (Fig. 8.5) has Q6 (ico) = 0.66333, larger than the fcc
cell; ideal dodecahedra are absent from the sphere packings analyzed here, in the
sense that no cells have ∆ico < 0.006, in agreement earlier studies [20, 106, 8, 10].
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(a)

(b)

Figure 8.5.: Icosahedral bond order. Left panel: Icosahedral arrangement of spheres
around a central sphere, realizing the highest local packing fraction
η ≈ 0.7547 [53]. One sphere has been removed to show the Voronoi
cell around the central sphere, a regular dodecahedron (fine black lines).
Right panel: The icosahedral Delaunay graph, dual to the Voronoi tessellation. Red lines are the fivefold symmetry axes and connect spheres in
mechanical contact. Along the bold black lines spheres are not in contact.

Cells with five-sided facets, structurally more similar to the regular dodecahedron
cell (ico) than the rhombic dodecahedron (fcc), but irregular, have Q6 values smaller
than Q6 (ico), but may approach Q6 (fcc), and a large number of such amorphous
cells is located around Q6 (hcp). This explains why Q6 alone is not a good selection
criterion for crystalline cells.
It should be noted that the greater specificity of ∆ in this application is not due to
the definition via Voronoi diagrams; the twelve largest Voronoi facets in a jammed
sphere packing cell typically have approximately the same surface area, and Q6z=12 is
a robust structural parameter in high-density sphere packings, contrary to the findings for the supercompressed hard-sphere fluid in section 6.2. However, due to the
definition as a tensor quantity, W10,4 incorporates more geometrical information, and
thus has a higher specificity of detection. In the same way as we introduced ∆ as a
pseudometric on the eigenvalues of W, one might introduce a pseudodistance based
on the bond orientation distribution; see page 161 for an analysis. As will become evident in chapter 9, the Minkowski tensor analysis and bond orientation analysis are
related concepts. The approach presented here, however, has the advantage of being
economical with respect to computer time since the computation of Ql requires the
evaluation of a large number of spherical harmonics.

Frequency of Crystalline Clusters
The appearance of crystalline clusters is intimately connected with the phenomenon
of random close packing, outlined in section 7.2. For a quantitative analysis, one is
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interested in the frequency of crystalline cells in the Voronoi cell ensemble,
Nhcp
Nfcc
, nhcp =
,
(8.18)
N
N
where Nfcc is the number of cells in a packing with crystalline order metrics smaller
than a fixed threshold
nfcc =

Nfcc = #({i | ∆fcc (V (i) ) < δ}).

(8.19)

The threshold δ is set to 0.005 in view of Fig. 8.3; is is chosen equal for both ∆fcc and
∆hcp since the sensitivity of the two order metrics is shown to be the same in the
example of the Einstein solid in Fig. 8.1.
Presumably, the frequencies nfcc , nhcp are at least functions of the packing fraction;
a priori it cannot be ruled out that the LS packings exhibit memory effects and that
nfcc , nhcp depend on the history of the packing. Fig. 8.6 displays the dependence of
the frequencies on the global packing fraction. The data for several LS configurations
is binned along the η axis, and the error bars show the bin width and the lower
and upper quartiles of the variation among configurations in that bin. Frequencies
smaller than 10−5 cannot be resolved since the configurations consist of 104 or 4 × 104
spheres each. The running time of the LS algorithm with N = 4 × 104 and γ = 0.0001
is about 48h on a single 2010 x64 processor core, and larger systems are impractical
unless the algorithm was parallelized or otherwise optimized.
Fig. 8.6 shows that, at a packing fraction close to 0.65, crystalline clusters begin to
appear in the packings, which are not observed for smaller packing fractions. The
frequency of crystalline clusters rises several orders of magnitude as η is increased,
reflecting the progressing crystallization of the spheres. No difference between systems of 10k and 40k particles is observed; also, there is no clear prevalence of either
fcc or hcp clusters.
In hindsight, the onset of crystallization is also observable using rank-two Minkowski analysis, even though it was not explicitly stated by the authors of the previous study [244]. A fraction of isotropic (β = 1) cells starts appear, also at η ≈ 0.65;
before that point, β-isotropic cells are very improbable (see Fig. 8.6 and Fig. 4 in
Ref. [244]). Of course, the classification of the isotropic cells according to crystalline
symmetry, presented here, is not possible using rank-two Minkowski tensors. We
see, however, in Fig. 8.6, that the frequency of isotropic clusters niso has a behavior
similar to the frequency of the crystalline clusters found2 . This shows that a consistent analysis of the system is achieved, since crystallinity implies isotropy in the
β = 1 sense.

8.4. Estimation of the Limiting Packing Fraction
Fig. 8.6 also hints at the crux of the present procedure; in order to define a number
of crystalline cells, an arbitrary threshold δ has to be chosen. This is at odds with
2n

iso is not simply the sum nfcc + nhcp , since the criteria are defined independently. The threshold for
niso could be chose such that this is approximately the case.
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Figure 8.6.: Top panel: Concentrations of isotropic, fcc-like, and hcp-like cells in
jammed LS packings of 104 spheres. Frequencies are calculated as
nfcc = Nfcc /N, where Nfcc,hcp is the number of cells with ∆fcc,hcp < 0.005,
and Niso is β0,2
1 > 0.99. The frequency of crystalline cells in loose packings too small to be detectable in these simulations, and rises several
orders of magnitude at η ≈ 0.65. Bottom panel: The same, for packings of
4 × 104 spheres. In addition, we also show, for the same data, frequencies
computed from the Q6 bond-orientational order parameter, using the criteria | Q6 − Q6 (fcc)| < 0.0005 and | Q6 − Q6 (hcp)| < 0.0005. We see that
Q6 is not as good a selection criterion as the ∆ metrics, as background
due to non-crystalline cells is not suppressed efficiently.
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the continuous spectrum of fcc-ness and hcp-ness of the clusters that is observed in
Fig. 8.3. A further problem is the lumping together of configurations with the same
η by binning the data, which seems poorly justified because configurations at the
same packing fraction may still be heterogeneous. As Fig. 8.2 shows, different LS
configurations produced with the same small growth rate of the order of 10−4 show
a large variation in packing fraction; Ref. [129] also reports that LS configurations
at the same packing fraction can exhibit considerable variation with respect to order
parameters such as Q6 or the translational order parameter T. Variations are smaller
with respect to rank-two Minkowski tensor analysis [244]. Nevertheless, averaging
over different configurations may be unjustified, especially beyond ηRCP ; neither η
nor γ alone are sufficient to characterize a jammed LS configuration.
In Fig. 8.7 we thus show one plot symbol per configuration and do not average over distinct configurations. Fig. 8.7 shows the (global) packing fraction of LS
jammed configurations vs. an estimate for the minimal ∆fcc or ∆hcp in each individual packing. Since the minimum mini ∆fcc (V (i) ) among all spheres i in a given
configuration is subject to large statistical variations, we compute quantiles of the
∆fcc distribution, i. e. [ X ]q := F −1 (q), with X = ∆fcc , ∆hcp . Here, q is a real number
in (0; 1), X is a random variable, and F is the distribution function of the variable X
within a given configuration.
Fig. 8.7 demonstrates that, at around η = 0.65, an abrupt and qualitative change in
the packings occurs; the first percentile [∆fcc ]0.01 drops considerably, due a preference
for clusters with a smaller ∆fcc . This marks the onset of crystallization in the sphere
packings. The same behaviour is observed for hcp order (second plot in Fig. 8.7).
Configurations with N = 104 and 4 × 104 particles were analyzed. No difference
between the average first percentile at a given packing fraction is noticed, but the
larger systems deviate to a lesser extent from the average.
The location of the kink in Figs. 8.7 can be made precise using linear regression
fits to the straight slopes to both sides of the kink and computing the intersection
point, as indicated in Fig. 8.7. In this way, we obtain an estimate for the kink packing
fraction η ∗ (q). Since the data in Fig. 8.7 depend on the quantile q that is analyzed
as a function of η, the kink packing fraction is itself a function of the quantile q. In
the limit q → 0, this gives an estimate for the limiting packing fraction η ∗ (0+ ) beyond
which the frequency of crystalline clusters no longer vanishes, in other words, crystallization is inevitable. It is not evident that the limit η ∗ (0+ ) exists. The inset in
Fig. 8.7 shows that η ∗ (q) is near-constant as a function of q, and that the position
of the kink consequently is a robust feature of the ∆ distributions. If the function
η ∗ (q) had a non-negligible dependence on q, the extrapolation q → 0 would not be
useful (note the logarithmic x axis). From the inset in Fig. Fig. 8.7 we conclude that
η ∗ (0+ ) ≈ 0.649.
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Figure 8.7.: The first percentile of the ∆fcc distribution, [∆fcc ]0.01 , versus the packing fraction. Each datapoint corresponds to a single jammed LS packing of 4 × 104 or 104 spheres. A qualitative change of the distribution
is observed at η ≈ 0.649, where the first percentile drops considerably,
marking the onset of crystallization.
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Conclusions: RCP as the Onset of Crystallization?
Relation of crystalline order metrics with bond orientation analysis
The crystalline order metrics ∆fcc , ∆hcp provide a concise and accurate way to identify and classify crystalline clusters in jammed sphere packings by characterizing
the local geometric structure of the packing. The crystalline order metrics accomplish the detection of crystalline clusters with a higher specificity than conventional
order parameters by using more geometric information than e. g. the bond orientation analysis does when – as is common practice3 – considering only Q6 . At the same
time, due to their definition via Minkowski tensors of Voronoi cells, the crystalline
order metrics do not require the definition of neighborhoods, which is arbitrary by
necessity.
For the analysis of jammed sphere packs it is of particular importance to treat both
close-packed configurations, fcc and hcp on an equal footing. Since the jammed
sphere packing system is an essentially athermal system, both types of close packing occur in rates of the same order of magnitude (though not necessarily equal);
even for thermal systems, the preference for fcc order over hcp is a small effect (see
Ref. [293, 41] for more detail on the problem). The symmetric treatment of fcc and
hcp is not possible when using the Q6 alone, since it does not allow for reliable detection of hcp order.
This is not a fundamental problem of bond orientation analysis, but of the common focus on the Q6 invariant in the literature. The specificity of bond orientation
analysis can be improved by including more invariants in the analysis, for example Q4 , Q666 , Q446 , as already introduced in the original publication by Steinhardt et
al. [260] (see page 161 for an exemplary analysis in the spherical Minkowski tensor
picture). Chapter 9 shows that there is a relation between Minkowski tensor analysis
and bond orientation analysis, when the latter is augmented by suitable weighting
factors to ensure continuity as a function of the particle coordinates. In this sense,
Minkowski tensor analysis and bond orientation analysis, when repaired to be continuous, quantify the same aspects of the geometric structure of sphere packings.
Even then, the Cartesian Minkowski tensor approach presented here provides computational efficiency by avoiding the evaluation of a large number of spherical harmonics.

