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Abstract
We use continuous similarity transformations in momentum space with a truncationscheme based on the scaling dimension to analyze the quantum phase transitions in
the square lattice spin- 21 J1 -J2 Heisenberg antiferromagnet with nearest neighbor couplings J1 and frustrating second neighbor couplings J2 . We choose this method because
it was successfully applied to the unfrustrated magnet (J2 = 0) in recent studies [1]. We
focus on the semiclassical phases of our model with long-range magnetic order, i.e. the
Néel phase for J2 . 0.4J1 and the columnar phase for J2 & 0.6J1 , and their quantum
critical breakdown. The regime between these phases is paramagnetic. We observe
phase transitions at J2c1 ≈ 0.367J1 and J2c2 ≈ 0.63J1 . Both of them appear to be of
second order. We find good indications for bound states in the Néel phase that could
drive the breakdown of this phase.

Kurzfassung
Wir nutzen kontinuierliche Ähnlichkeitstransformationen im Impulsraum mit einem
Trunkierungsschema, das auf der Skalierungsdimension basiert, zur Analyse der Quantenphasenübergänge im spin- 12 J1 -J2 Heisenberg Antiferromagneten auf dem Quadratgitter mit Nächste-Nachbar-Kopplungen J1 und frustrierenden Übernächste-NachbarKopplungen J2 . Wir wählen diese Methode, da sie in aktuellen Studien erfolgreich auf
den unfrustrierten Magneten (J2 = 0) angewendet wurde [1]. Wir fokussieren uns auf
die semiklassischen Phasen unseres Models mit langreichweitiger magnetischer Ordnung,
d.h. auf die Néel Phase für J2 . 0.4J1 und die kolumnare Phase für J2 & 0.6J1 , und auf
deren quantenkritischen Zusammenbruch. Der Bereich zwischen diesen Phasen ist paramagnetisch. Wir beobachten Phasenübergänge bei J2c1 ≈ 0.367J1 und J2c2 ≈ 0.63J1 .
Beide zeigen Merkmale für Phasenübergänge zweiter Ordnung. Wir finden deutliche
Hinweise auf gebundene Zustände in der Néel Phase, die den Zusammenbruch dieser
Phase auslösen könnten.
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Chapter 1