Significance of the Limiting Packing Fraction
A particular new feature uncovered by the crystalline order metrics is the fact that
appearance of crystalline clusters in the jammed LS packings seems to occur at a
fairly well-defined density of η ∗ ≈ 0.649. This fact may easily be overlooked when
3A

remarkable exception that was noticed only after completion of the present work is Ref. [142],
which uses Q6 , Q4 and Q666 . The suppression of false positives is worse than with the crystalline
order metrics presented here, however, and hcp-like clusters do not vanish below η ∗ (see Fig. 3 in
Ref. [142]).
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using a more fuzzy order parameter such as Q6 , or statistics of the coordination
number. It has been suggested that evidence for a hypothetical phase transition in
jammed sphere packings was most likely to be found by analyzing response functions of the material [212]. With the crystalline order metrics, the formation of crystalline clusters is directly visible in the static geometric structure. More surprisingly,
the packing fraction from which on crystalline clusters appear seems to be welldefined, at least for the Lubachevsky-Stillinger sphere packings studied here (see
below). An interesting parallel to the present analysis is found in the work of Anikeenko et al. [8, 9]. They study jammed sphere packings, produced from LS and
Jodrey-Tory algorithms, and experimental sphere packings imaged using computed
tomography; from the center points of the spherical particles, a Delaunay tessellation is computed, which is dual to the Voronoi tessellation used in the present work.
In the Delaunay tessellation of an ideal fcc lattice, only two types of cells occur. One
is a quasiregular (close to regular, see [8]) tetrahedron, the other a regular octahedron
(which decomposes into smaller simplices in the presence of noise). In amorphous
jammed sphere packings, regular tetrahedra may also occur. Anikeenko et al. report that the fraction of spheres that form the vertex of at least one ‘quasiregular
tetrahedron’ becomes unity at a limiting density of 0.646.
Both 0.646 and 0.649, as found in section 8.4, are considerably higher than the highest densities achieved in the experiment (section 7.2). This suggests that the limiting
densities observed in this work and in Refs. [8, 9] are of a different origin than the
reproducible RCP packing fractions found in experimental sphere packings. Indeed,
it seems plausible that mechanical arrest precludes, in typical pouring experiments,
the limiting packing fraction to be reached. However, experimental protocols exist
which can produce packings with crystallinity and may be able to probe this regime
[209, 195] and clarify the nature of the transition occurring at η ∗ .

A well-defined ensemble?
It is currently difficult to assess how much of the configuration space of jammed
sphere packings can be accessed using the Lubachevsky-Stillinger algorithm. Different algorithms may need to be employed to better sample the configuration space
of jammed hard-sphere configurations close to the RCP threshold, and to obtain independent estimates of the critical packing fraction (see below). Certainly, LS simulations due to the nature of the termination criterion, are biased in favor of dense
sphere packings. They may thus fail to reach configurations only accessible by temporary expansion.
Moreover, among amorphous jammed sphere packings, the packing fraction may
be insufficient to characterize a packing. LS packings with the same packing fraction were reported to differ widely with respect to the QD
6 order metric [129]. The
present study does not confirm the previous result, at least not for packings below
η = 0.649; we find a close relationship between the growth rate γ used in the LS
algorithm and the final packing fraction η, and between the final packing fraction η
and the distribution of crystalline order metrics. This agrees with other reports in
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the literature [9, 296]. The apparent contradiction can be attributed to the restricted
system sizes as small as 500 particles in Ref. [129], whereas our systems consisted
of 104 or 4 × 104 particles. Variations across different configurations of the system
decrease with system size (Fig. 8.7, albeit only two system size were analyzed here),
hinting at the possible self-averaging property of the system. We conclude that a
system size of 104 particles should be perceived as the minimum for reliable results.
For large packing fractions, η & 0.649, both η (γ) and the statistics of ∆fcc as a function of η are less predictable and display large variations between configurations. At
these large packing fractions, several percent of the spheres are part of well-ordered
arrangements (see Fig. 8.6), and the crystalline clusters form extended domains (see
Fig. 8.8). Frustration effects due to the mismatch between crystalline clusters and
the adjacent amorphous matrix may extend beyond the first coordination shell. It
is thus conceivable that ‘solvation layers’ around the crystalline inclusions form a
significant portion of the simulation volume and contribute to the scattering of the
data. Furthermore, the Lubachevsky-Stillinger dynamics must be assumed to be
non-ergodic in the dense regime, leading to the possibility that the algorithm may
be trapped in small portions of the remaining configuration space.
In summary, the present results suggest, but do not conclusively prove, that a relatively well-defined ensemble of jammed states exists, for sufficiently large systems
(in the thermodynamic limit) up to the limiting packing fraction of η ∗ ≈ 0.649, and
does not exist for η > η ∗ . At η ∗ , the number of configurations free from crystalline
clusters decreases dramatically; configurations denser than η ∗ thus perforce have
to contain crystalline motifs. This is consistent with the phase transition picture of
Radin [212]. Independent evidence exists in the form of non-monotone behaviour of
an approximate Edwards-style entropy near the alleged RCP threshold [9]. Again,
we note that due to the large difference in packing fraction between the pouring experiments, ηRCP ≈ 0.636, and the limiting densities obtained here η ∗ ≈ 0.649, the two
numbers almost surely are of a different origin, and η ∗ cannot be interpreted as the
RCP packing fraction. Instead, the mechanical arrest and the (Edwards-style) thermodynamical phase transition may be disconnected phenomena in the same system.

Future Directions
One obvious though important extension of the present work is to check whether the
results can be reproduced with other algorithms generating jammed sphere packings, most notably the Jodrey-Tory algorithm [125], but also others [303, 256]. Moreover, experimental data beyond the RCP threshold [195, 209] needs to be analyzed
and contrasted with the simulations (section 7.1).
Loosely packed jammed systems have attracted rising interest recently and are
less well understood than dense packings. Crystalline loose packings exist [67, 271],
and a random loose packing point (ηRLP ≈ 0.555), corresponding the least dense random packing of spheres, is believed to exist (see [13] for some references); a phase
transition in the loose-packed region, at η = 0.60, has been claimed [246]. Recent
developments also include the study of more general packings, including of ellip-
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soidal particles with various aspect ratios and superellipsoids [64, 272], and Platonic
solids, especially regular tetrahedra (see [82, 50] for references). Packings of aspherical objects can also be analyzed using Minkowski tensors, using generalizations of
the Voronoi tessellation. The case of ellipsoids and superellipsoids is of particular
interest since these objects have rotational degrees of freedom and thus require more
contacts to achieve isostaticity4 ; at the same time, sphere packings are contained as
a limiting case.
There is also room for further improvement of the order metrics. Even though the
approach via Cartesian rank-four tensors is intuitive and efficient, a more systematic
theory, especially for higher-rank tensors, is developed using spherical tensors. This
leads to the concept of spherical Minkowski tensors (see chapter 9) and to a unified
picture encompassing both Minkowski tensor and bond-orientational analysis.
Furthermore, it is appropriate to go beyond a purely local analysis of sphere packings and analyze at which length scales order develops [129], as the growth of crystalline domains is not a local process (cf. Fig. 8.8). Some authors implicitly include
nonlocal effects by studying correlations of the Q6 phase factors [264] or intrinsically
nonlocal constructs such as polytetrahedra [8]. It is also possible, however, to take a
direct approach and study Minkowski correlators (previously introduced on page 77)
such as
C (r, r 0 ) := h I (r ) ⊗ I (r 0 )i,

(8.20)

where the angle brackets denote a suitable ensemble average, and I = W10,2 − W1 δ/3,
and I (r ) being the tensor of the Voronoi cell associated with the particle centered at
location r. Assuming translational and rotational invariance, this reduces to a semisymmetric rank-four tensor depending on a single real variable, C (r ):


Cijkl (r ) = Cjikl (r ) = Cklij (r ) = h I (0) ij I (r ) kl i
(8.21)
by using the results from chapter 9.2 (specifically Table 9.1), we see that Cijkl has the
unique linear invariant
c̃(r ) =

∑ Cijij (r).

(8.22)

ij

which may, as in section 4.4, relate to the orientational ordering length scale in
jammed sphere packings. Preliminary results (not shown) indicate that orientational
order is very short-ranged in random sphere packings, and that correlations with
next-nearest neighbors can be neglected. More significant effects are, of course, to
be expected if the particles themselves are anisotropic, such as in ellipsoid packings.
Then, orientational ordering is an important factor in the phase diagram of the system [295, 49, 65, 302]. It is noteworthy that, in contrast to bond-orientational order,
the Voronoi-Minkowski analysis developed here immediately generalizes to anisotropic particles.
4 Packings

with an average mechanical contact number of six are referred to as isostatic, i. e. having
as many constraints as degrees of freedom. By a rule-of-thumb argument, isostatic packings are
sometimes assumed to be mechanically stable, although this is an oversimplification.
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Figure 8.8.: Three-dimensional rendering of a jammed hard-sphere configuration
consisting of N = 4 × 104 particles, produced by the LubachevskyStillinger algorithm. The packing fraction is η = 0.6556. Crystalline
clusters are marked by green (defined by ∆hcp < 0.005 and red spheres
(∆fcc < 0.005); the remaining particles are translucent.
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9. Outlook:
Irreducible Minkowski Tensors1
This chapter introduces irreducible Minkowski tensors. In the analysis of the jammed
beadpacks, it became necessary to generalize Minkowski tensors to rank four (page
125, in order to be able to discriminate between different types of crystalline order.
A central problem that arises for higher-rank tensors is how to count and define
rotational invariants. A more systematic approach to higher order tensors is found in
the framework of irreducible representations and representation theory. Refs. [124,
286] and a series of articles by Coope et al. [57, 56, 55] provide a good introduction
to the subjects. While this chapter is slightly more mathematical in nature than the
rest of this thesis, we will keep a focus on applications. This chapter discusses the
decomposition of Minkowski tensors into irreducible tensors. The results from this
chapter not only pave the road for the employment of higher-rank tensors, but also
clarify the meaning of isotropy and anisotropy in the rank-two Minkowski method
(see chapter 4.1) and facilitate the analysis of Minkowski correlators (pages 77 and
143). Already for rank-four tensors, it was necessary to define rotational invariants.
A systematic treatment of tensor invariants requires the use of representation theory
and classical invariant theory [124, 113], and we will discuss tensor invariants briefly
in this chapter. Finally, the application of spherical Minkowski tensors to jammed
beadpacks concludes the chapter, and the relation of Minkowski analysis with the
conventional bond orientation analysis is discussed.

9.1. Irreducible Representations
A tensor in R3 is usually defined by the transformation properties under rotation.
A rotation R ∈ SO(3) acting on a rank-k tensor T ∈ (R3 )⊗k , transforms T into T 0 ,
formally
Ti01 ···ik =

∑

Di1 ···ik ;j1 ··· jk ( R) Tj1 ··· jk

(9.1)

j1 ··· jk

with some matrix D( R). Suppressing the indices, we adopt the notation
T 0 = D( R) : T

(9.2)

1 The

material presented here was developed in response to the analysis of jammed beadpacks, detailed in the previous chapters. While higher-order tensors are required for some applications, the
bookkeeping involved in working with higher-rank Cartesian tensors can be tedious; as as result,
Klaus Mecke proposed to decompose higher-rank Minkowski tensors into irreducible tensors in
spherical notation, which is accomplished here. The material is currently unpublished.
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where the colon symbol “:” represents the contraction of the appropriate k inner
indices between the rotation matrix and the tensor.
D here is a representation of the rotation group. This means, loosely, that D is a
mapping D : SO(3) → End((R3 )⊗k ), from the rotation group into the endomorphisms of the tensor space, which respects the multiplication operation of the rotation group:

D( R1 · R2 ) = D( R1 ) : D( R2 ).

(9.3)

The matrices D can be constructed from the conventional rotation matrices, and ‘conduct’ the rotation R on the tensor T; in mathematical language, SO(3) acts on T by
means of D .
Transformations such as in Eq. 9.1 do not always mix all the tensor elements. Often, the matrices D( R) can, for all R, be cast into block-diagonal form by choice of
an appropriate basis in (R3 ) ⊗k ; in this case, the representation D is called reducible,
and the subspaces of (R3 ) ⊗k corresponding to the blocks in D are termed invariant
modules (invariant in the sense that rotations acting on tensors only mix tensors in
the module). If a block-diagonal form cannot be found, D is called irreducible.
For example, the representation of SO(3) acting on symmetric rank-two tensors
can be decomposed into two irreducible representations. One component is the trivial representation, consisting only of the identity, acting on a one-dimensional subspace; the other is a non-trivial irreducible representation, acting on a five-dimensional
subspace.


 1 0 0 
H02 = span 0 1 0
(9.4)


0 0 1


 
 
0 1 0
0 0
0
0 0
 1
0 , 1 0 0 ,
H22 = span 0 −1 0 , 0 1

0 0 0
0 0 −1
0
0 0

 

0 0 0 
0 0 1
0 0 0 , 0 0 1
(9.5)

1 0 0
0 1 0
Together, these subspaces form, as a direct product H02 ⊕ H22 , the full space of symmetric rank-two tensors which is six-dimensional. Note that the matrices spanning
H22 are traceless: This decomposition means that the trace of a rank-two tensor is a
rotational invariant, since it transforms according to a trivial representation of the
rotation group. The five-dimensional submodule is equivalent to the well-known
interface tensor (see also section 1.4 and Ref. [63]).
The irreducible representations play an important role as the fundamental building blocks for representations. Irreducible representations of the rotation group acting on tensors are labeled by an integer j, called the weight of the representation;
the irreducible representation itself is denoted j. The invariant module connected to
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such a representation is (2j + 1)-dimensional. Borrowing terminology from quantum mechanics, j is sometimes called a “spin-j”, since angular momentum eigenstates transform according to the same representations.
For j to act upon a tensor, the tensor’s rank has to be at least j. Thus, while invariant modules with j ≤ k can occur in a tensor space of rank k, invariant modules with
j > k are absent. The representation j acting on tensors of rank k = j is the natural
form of j. Since j can not act upon tensors of smaller rank, irreducible tensors in their
natural form are traceless, i. e., any contraction of two Cartesian indices annihilates
the invariant module.
In general, a rank-k tensor – Cartesian or spherical – decomposes into irreducible
representations up to weight k
k

T=

Nj

∑ ∑ T j;τ .

(9.6)

j =0 τ =1

τ is called the seniority index and distinguishes multiple inequivalent representations of the same weight; each T j;τ is the element of an invariant module of weight
j and transforms according to a (2j + 1)-dimensional representation of the rotation
group. As is obvious from formula (9.6), weights may occur multiple times; the highest weight however only occurs once (i. e., Nk = 1). For example, a general rank-two
tensor is the element of the tensor product of two spin-ones 1 ⊗ 1; the decomposition
of this tensor product into a direct sum of irreducible modules is called the reduction
spectrum:
1 ⊗ 1 = 0 ⊕ 1 ⊕ 2,

(9.7)

according to the triangle laws of angular momentum coupling. A rank-three tensor
already has multiplicities different from unity:
1 ⊗ 1 ⊗ 1 = 1 ⊗ (0 ⊕ 1 ⊕ 2)

= 1 ⊕ (0 ⊕ 1 ⊕ 2) ⊕ (1 ⊕ 2 ⊕ 3)
= 0⊕1⊕1⊕1⊕2⊕2⊕3

(9.8)

The 1’s and 2’s occurring more than once correspond to different irreducible modules, but are, somewhat sloppily, notated with the same symbol.
Symmetries of the tensor being decomposed can reduce the multiplicities. The
symmetric tensor product (see page 48 for a definition) of spin-ones has a particularly simple form:
(
k
K
k ⊕ k − 2 · · · ⊕ 2 ⊕ 0 for even k
1=
(9.9)
k ⊕ k − 2 · · · ⊕ 3 ⊕ 1 for odd k
which is useful for the present work because Minkowski tensors are elements of
Jk
1.
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Decomposition of rank-four tensors
Before introducing irreducible Minkowski tensors, we give as a final example the decomposition of a rank-four Cartesian tensor into irreducible components. As mentioned above, the multiplicities Nj of the weights j in the decomposition Eq. 9.6 depend on the index symmetries of the tensor being decomposed. We only consider
the cases of full index symmetry (for example, rank-four Minkowski tensors), and
semi-symmetry (for example, stress correlators; Minkowski correlators; the compliance and stiffness tensors in linear elasticity). Other cases can be found in [7, 56].
A tensor T will full index symmetry fulfills the conditions
Ti1 i2 i3 i4 = Tiσ(1) iσ(2) iσ(3) iσ(4)

(9.10)

for any permutation σ ∈ S4 of the indices. We adopt the convention of enclosing
indices that are to be symmetrized over in parentheses (see page 48), as in T(i1 i2 i3 i4 ) ;
if the tensor is already symmetric, then T(i1 i2 i3 i4 ) = Ti1 i2 i3 i4 . Semi-symmetry is defined
as [(i1 i2 )(i3 i4 )], i. e., the front and rear index pairs are symmetric, and the index pairs
can be interchanged with each other:
Ti1 i2 i3 i4 = Ti2 i1 i3 i4 = Ti3 i4 i1 i2 .