Introduction
The nearest neighbor spin- 12 Heisenberg antiferromagnet on a square lattice has been
studied for several decades and is still focus of ongoing discussions in the scientific
community [2,3]. Although it is a simple model with long-range order and no frustration,
its solution is not trivial due to the quantum fluctuations that arise in two dimensions.
This makes it a standard model for correlated systems with relevance for the basic
understanding of the undoped High-Tc superconductors [4]. A special interest lies in
the high energy processes, which are much less examined than the low energy regime
with gapless spinwave excitations [1–3, 5].
A second neighbor interaction J2 leads to geometrical frustration of the system because
three triangular antiferromagntic bonds can never be fully satisfied [6]. The classical
J1 -J2 model has two phases and both of them are magnetically ordered [7]. For weak
next nearest neighbor interaction the system resides in a Néel ordered phase, while
stronger second neighbor interaction results in a columnar ordered ground state. At the
classical transition point the first neighbor coupling J1 is twice as strong as the second
neighbor coupling (J1 = 2J2 ).
In the spin- 21 J1 -J2 Heisenberg antiferromagnet quantum fluctuations and frustration
can destabilize the magnetic order [8]. This results in a regime close to the classical
transition point where the magnetic order vanishes completely [9]. While there is a
general agreement that there are two magnetically ordered phases separated by a regime
without any magnetic order, the true nature of this intermediate regime is yet to be
uncovered. Intensive studies using various analytic and numerical methods produced a
vast amount of controversial results and theoretical proposals [9–17].
The absence of any magnetic order is typical for valence bond states which emerge
when two or more entangled spins form a ground state with a total spin of zero. Some
studies suggest a valence bond solid (VBS), which breaks the translational symmetry
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of the system, as a ground state without magnetic order [10, 14–16, 18–20], but strongly
frustrated magnets are also good candidates for resonating valence bond (RVB) states
with long-range entanglement [8, 21]. Those RVB states do not break any symmetries
of the physical system and are usually referred to as quantum spin liquids (QSL) [8].
Studying such QSL states is of great interested because they incorporate exotic fractional excitations, non trivial topological order [11, 22] and they could help understand
exotic forms of superconductivity [23]. Resent studies claim to have found a gapped
QSL [11] or a gapless QSL [9, 13, 24] in the spin- 21 J1 -J2 Heisenberg model. Others
propose the existence of two different phases, for example a gapless QSL and a gapped
VBS [10, 12]. Some articles make suggestions about the nature of the phase transitions
to the magnetically ordered phases [12, 13, 16, 17, 25] and some discuss the intermediate regime in the context of deconfined quantum criticality [12, 14, 25–27]. Due to its
simplicity the spin- 12 J1 -J2 Heisenberg model is a great candidate for studying possible
QSL states [8, 11].
Although the J1 -J2 Heisenberg model is rather simple, some theoretical techniques have
obvious problems even for the unfrustrated case without any second neighbor interaction. The Néel ordered and columnar ordered ground states spontaneously break the
continuous SU(2) symmetry for the spin rotation and thus host gapless Goldstone bosons
which we call magnons [28]. As gapless phases have an infinite correlation length, methods that only track interactions of finite range might miss physically relevant effects.
Recent studies using continuous similarity transformations (CST) have solved this problem by relocating all calculations to the momentum space [1]. Even though they use a
method designed to focus on low energy excitations, they quantitatively reproduce the
characteristic roton minimum for higher energies on the basis of renormalized magnons.
The relevance of frustrated antiferromagnets and the success of the momentum space
CST motivates us to apply the same approach to obtain results for finite second neighbor interaction. Driven by a general interest in the effectiveness of our method for
increasing frustration we gather results for both magnetically ordered phases. An analysis of the elementary excitations in terms of magnons and the critical behavior of the
magnetization and the ground state energy close to the breakdown of the Néel phase or
columnar phase might lead to a better understanding of said phase transitions and the
regime without magnetic order.
The remainder of this thesis is structured in the following way. In chapter 2 we take a
closer look at the spin- 12 J1 -J2 Heisenberg antiferromagnet on the square lattice and its
phase diagram. We define the mathematical model and lattice and we take a closer look
at the classical limits of our model. Additionally we review the non magnetic regime
and the phase transitions on the basis of current scientific publications.
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Afterwards the methodical aspects are presented in chapter 3 and chapter 4. In analogy
to reference 1 we use spinwave theory to describe our systems excitations in terms
of magnons. We explain the corresponding analytic work including a self-consistent
solution in chapter 3. The general design of momentum space CST and a few technical
facets of our implementation are explained in chapter 4. Especially the concept of the
scaling dimension to truncate our flow equations is of great relevance.
Various results for the Néel and columnar phase and their quantum critical breakdown
are collected in chapter 5. We present possible bound states in the Néel phase and we
give our interpretation of the critical behavior near the non magnetic regime. A brief
section focuses on obtaining results for the thermodynamical limit.
Chapter 6 contains a summary of this thesis and we point out a few open questions
specifically related to the work we have done so far.
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Chapter 2

Antiferromagnetic J1-J2-Heisenberg
model
As mentioned in the introduction, the spin- 21 J1 -J2 -Heisenberg antiferromagnet has a
couple of interesting properties and thus we take a closer look at our model first.
The Heisenberg model is a standard model for studying magnetic properties in solid sate
physics. Magnetic degrees of freedom are represented by spin operators ~S = (Sx Sy Sz )>
and they belong to particles with fixed positions on some geometrical lattice. We could
consider arbitrarily complex interactions between those spins, but a ferromagnetic or
antiferromagnetic nearest neighbor coupling J1 is the most common.
We use the two dimensional square lattice and in addition to the nearest neighbor coupling we take a frustrating antiferromagnetic coupling J2 between next nearest neighbors
into account. Although a lot of our analytic work and numerical methods are spin independent, we focus on spin S = 21 . We divide our Hamiltonian by J1 to define the first
neighbor interaction as our energy scale. This leaves us with the following Hamiltonian
for the J1 -J2 -Heisenberg model
H=

X

~Si · ~Sj + λ

hi,ji

X

~Si · ~Sj .

(2.1)

hhi,jii

The first sum runs over nearest neighbors hi,ji and the second one runs over next
nearest neighbors hhi,jii. The ratio of the next nearest neighbor coupling J2 to the
nearest neighbor coupling J1 is
λ=

J2
≥0.
J1

4

(2.2)

2.1. Two dimensional square lattice
The J1 -J2 -Heisenberg antiferromagnet still raises questions about its quantum phase
diagram as a function of λ. Especially the strongly frustrated regime close to λ = 21
is the topic of ongoing discussion with many controversial theories about the nature of
one or more phases located between λc1 ≈ 0.4 and λc2 ≈ 0.6. The phases for small λ
and large λ are related to the corresponding classical model with magnetically ordered
ground states [7]. Before we discuss the phase diagram in detail we take a brief look at
the 2D-square lattice and its reciprocal lattice.