(9.11)

(Note that the square brackets mean symmetrization, too, while some authors use
these for antisymmetrization.) Tensors of either symmetry can be written, concisely
and without loss of information, in the 6 × 6 supermatrix notation used previously
to define rotational invariants of W10,4 in section 8.1:
√
√
√


Txxxx
Txxyy
Txxzz √ 2Txxyz √ 2Txxxz √ 2Txxxy
 T
Tyyyy
Tyyzz √2Tyyyz √2Tyyxz √2Tyyxy 
xxyy




2Tzzyz
2Tzzxz
2Tzzxy 
 √ Txxzz √ Tyyzz √ Tzzzz
M( T ) := 
 (9.12)
 2Txxyz
2Tyzyz
2Tyzxz
2Tyzxy 
√2Tyyyz √2Tzzyz
√

 2Txxxz

2T
2T
2T
2T
2T
yyxz
zzxz
yzxz
xzxz
xzxy
√
√
√
2Txxxy
2Tyyxy
2Tzzxy
2Tyzxy
2Txyxz
2Txyxy
Full index symmetry yields the reduction spectrum spectrum 0 ⊕ 2 ⊕ 4; for semisymmetry, one finds 0 ⊕ 0 ⊕ 2 ⊕ 2 ⊕ 4. No odd weights occur due to the index symmetries. The decompositions are given explicitly in Table 9.1. The degrees of freedom are more obvious in supermatrix notation; for a fully symmetric tensor, there
is a one-dimensional subspace H04 , invariant under rotation, which is parametrized
implicitly by


3 1 1 0 0 0
1 3 1 0 0 0


1 1 3 0 0 0

(9.13)
M( T 0;0 ) = λ · 
0 0 0 2 0 0


0 0 0 0 2 0
0 0 0 0 0 2
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( i1 i2 i3 i4 )
j=0 τ=0

T j;τ
1
5

· δ(i1 i2 δi3 i4 ) · Taabb

j=2

τ=0

6
7

· δ(i1 i2 · Ti3 i4 )aa − 27 · δ(i1 i2 δi3 i4 ) · Taabb

j=4

τ=0

Ti1 i2 i3 i4 − 67 · δ(i1 i2 Ti3 i4 )aa +

[(i1 i2 )(i3 i4 )]
j=0 τ=0

j=2

j=4

3
35

· δ(i1 i2 δi3 i4 ) · Taabb

T j;τ
1
6

· δi1 i2 δi3 i4 · Taabb −

1
10

· δ(i1 i2 δi3 i4 ) · Taabb

τ=1

3
10

τ=0

δi1 i2 · Ti3 i4 aa + δi3 i4 · Ti1 i2 aa − 23 · δi1 i2 δi3 i4 · Taabb
− 47 · (3 · δ(i1 i2 · Ti3 i4 )aa − δ(i1 i2 δi3 i4 ) · Taabb )

τ=1

6
7

τ=0

· δ(i1 i2 δi3 i4 ) · Tabab − 16 · δi1 i2 δi3 i4 · Tabab

· (3 · δ(i1 i2 · Si3 i4 ) − δ(i1 i2 δi3 i4 ) · Tabab )
−δi1 i2 · Ti3 ai4 a − δi3 i4 · Ti1 ai2 a + 23 · δi1 i2 δi3 i4 · Tabab

with Si3 i4 = Ti3 ai4 a

T(i1 i2 i3 i4 ) − 47 · δ(i1 i2 · Si3 i4 ) − 27 · δ(i1 i2 · Ti3 i4 )aa
1
+ 35
· δ(i1 i2 δi3 i4 ) · ( Taabb + 2Tabab )

Table 9.1.: Decomposition of symmetric, (i1 i2 i3 i4 ), and semi-symmetric, [(i1 i2 )(i3 i4 )],
Cartesian rank-four tensors into irreducible tensors. The parentheses
around indices indicate symmetrization (see page 48) i. e. the projection
on (R3 ) 4 ; repeated indices a and b imply summation.

W10,4

j;τ

·δ

j=0

τ=0

1
5 W1

j=2

τ=0

6
7

j=4

τ=0

W10,4 − 67 · δ

·δ

δ

=

I
I − 15 W1 · δ

δ

6
7

·δ

W10,2 − 27 W1 · δ

= W10,4 − 67 · δ

W10,2 +

Table 9.2.: Decomposition of the Minkowski tensor W10,4 = W10,4
0;0
W10,4

into irreducible tensors. I is the interface tensor
section 1.4 for the interface tensor).

4;0

W10,2

δ
3
35 W1

·δ

+ W10,4
−

δ

2;0

1
3 W1 δ

+

(see
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with λ ∈ R. The factor λ is linked to the complete trace Taabb of T. Specifically for
Minkowski the tensor W10,4 , λ is proportional to the surface area W1 = (W10,4 ) aabb ; in
both cases, implicit summation over the indices a and b is implied.
Further, a five-dimensional subspace H24 exists, parametrized by

6λx −λz −λy
0
0
0
 −λz 6λy −λx
0
0
0




−
λ
−
λ
6λ
0
0
0
y
x
z
2;0
,
M( T ) = D(α, β, γ) 
 0
0
0 −2λx
0
0


 0
0
0
0 −2λy
0
0
0
0
0
0 −2λz


(9.14)

the eigenvalues λx,y,z subject to the constraint λx + λy + λz = 0; the Euler angles
α, β, γ parametrize a rotation, yielding together the five degrees of freedom. The
eigenvalues λx,y,z are the eigenvalues (in the usual sense) of the 3 × 3 matrix ∑ a Taaij −
Taabb /3δij , indexed by i, j. Finally, one nine-dimensional subspace H44 , parametrized
by


a+b
−a
−b
d+e
−f
−h
 −a a + c
−c
−d
f +g
−i 


 −b

−
c
b
+
c
−
e
−
g
h
+
i


√
√
M ( T 4;0 ) = 
 (9.15)
d
+
e
−
d
−
e
−
2c
2
(
h
+
i
)
2
(
f
+
g
)


√
√


 −f f + g
−2b
2( d + e ) 
− g √ 2( h + i ) √
−h
−i h + i
2( f + g )
2( d + e )
−2a
with the nine real variables a, . . . , i not subject to further constraints. T 4,0 is in natural
form and thus traceless. This is the crucial part of T, which cannot be represented by
a tensor of lower rank.

Application to Minkowski Tensors
The decomposition into irreducible tensors makes the natural hierarchy of the Minkowski normal tensors Wν0,k apparent. Lower-rank Minkowski normal tensors can
be recovered by contracting pairs of indices:

(Wν0,k )i1 ···ik = ∑(Wν0,k+2 )i1 ···ik aa .

(9.16)

a

Complete contraction of all indices of an even-rank Minkowski normal tensor reproduces Wν , the scalar Minkowski functional; for an odd-rank tensor, we get Wν0,1 upon
contraction of all indices but one, which vanishes due to the envelope theorem (see
section 3.2). The decomposition into irreducible tensors not only separates the submodules invariant under rotation, but also dissects the excess information contained
in higher-rank tensors by systematically removing redundant information already
contained in lower-rank tensors. As outlined in the introduction to this chapter, an
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irreducible tensor of weight j can, by definition, not be embedded in a tensor product with k < j. Thus all traces of irreducible tensors in their natural embedding (i. e.
j = k) vanish.
The decomposition into irreducible tensors also clarifies the meaning of isotropy,
as defined in chapter 4.1, for rank-two Minkowski tensors. In chapter 4.1, isotropy
was defined by Minkowski tensors proportional to the unit tensor (β = 1). This
is, by Table 9.2, equivalent to the vanishing of the 2 component T 2;0 ; i. e. in the decomposition above, to the vanishing of the λx,y,z in Eq. 9.14. Hence, isotropy (in the
β = 1 sense) must be interpreted as the absence of a particular type of anisotropy, that
“lives” on the 2 submodule.
The definition of anisotropy in section 4.1 may now appear inappropriate in retrospect. However, the concept of isotropy and anisotropy with respect to rank-two
tensors is still useful, in particular when physical properties are considered which
are represented by rank-two tensors, such as conductivity. Furthermore, β remains
important as a pure quantification of structure. The example of jammed beadpacks
showed that the quantitative description of geometric structure requires succinct and
relevant metrics. The eigenvalues of the Minkowski tensors, β for rank-two tensors,
and the generalized eigenvalues ς introduced in section 8.1 are such metrics. Having introduced irreducible tensors, and shown the decomposition of tensors of rank
two and four, the next section will generalize these concepts to arbitrary rank. We
will also give rotational invariants, that may serve, in the same spirit as the eigenvalues do for classical Minkowski tensors, as practical indices for the quantitative
description of morphology.

9.2. Spherical Tensors and Rotational Invariants
Rotational invariants of tensors are functions J on the tensors, J :
ing
J ( T ) = J (D( R) : T )

Nk

R3 → C satisfy-

(9.17)

for all rotations R ∈ SO(3). Rotational invariants are of interest as convenient scalar
descriptors of tensors. For example, basic invariants of rank-two tensors are functions of their eigenvalues; we considered the ratio of eigenvalues, β in section 4.1.
Rotational invariants of rank-one tensors, i. e. vectors, are functions of the vector’s
length.
Since the remainder of this chapter discusses only irreducible Minkowski tensors,
the treatment given here is restricted to symmetric tensors of the form of Eq. 9.9,
which considerably simplifies the mathematics. Furthermore, we assume that the
tensor T has already been dissected into irreducible tensors T j by Eq. 9.6. We can
then compute invariants separately for each irreducible tensor, in its natural form as
a rank-j tensor. The superscript τ in Eq. 9.6 has been suppressed since each weight
only occurs once for symmetric tensors.

151

9. Outlook: Irreducible Minkowski Tensors
j

For higher-rank tensors, the Cartesian notation Ti1 ···ik is obstructive. The physics
becomes more transparent using the spherical tensor notation [286], replacing the
index values i = {x, y, z} by the magnetic quantum number m = {−1, 0, 1} of a
spin-one via the transformation matrix
x


Umi

−1
1 
=√ · 0
2
1

y

z


−i
0 +1
√ 
2 0
0
−i
0 −1

(9.18)

For a rank-k tensor, this transformation is the k-fold tensor product of Umi ,
Tm1 ···mk =

∑

Um1 i1 · · · Umk ik Ti1 ···ik ;

(9.19)

i1 ···ik

where each mi ∈ {−1, 0, 1}. The inverse transformation is effected by the Hermitian
∗ . For brevity, we only consider the natural form of a weight-j represenconjugate Uim
tation, as a Cartesian tensor of rank k = j; the necessary mappings for the general
case k ≥ j can be found in Refs. [56, 55]. We now couple the j spin-ones in Eq. 9.19
to a spin-j by means of Clebsch-Gordan coefficients (see appendix A.4 and Ref. [286]
for details)
j

Tm :=

∑

m1 ···m j

j;1···1

j

CGm;m1 ···m j Tm1 ···mk

(9.20)

where m = − j, . . . , j. The spherical tensor notation is very economic for irreducible
j
tensors: Instead of the 3 j Cartesian elements, only 2j + 1 complex variables Tm ∈ C
j
are required. Moreover, since the tensor T is real, the spherical elements Tm obey the
symmetry
h i∗
j
j
(9.21)
Tm = (−)m T−m ,
thus amounting to 2j + 1 independent real-valued degrees of freedom. Since a
weight-j module has dimension 2j + 1, this is the most compact notation possible.
j
The transformation matrices acting on Tm are Wigner’s D matrices [286].

Spherical Minkowski Tensors
Using the ideas developed in the previous section, we can now cast the irreducible
Minkowski tensors into spherical tensor notation. By irreducible spherical Minkowski tensors, we attain both an economic notation for higher-rank Minkowski tensors,
and the decomposition into irreducible tensors; the information contained in each of
the irreducible tensors is completely orthogonal, while traditional Minkowski tensors as introduced in section 3.1 contain a large amount of redundant information,
which aggravates with increasing tensor rank.
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Consider a translation-invariant Minkowski tensor, for example the surface tensor,
0,j
W1

=

1
3

Z

d2 r n ⊗ j ( r ) .

(9.22)

∂K

The irreducible tensor of highest weight contained in Eq. 9.22 is a representation
j. Since Minkowski tensors have indices on their own, we denote their spherical
0,j j
elements with a vertical bar, W1 |m . We further define an abbreviation for the highest
weight component of the normal tensor kernel
Njm := (n⊗ j )

j
.
m

(9.23)

(The opposite position of the j, m indices is for consistency with the spherical harmonics.) Appendix A.4 shows that Njm is, up to a prefactor d( j), a spherical harmonic
Njm = d( j)Yjm (n).

(9.24)

In view of this, albeit with a different normalization2 , we define the irreducible
spherical Minkowski tensors as
s
Z

4π
j
0;j
W1 (K ) m = 13 ·
·
d2 r Yjm n(r )
(9.25)
2j + 1 ∂K
or, more generally,
s
j
0;j
Wν (K ) m

=

1
3

·

4π
·
2j + 1

Z
∂K

d2 r Gν (r ) Yjm n(r )



(9.26)

with the curvature functions G1 = 1, G2 the mean curvature and G3 the Gaussian
curvature as in section 3.1.
The expressions for the computation of the Minkowski tensors transfer to the
spherical case, with small adjustments. For example, a polyhedron bounded by
facets f with area A( f ) and normals n( f ) has
s

4π
j
0;j
1
W1 (K ) m = 3 ·
· ∑ A( f ) Yjm n( f )
(9.27)
2j + 1 f
This concludes the definition of spherical Minkowski tensors, for tensors which only
include the normal vectors. Using irreducible Minkowski tensors, higher tensor
ranks can be handled systematically and efficiently. The previous section has already demonstrated that the decomposition into irreducible tensors elucidates new
aspects of anisotropic structures. Higher-rank tensors, however, also obstruct an
intuitive understanding; thus, the next section introduces metrics for their interpretation. At the end of this chapter, an application of the spherical Minkowski tensors,
Eq. 9.26, is presented.
2 This normalization is useful in the present context because it lines up with bond orientation analysis

in certain cases, see below.
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Quadratic and Cubic Invariants
We are now in a position to state the rotational invariants of an irreducible tensor.
The quadratic and cubic (bi- and trilinear) invariants are briefly introduced, before
the general case of r-linear invariants is developed below. Consider the spherical
j
elements Tm of an irreducible tensor T j , interpreted as as element of the space V '
C2j+1 . Then, the quadratic form on V
j

j

q j ( T ) :=

∑

m=− j

| Tm |2 = ∑(−)m Tm T−m
j

j

j

(9.28)

m

is the unique quadratic invariant, for any j. Due to unitarity of the Cartesian/spherical
transformation matrices Umi , it is equivalent to define, for Cartesian irreducible tensors in their natural form,
q j ( T j ) :=

∑

i1 ···in

j

j

Ti1 ···i j Ti1 ···i j .

(9.29)

Jerphagnon uses this to define a norm on the irreducible tensors, and a variant of the
N
Pythagorean theorem on k R3 [124].
A single cubic (trilinear) invariant may be defined for even j; cubic invariants do
not exist for odd j. We give the definition using Wigner’s 3j symbol, which is related
to the Clebsch-Gordan coefficients [286, p. 284]:


j
j
j
j
j
j
j
q jjj ( T ) := ∑
· Tm1 Tm2 Tm3
(9.30)
m
m
m
2
3
1
m1 m2 m3
cf. also Eq. 7.6. The Wigner 3j symbol in Eq. 9.30 vanishes unless m1 + m2 + m3 = 0.
For odd permutations of the columns, it obeys the symmetry




j2 j1 j3
j1 j2 j3
j1 + j2 + j3
= (−)
m2 m1 m3
m1 m2 m3


j3 j2 j1
j1 + j2 + j3
= (−)
.
(9.31)
m3 m2 m1
Due to this symmetry, no cubic invariants exist for odd j.

Higher-order invariants
The question naturally arises whether there exists a set of invariants which is in
some sense complete, capturing all the information in a tensor that is invariant under
the action of SO(3). For example, for a vector (a representation of 1), the usual
vector norm |v| is sufficient, together with an orientation given by two angles, to
reconstruct the vector by the well-known parametrization in Cartesian coordinates,
vx = |v| cos ϕ sin θ vy = |v| sin ϕ sin θ and vz |v| cos θ. In the same way, a traceless
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...

r=4

...
r=2
r=3

j=1
r=4
r=6
...

r=2

J2 : f 00 = 1,
f −11 = −1
J2 J2
J2 J2 J2

j=2

r=4
r=5
r=6
r=7
...

r=2
r=3

J2 : f 00 = 1, f −11 = −1, f −22 = 1
J3 : f 000 = 2, f −√
101 = −3,
f ∓2±1±1 = 6, f −202 = −2
J2 J2
J2 J3
J3 J3 and J2 J2 J2
J2 J2 J3

J2 : f 00 = 1, f −11 = −1, f −22 =√1, f −33 = −1,√f −44 = 1
J3 : f −404 = 14, f ∓
√ f −303 = 21
√4±1±3 = −7 10, f −422 = 3 70,
f ∓3±1±2 = − 70, f −202 = −11, f ∓2±1±1 = 6 10, f −101 = −9, f 000 = 18
J2 J2 , plus
√
J4 : f −4−444 = 768, f −4−334 = −384,
f ∓4,∓2±3±3 = 420 7, f −4√
−114 = 876, f ∓4∓1±2±3 = −630,
√ f −4−224 = −456, √
f −4004 = −960, f ∓40±1±3 = 42 10, f ∓40±2±2 = 72 √70, f ∓4±1±1±2 = −120 7, f −3−333
√ = −702,
f −3−223 = −69, f√
=
−
141,
f
=
270
7,
f
=
540,
f
=
−
69
−3003
−3−113
∓3∓1±2±2
∓30±1±2
√ 70,
f ∓3±1±1±1 = 540 7, f −2−222 = −672, f −2−112 = 21, f −2002 = 840, f ∓20±1±1 = −126 10, f −1−111 = 378

J2 : f 00 = 1, f −11 = −1, f −22 = 1, f −33 = −1
J2 J2 , plus
√
√
J4 : f −3−333 = 18, f −√3−223 = −9, f −3−113 = −21, f ∓3∓1±2±2 = 10 15, f −3003 = 36,√f ∓30±1±2 = −15 2,
f ∓3±1±1±1 = 12 15, f −2−222 = −32, f −2−112 = 1, f −2002 = 24, f ∓20±1±1 = −2 30
J2 J2 J2 and J2 J4 , plus
√
J6 : f −3−3−3333 = −162, √
f −3−3−2233 = 54, f −3−3−1133
60 15, f −3−30033 = −936,
√ = 306, f ∓3∓3∓1±2±2±3 = −√
300,
f ∓3∓30±1±2±3 = 315 2, f ∓3∓30±2±2±2 = −150 30, f ∓3∓3±1√
±1±1±3 = −312 15, f ∓3∓3±1±1±2±2 =√
f −3−2−2223 = 96, f −3−√2−1123 = −318, f ∓3∓2∓√
1±2±2±2 = 240 15, f −
√3−20023 = −162, f −3−20113 = 51 30,
f ∓3∓20±1±2±2 = −90 2,
f
=
6
15,
f
=
51
∓
3
∓
2
±
1
±
1
±
1
±
2
−
3
−
1
−
1023
√
√ 30, f −3−1−1113 = 810, √
f ∓3∓1∓1±1±2±2 = −160√15, f −3−10013 = −630, f ∓3∓100±2±2 = 60√ 15, f ∓3∓10±1±1±2 =√
195 2,
= −270 2, f ∓300±1±1±1 = 60 15,
f ∓3∓1±1±1±1±1 = −240 15, f −300003 = 2160, f ∓3000±1±2 √
f −2−2−1122 = 416, f −2−20022 = 384, f ∓√2∓20±1±1±2 = −62 30, f ∓2∓2±1±1±1±1 = 1080, f −2−1−1112 = 10,
f −2−10012 = 90, f ∓2∓10±1±1±1 = −15 30, f −1−1−1111 = 150

J1 : f 0 = 1
J1 J1
J1 J1 J1

Table 9.3.: Coefficients for the multilinear forms representing the rotational invariants of irreducible spherical tensors (see
section 9.2). The omitted coefficients vanish; all forms are symmetric in all indices, i. e. f −44 = f 4−4 . The invariants
are complete up to the degree r shown; for j ≤ 2, they contain all generators for the ring of invariants.

j=4

r=2
r=4

j=3

r=6

r=1
r=2
r=3
...

j=0
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matrix, a representation of 2 is completely determined by two invariants, say det M
and tr( M2 ), and three orientation angles. At the same time, some invariants are
obviously redundant, since together with J and J 0 , their sum αJ + βJ 0 and product
αJ J 0 with the scalars α, β ∈ R, are invariants.
The ring of invariants is indeed finitely generated. A proof of this fact was given
by Hilbert (Ref. [113] gives a very accessible introduction to the subject). We take a
different route, avoiding invariant theory, and instead enumerate the generating rotational invariants of an irreducible tensor T j by means of an ansatz as a multilinear
(r-linear) form
Jr ( T j ) =

∑

j

m1 ···mr

j

f m1 ···mr Tm1 · · · Tmr ,

(9.32)

where the mi , as usual, run from − j to j, and the f m1 ···mr are coefficients from C. In
order for Eq. 9.32 to define a rotational invariant, they have to satisfy the constraint

∑

m1 ···mr

j

j

f m1 ···mr Tm1 · · · Tmr =

∑
m ···m

j

f m1 ···mr Dm

r
1
m10 ···mr0

j

0
1 m1

j

j

( R) Tm0 · · · Dmr m0 ( R) Tm0
r

1

r

(9.33)

j

since the spherical elements Tm of the irreducible tensor T j transform via the Wigner
D j ( R) matrices [286]. Reinterpreting Eq. 9.33 not as a transformation acting on T j ,
but on the multilinear form f , the form f itself has to be a tensor and transform
N
according to a representation in the product r j,

∑
0

f m1 ···mr =

m1 ···mr0

j

j

f m10 ···mr0 Dm0 m ( R) · · · Dm0 mr ( R)
1

1

r

(9.34)

for all rotations R ∈ SO(3). Thus, any isotropic tensor, invariant under the action of
N
SO(3) via the Wigner matrices, in the tensor product r j defines a rotational invariant. Due to Eq. 9.32, it is sufficient to consider forms which are symmetric under
J
permutation of the indices, i. e. r j. These conditions do not in general uniquely
determine f m1 ···mr and thus Jr for r ≥ 4. There are, in general, multiple inequivalent
r-linear invariants for irreducible tensors.
For practical computations, we consider infinitesimal rotations and linearize Eq. 9.34.
Manipulation using the ladder operators of the angular momentum algebra yields
the conditions
r

∑ f m ···m mi = 0
1

i =1
r

(9.35)

r

∑ f m1 ··· mi ±1 ···mr

q

( j ∓ mi )( j ± mi + 1) = 0

(9.36)

i =1

For quadratic forms, we get f m1 m2 = 0 unless m1 = −m2 , and together with Eq. 9.36,
f m1 m2 ∝ δm1 ,−m2 (−)m1 , reproducing Eq. 9.28. This gives an algorithm for the enumeration of all the multilinear invariants, the first of which are listed in Table 9.3. There
is also a diagrammatic approach to the invariant problem [166], and a number of
papers treat special cases [40, 123].
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9.3. Spherical Minkowski Tensors in
Jammed Granular Matter
In chapter 8, Cartesian Minkowski tensors of rank four were used to locate and classify crystalline clusters in jammed sphere packings. Tensors with rank at least four
were required to distinguish between fcc and hcp crystalline clusters, and a pseudometric was defined which quantifies the distance between a local particle configuration and a crystalline reference arrangement. Eq. 9.27 gives an expression for the
spherical tensor elements of W10,k |k . This formula is now applied to jammed sphere
packings (section 8.2).
As in chapter 8, the Voronoi tessellation for each particle configuration is constructed, using periodic boundary conditions. We now compute, using Eq. 9.27, the
lowest-weight irreducible Minkowski tensors for each Voronoi cell in the system.
Since the tensors themselves cannot be plotted, we then form rotational invariants,
as described in section 9.2. Here, we only consider the quadratic and cubic invariants q j and q jjj . We normalize the invariants by the total surface area of the Voronoi
cells,
q
1
qj (T j )
W1
q
1 3
q̃ jjj (i ) :=
q jjj ( T j )
W1
q̃ j (i ) :=

(9.37)
0,j

with T = W1 (K (i) ).

(9.38)

The results are shown in Figs. 9.1 and 9.2, for two Lubachevsky-Stillinger configurations of 4 × 104 spherical particles each, similar to the ones analyzed in Figs. 8.3,
8.4 etc. in chapter 8. We compare one almost purely amorphous jammed sphere
packing, below the crystallization transition with one with a significant amount of
crystalline clusters, at γ = 0.00007. The first invariant, q̃0 is unity by normalization,
and the second, q̃1 vanishes due to the envelope theorem (section 3.2). In invariant
q̃2 , the leftmost bin, at q2 = 0 shows a large difference between the two configurations. This is due to the formation of crystalline clusters, which have β = 1 and
thus q2 = 0 (page 125). The rest of the invariants display a consistent phenomenon:
A continuous spectrum of q̃ j values is present, due to amorphous jammed spheres;
crystalline clusters are visible as isolated peaks at well-defined positions. The same
effect occurs for the cubic invariants, Fig. 9.2. Note that the cube root in Eq. 9.38 also
admits negative values for the invariants. As expected from the general discussion
in section 9.2, for odd l, the cubic invariants vanish by symmetry.

Relation to Bond Orientation Analysis
In Fig. 9.1, the subfigure q̃6 is of particular interest. This subfigure is reminiscent of
Fig. 7.3 on page 123, which shows the distribution of the Q6 bond-orientational order
parameter in the same system. The similarity between those two figures is not by accident. For a polyhedral Voronoi cell bounded by facets with areas A( f ) and normals
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Figure 9.1.: Distributions of the q̃l invariants of spherical Minkowski tensors W10,k
in Voronoi cells of jammed sphere packings. Shown are the distributions for invariants up to l = 8. q0 = 1, q1 = 0 by normalization and
the envelope theorem. Results for two jammed hard-sphere configurations of 4 × 104 particles are shown, produced with the LubachevskyStillinger algorithm; the configuration with γ = 0.00007 contains signif158
icantly more crystalline clusters, represented in these plots by peaks on
the continuous spectrum.
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Figure 9.2.: Distributions of the q̃lll invariants of spherical Minkowski tensors W10,k
in Voronoi cells of jammed sphere packings. Shown are the distributions for invariants up to l = 8. q000 = 1 by normalization and qlll = 0
for odd l by symmetry. Results for two jammed hard-sphere configurations of 4 × 104 particles are shown, produced with the LubachevskyStillinger algorithm; the configuration with γ = 0.00007 contains significantly more crystalline clusters, represented in these plots by peaks on
the continuous spectrum.
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Figure 9.3.: Comparison of the ‘classical’ bond-orientational order parameter Q6z=12
as per Steinhardt et al. [260], with the twelve nearest neighbours, and the
q̃6 invariant derived from spherical Minkowski tensors. Shown are the
distributions for the same jammed hard-sphere configuration of 4 × 104
particles, produced with the Lubachevsky-Stillinger algorithm, with γ =
10−4 . Differences are solely due to the different weight factors (Eqs. 6.2,
9.39). Compare also to Fig. 7.3.
n( f ) , where f numbers the facets, the q̃6 invariant of the spherical Minkowski tensors
0,j j
W1 is defined by
0,j j
q̃ j (W1 )

!1/2

j

4π
=
2j + 1

∑

|ỹ jm |2

(9.39)

m=− j

with
ỹlm =

1
A

∑ A( f ) Ylm
f

n( f )



and

A=

∑ A( f )

(9.40)

f

which is, save for the additional prefactor in front of the spherical harmonics, identical to the definition of the bond-orientational order parameter in Eq. 6.2. Section 6.2
showed, however, that the prefactor is essential for the continuity of the Minkowski
tensors; this is what makes them robust measures even in degenerate configurations.
For the jammed sphere packings, on the other hand, all the facet areas in the Voronoi
cells are rather similar, however. Consequently, the distributions of Q6 and q̃6 are
very similar, too, see Fig. 9.3.
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There are however, important differences between bond orientation analysis and
0,j
Minkowski analysis. First, the Minkowski analysis is not limited to the tensor W1 ,
although we do not compute other tensors here. More importantly, bond orientation
analysis always requires the definition of bonds, i. e. a set of nearest neighbors. This
set is not always as clearly defined as in the jammed sphere packings; in particular,
in the supercompressed hard-sphere fluids, we find remarkable quantitative differences in the Q6 analysis depending on the type of neighborhood, again see section
6.2.

Comparison with the Crystalline Order Metrics
In chapter 8.1 crystalline order metrics were introduced which quantify the distance
of a local particle configuration from reference states. These metrics were then used
to identify crystalline clusters (page 131 and following). We find that the crystalline
order metrics are superior to the conventional bond orientation analysis considering
only Q6 ; by using the full set of generalized eigenvalues of the Minkowski tensor
W10,4 , a higher specificity is achieved than by Q6 alone. It is natural to assume that
bond orientation analysis can be improved by including multiple invariants Ql in
the analysis. This would, however, not mitigate the other disadvantages of bond
orientation analysis, in particular the neighborhood problem (section 6.2).
Metrics similar to the crystalline order metrics can be defined starting from spherical Minkowski tensors, which do not depend on the definition of neighborhoods.
In direct analogy to Eq. 8.11, we define the metric
Ξfcc (V ) =

∑ (q̃l (V ) − q̃l (fcc))

!1/2
2

(9.41)

l∈L

quantifying the distance of a Voronoi cell to the rhombic dodecahedron, i. e. the fcc
Voronoi cell. The set of angular momenta L can be arbitrarily large, decreasing the
amount of false positives. We find that a relatively small set, only including the low
weights L = {4, 6, 8} or L = {2, 3, 4} is sufficient for reliable results.
Fig. 9.4 demonstrates that both ∆fcc and Ξfcc can detect and classify crystalline
clusters with good specificity. It is a particular advantage of the spherical Minkowski
approach that the rotational invariants are more transparent than in the Cartesian
tensor approach. Using the Ξ pseudometric, it is obvious which angular momenta
enter the analysis, while the eigenvalues of a Cartesian tensor are harder to interpret.

Conclusions and Outlook
The preceding chapter lays the foundation for the generalization of Minkowski tensors to higher ranks. It briefly discusses the fundamentals of representation theory,
as far as required for the understanding of Minkowski tensors. Using the irreducible
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Figure 9.4.: Demonstration that the precision of a pseudometric Ξ based on spherical Minkowski tensors can be as good as the ∆ pseudometric (Eq. 8.11).
The distance Ξ is defined using the l = 4, l = 6 and l = 8 components,
i. e. L = {4, 6, 8}, see Eq. 9.41. Both metrics are able to detect fcc and
hcp crystalline clusters with good precision; the crystalline clusters correspond to the points which lie on or close to the axes.
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tensor decomposition, a systematic analysis of higher-rank tensors is rendered possible. We give the decomposition of symmetric tensors of ranks up to four into irreducible tensors. This decomposition both helps to clarify the notion of isotropy – as
introduced in section 4.1 for rank-two Minkowski tensor analysis – and the hierarchy
of higher-rank Minkowski tensors.
The practical work with higher-rank tensors is simplified by using the spherical tensor formalism, which is more efficient than Cartesian tensors for high ranks.
Spherical tensors also allow for a systematic treatment of tensor invariants, which
are key to the interpretation of Minkowski tensors. The low-order quadratic and
cubic invariants are well known; for the higher-order invariants, a method for their
derivation is provided, and the Table 9.3 lists the simplest examples explicitly. This
generalizes both the anisotropy indices β used in rank-two Minkowski analysis and
the supermatrix eigenvalues used for rank-four Minkowski analysis in chapter 8.1.
We have introduced spherical Minkowski tensors of arbitrarily high rank, at least
for Minkowski tensors incorporating the normal vectors. It remains a challenge to
extend the formalism also to Minkowski tensors incorporating position vectors and
mixed Minkowski tensors, which have a more complicated transformation behavior
(if translations are included). Further work also remains to be done with respect
to the Voronoi tessellation construction. The fact that the Voronoi geometry depends continuously on the particle coordinates is crucial for the Minkowski analysis
of sphere packings and related systems. Generalizations of the Voronoi construction apply naturally to packings of polydisperse and aspherical objects, for example
power diagrams [24]. It would be interesting, however, to see if other prefactors
in Eq. 9.39 or other geometries than Voronoi polyhedra can be found that depend
continuously on the geometry (see for example Ref. [298]).
The chapter concludes with an application of the newly-defined spherical Minkowski tensors to jammed sphere packings which were discussed in the preceding
chapters. This application is interesting for several reasons: First, it clearly demonstrates the need to robustly quantify higher-rank morphology. This analysis would
not have been possible using rank-two tensors alone. Further, an unexpected link to
the bond orientation analysis commonly used in the field is discovered, which shows
that both techniques quantify, in a way, the same aspects of geometric structure. At
the same time, the spherical Minkowski tensors retain the robust definition of the
classical Minkowski tensors, deriving from the conditional continuity property (section 3.2), and abolish the problematic concept of particle neighborhoods, which is
notoriously hard to define robustly. This should lead to more reproducible structure
metrics, in particular for systems where neighborhoods are less well-defined than
for jammed sphere packings (section 6.2).
Finally, the irreducible tensor decomposition also has an impact on the application
of Minkowski tensors to describe physical properties. Physical properties usually
have very well-defined behaviour under rotation; for example, a reduction spectrum is given above for quantities with the symmetry of the stiffness tensor from
linear elasticity. The irreducible tensor decomposition can help to select the morphological metrics with the relevant transformation behavior for the description of

163

9. Outlook: Irreducible Minkowski Tensors
physical properties. In the same way, irreducible Minkowski tensors provide the
natural framework for the treatment of Minkowski correlators, proposed in chapters 4.4 and 8.4 as structure metrics for cellular structures and granular systems.
Thus, irreducible Minkowski tensors not only give a more precise interpretation of
the anisotropy indices β used in parts II and III, and generalize the rank-four shape
descriptors used in part IV, but may also lead to new insights in the field of structurefunction relationships, as discussed in part I.
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A. Appendices
A.1. Morphological Analysis of Voxelized Scaffolds
The Euclidean distance map, also known as Euclidean distance transform [60, 226,
59], specifies, for each point p in a domain D, the distance to the boundary of the
domain, formally
EDM( D, p) := min
| p − p 0 |,
0
p 6∈ D

(A.1)

where D is the solid or void domain. A discrete version of the EDM, which is accurate to at least one voxel diagonal, is easily evaluated on the voxelized scaffolds [77],
and permits the unambiguous definition of both a minimum and maximum domain
radius, Rperc ( D ) and Rmax ( D ) respectively. For the latter, the maximum value of the
EDM field
Rmax ( D ) = max EDM( D, p),
p∈ D

(A.2)

measures the largest occurring strut radius or the largest occurring pore radius. Rmax
has been used previously to characterize domain widths in space partitions (see
Ref. [240] and Refs. therein).
While the maximum value of the EDM is a useful quantity, the minimum value
is always zero. Moreover, in network or sheetlike geometries as discussed here, the
distribution of EDM values is dominated by small values contributed by points on
or close to the solid-void interface.
A useful measure for the minimal thickness is, however, given by the percolation
critical radius Rperc ( D ) [137]. It may informally be defined as the maximum radius
of a sphere that may move from z = −∞ to z = +∞ while being confined to the
domain D. Using the language of mathematical morphology [254], it is equivalent
to define Rperc ( D ) as the largest radius b such that the b-eroded domain D S(b) :=
c
Dc ⊕ S(b) , (S(b) a radius b sphere centered at the origin, ⊕ the Minkowski sum,
and Dc denoting the complement domain) remains percolating in the z direction. In
principle, the percolation radii may be different for the x and y direction. For the
cubic scaffolds considered in this work, the three radii are identical. The percolation
critical radius can be determined from the EDM on a single copy of the translational
unit cell by successive erosions and Hoshen-Kopelman percolation tests. A slight
complication occurs because for percolation of the infinite periodic scaffold, a path
in the translational unit cell connecting two diametrically opposed faces of the unit
cell is not sufficient. Proper connectivity is required in order to form a percolating
path, and not a closed loop in the infinite periodic scaffold.
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A.2. Evaluation of Minkowski Tensors
for Triangulated Bodies
This appendix gives explicit formulae to evaluate the Minkowski tensors for a threedimensional body given by a triangulated boundary.

rank-zero tensors (scalars)
R 3
W00,0
d r
∑(ijk) Π1(ijk),w n(ijk),w , see text
K
R
1
W10,0 13 ∂K d2 r G1
3 ∑(ijk ) A(ijk)
R
1
W20,0 13 ∂K d2 r G2
6 ∑(ij) | e(ij) | γij
R
1
W30,0 13 ∂K d2 r G3
3 ∑ i γi
rank-one tensors (vectors)
R 3
d rr
(W01,0 )u = ∑(ijk) Π2(ijk),uw n(ijk),w , see text
W01,0
K
R
1
1
W11,0 13 ∂K d2 r G1 r
3 ∑(ijk ) Π(ijk)
R
|e(ij) |γ(ij)
1
W21,0 13 ∂K d2 r G2 r
· ( vi + v j )
6 ∑(ij)
2
R
1
W31,0 13 ∂K d2 r G3 r
3 ∑ i γi · v i
rank-two tensors
R 3
d rr r
W02,0
K
R
W12,0 13 ∂K d2 r G1
R
W22,0 13 ∂K d2 r G2
R
W32,0 31 ∂K d2 r G3
R
W10,2 13 ∂K d2 r G1
R
W20,2 13 ∂K d2 r G2

(W02,0 )uv = ∑(ijk) Π3(ijk),uvw n(ijk),w , see text
r

r

1
3

∑(ijk) Π2(ijk)

r

r

1
6

∑(ij)

r

r

1
3

∑ i γi · v i

n

n

1
3

n

n

|e(ij) |γ(ij)
3

· ( vi

vi + vi

vj + vj

vj )

vi

∑(ijk) A(ijk) n(ijk) n(ijk)
h γ +sin γ

(ij)
(ij)
· n(ij)
∑(ij) |e(ij) |
12

2

+

γ(ij) −sin γ(ij)
12

·

n

(ij) × e(ij)



|e(ij) |

In these expressions, i labels a vertex, (ij) labels the edge connecting vertices i
and j, and (ijk) labels a facet. The sums extend over all vertices, edges, and facets
respectively in the body. A(ijk) is the area of the facet (ijk); n(ijk) its outer normal
vector; e(ij) the edge vector of the edge (ij), and |e(ij) | its length. n(ij) is the edge
normal defined as the normalized average of the normals of the adjacent facets (see
figures). γ(ij) is the dihedral angle at edge (ij), i. e., the angle between the normals of
the adjacent facets. vi is the position of the vertex i; γi is the angular defect at vertex i,
which is given by
γi = 2π − ∑ γijk
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2i
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where γ(ijk) are the internal angles of the adjoining facets, see figures.
The integrals Πn are the symmetric tensors
Πn(ijk) = 2A(ijk)

Z 1
0

dλ

Z 1− λ
0



dµ vi + λ(v j − vi ) + µ(vk − vi )

n

(A.4)

such that Π0(ijk) = A(ijk) . The duplicate indices w occurring in the W0a,0 tensors in the
tabular are not summed over. Instead, they are chosen according to the following
list:
Indices u, uv
–

w
x

Tensor contribution
Π1(ijk) · n(ijk),x

Indices u, uv
xx

w
z

Tensor contribution
Π3(ijk),xxz · n(ijk),z

x

y

Π2(ijk),xy · n(ijk),y

yy

x

Π3(ijk),yyx · n(ijk),x

y

z

Π2(ijk),yz · n(ijk),z

zz

y

Π3(ijk),zzy · n(ijk),y

z

x

Π2(ijk),zx · n(ijk),x

xy

z

Π3(ijk),xyz · n(ijk),z

yz

x

Π3(ijk),xyz · n(ijk),x

zx

y

Π3(ijk),xyz · n(ijk),y
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Supplementary figures for Part II
6
4
2

2

0

0

-2
-4

-2
-4

-6

-6

-8

-8

-10
-4

-3

-2

-1
wν

0

1

W0 (q = 1.19, α = 4.95)
W1 (q = 1.89, α = 5.41)
W2 (q = 3.89, α = 5.85)
generalized Gamma fit

4

ln f(wν) dwν

ln f(wν) dwν

6

W0 (q = 1.09, α = 4.01)
W1 (q = 2.36, α = 4.15)
generalized Gamma fit

2

-10
-4

-3

-2

-1
wν

0

1

Figure A.1.: Distribution of scalar cell properties in a Poisson-Voronoi tessellation:
The probability density is logarithmized, and its argument replaced by
the reduced quantity wν := ln Wν − µ(ln Wν ). In this plot, a log-normal
distribution would appear as a parabola with the apex on the w = 0 line.
The data is generated from 5 × 107 (2D) and 107 (3D) random Voronoi
cells. Generalized Gamma distributions ∝ (Wν )q(α−1) exp(−(Wν /θ )q )
give good fits with the parameters specified in the plot key. (θ sets the
length scale and is fixed by the normalization condition µ(wν ) = 0.)

A.3. Spherical Harmonics
We define spherical harmonics using the convention
Ylm (θ, ϕ) := Nlm · Plm (cos θ ) exp(imϕ)

(A.5)

with the normalization factor
s

2l + 1 (l − m)!
·
4π
(l + m)!

(A.6)

l +m

l
(−)m
2 m/2 d
1
−
u
u2 − 1 .
l
l
+
m
2 l!
du

(A.7)

Nlm :=
and the associated Legendre functions
Plm (u) =
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A.4. An addition theorem for Spherical Harmonics
For convenience, we also define, for normalized vectors n = (sin θ cos ϕ, sin θ sin ϕ, cos θ ),
Ylm (n) := Ylm (θ, ϕ).

(A.8)

The spherical harmonics are an orthonormal basis of the space of square-integrable
functions on the 2-sphere, L2 (S2 ), fulfilling the completeness relation
∞

l

∑ ∑



∗
Ylm (θ, ϕ) Ylm (θ 0 , ϕ0 ) = δ(cos θ − cos θ 0 )δ( ϕ − ϕ0 ),

(A.9)

l =0 m=−l

[·]∗ denoting complex conjugation, and the orthonormality relation
Z
S2


∗ 0
dΩ Ylm (θ, ϕ) Ylm0 (θ, ϕ) = δll 0 δmm0 .

(A.10)

Further useful identities include the behavior under the parity transformation
Ylm (π − θ, ϕ + π ) = (−)l Ylm (θ, ϕ)

(A.11)

and complex conjugation


Ylm (θ, ϕ)

∗

= (−)m Yl−m (θ, ϕ).

(A.12)

A.4. An addition theorem for Spherical Harmonics
For the definition of spherical irreducible Minkowski tensors, we require an expression for the projection of the tensor product of normal vectors n⊗ j on the highestweight module. We construct this tensor product by successive tensor multiplication
with the normal vector
n( ϕ) = (cos ϕ sin θ, sin ϕ sin θ, cos θ )

(A.13)

and angular momentum coupling. This process is simplified by the fact that we
want to obtain the highest weight, and thus have to couple two angular momenta j, l
to j + l. This appendix derives the necessary addition theorem for this case.
Let Ylm (θ, ϕ) be a spherical harmonic. In the following, we drop the arguments of
the spherical harmonics since they are constant during the derivation. The product
of two spherical harmonics is related to 3j symbols
r




(2j + 1)(2l + 1)(2J + 1) j l J h M i∗ j l J
m n
Yj Yl = ∑
YJ
. (A.14)
m n M
0 0 0
4π
J,M
Inserting the Clebsch-Gordan coefficients, in their 3j representation,


p
j l
J
J;jl
M+ j−l
CG M;mn = (−)
2J + 1
,
m n −M

(A.15)
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and using the orthogonality relation for the 3j symbols,



j l J
j l J0
∑(2J + 1) m n M m n M0 = δJ J0 δmn
mn

(A.16)

one sees after some simplification that

∑
mn

J;jl
CG M;mn

4π
p

(2j + 1)(2l + 1)

Yjm Yln


 √
(−) j−l
4π
j l J
√
YM
=√
2J + 1 0 0 0
2J + 1 J

(A.17)

For the purpose of deriving the largest-weight normal tensors, we are interested in
the special case J = j + l. Inserting this into the 3j symbol and some algebra leads to
the formula

∑ CGM;mn d( j)Yjm d(l )Yln = d( J )YJM
J;jl

(A.18)

mn

with the normalization factor
s
d( j) =

4π · 2 j · j!
(2j + 1)!!

(A.19)

Incidentally, the normal vector as a spherical tensor equals the first spherical harmonic, with the same prefactor:

∑ UMi ni = d(1)Y1M .

(A.20)

i

We thus define the spherical elements of the normal tensor,
NJM := d( J )YJM

(A.21)

simplifying the addition theorem Eq. A.18, subject to J = j + l, to

∑ CGM;mn Njm Nln = NJM .
J;jl

(A.22)

mn

We thus get, for the highest weight of the j-fold tensor product of the normal, the
spherical representation

∑ CGm;m ···m
j;1···1
1

mi ii
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j

Um1 i1 · · · Um j i j ni1 · · · ni j = Njm = d( j)Yjm .

(A.23)
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[89] G OMEZ , S. Crisóstomo martı́nez, 1638–1694. Endocrine 17, 1 (2002), 3–4.
[90] G RANER , F., D ROLLET, B., M ARMOTTANT, P., AND R AUFASTE , C. Discrete
rearranging disordered patterns, part I: Robust statistical tools in two or three
dimensions. Eur. Phys. J. E 25 (2008), 349–369.
[91] G UDERLEI , R., K LENK , S., M AYER , J., S CHMIDT, V., AND S PODAREV, E. Algorithms for the computation of the Minkowski functionals of deterministic
and random polyconvex sets. Image Vision Comput. 25, 4 (2007), 464–474.
[92] H ADWIGER , H. Vorlesungen über Integralgeometrie. Abhdl. Math. Sem. Hamburg 17 (1951), 69.
[93] H ADWIGER , H. Vorlesungen über Inhalt, Oberfläche und Isoperimetrie. Springer,
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[239] S CHR ÖDER -T URK , G. E., F OGDEN , A., AND H YDE , S. T. Bicontinuous geometries and molecular self-assembly: Comparison of local curvature and
global packing variations in genus-three cubic, tetragonal and rhombohedral
surfaces. Eur. Phys. J. B 54 (2006), 509–524.
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