2.1

Two dimensional square lattice

All calculations in this work are done on the 2D-square lattice shown in figure 2.1. The
relevant nearest neighbor couplings and next nearest neighbor couplings are marked
with red and blue lines, respectively. We chose a normalized lattice constant equal to 1
and use real space basis vectors ~a1 = (1, 0)> and ~a2 = (0, 1)> .

Figure 2.1: The 2D-square lattice. Spins
have their fixed positions at the black dots.
Nearest neighbors and next nearest neighbors
are connected by red and blue lines, respectively.

Note that the reciprocal lattice of any rectangular lattice is a rectangular lattice as well.
The Brillouin zone in momentum space is stretched and tilted depending on the unit
cell chosen in real space. We recall this when we use a Fourier transform and define the
basis vectors of the reciprocal lattice G1 and G2 in section 3.1.3 and 3.2.

2.2

Vanishing next nearest neighbor coupling (λ → 0)

For J2 = 0 the magnetic order of our system is similar to the one of the classical
antiferromagnet with nearest neighbor couplings [7]. The ground state will therefore
have the same magnetic order as the classical Néel state shown in figure 2.2. This
remains true for finite λ . 0.4.
The sublattice magnetization M is a suitable order parameter for this phase with a
classical value of M = 12 for S = 12 and J2 = 0. Its mathematical definition is given
later on. Quantum fluctuations reduce the magnetization to M ≈ 0.307 [9] for J2 = 0
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Figure 2.2: The classical Néel state. For
the classical antiferromagnet this spin configuration has minimal energy, because all
nearest neighbors have antiparallel spin directions. Up-spins and down-spins are represented by arrows. The 2D-square lattice is
indicated by black lines.

and the magnetization shrinks as J2 is increased. The magnetic order vanishes for
λ ≈ 0.4 suggesting a critical breakdown of the quantum mechanical Néel phase.

2.3

Dominant next nearest neighbor coupling (λ → ∞)

If the nearest neighbor coupling J1 is exactly zero, i.e. there is only second neighbor
interaction, our model is equivalent to two nearest neighbor Heisenberg models on two
completely separated square lattices. Thus all our results for λ → ∞ should be close to
the results for J2 = 0 (except for some trivial basis transformations). We will use this
to validate some of our results in section 5.3.
For large J2 the ground state on both sublattices formed by the J2 -couplings will correlate to the classical Néel state. A finite J1 will cause ordering behavior between both
sublattices that results in a columnar magnetic order shown in figure 2.3.

Figure 2.3: The classical columnar ground
state. All spins on a vertical line face in the
same direction and the spin direction of such
stripes alternates between horizontal neighbors. The red and blue sublattices of next
nearest neighbors are Néel ordered.

In analogy to the Néel phase we can define a magnetization as our order parameter that
has a classical value of M = 12 for J1 = 0. The columnar magnetic order remains stable
for λ & 0.6. Therefore we refer to this phase as the columnar phase.
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2.4

Spontaneous breaking of continuous and discrete symmetries

Although the Heisenberg model is invariant under rotation of the spin operators and
therefore conserves the continuous SU(2) symmetry, any ground state in the Néel phase
or columnar phase will spontaneously break this symmetry at zero temperature. As
stated by Goldstone’s theorem this enforces gapless excitations in our system [28]. Sure
enough the dispersion in those phases is zero at k = (0, 0)> and opens linearly for small
k. The same is true for all momenta k̃ that are magnetically equivalent to k = (0, 0)>
with respect to the current phase. Those momenta are
k̃ = i · G1 + j · G2 for i,j ∈ Z .

(2.3)

A gapless system has an infinite correlation length. This would cause problems if we
wanted to do a CST in real space because interactions of arbitrary range could be
physically relevant. Hence we do a CST in momentum space where all long-range
interactions are strongly peaked. This method was successfully used for the unfrustrated
antiferromagnet [1, 2] and we will discuss it in more detail in chapter 4.
Additionally the magnetically ordered ground states break discrete symmetries of the
geometrical square lattice. The translation symmetry of these ground states corresponds
to the sublattices of spins with equal direction and is therefore reduced with respect to
the translation symmetry of the basic square lattice. The Néel state remains invariant
when rotated by π2 , i.e. it conserves the discrete C4 symmetry of the square lattice, but
the columnar ground state spontaneously breaks this symmetry [16].

2.5

Quantum phase diagram and intermediate phases

The phase diagram of the spin- 21 J1 -J2 Heisenberg antiferromagnet consists of the semiclassical phases, i.e. the Néel phase for small λ and the columnar phase for large λ, and
a regime without any magnetic order between them. We illustrate this with our results
for the magnetic order parameters shown in figure 2.4.
Beyond this general agreement about the magnetic order, the phase diagram is still
broadly discussed and even up-to-date research fails to draw a consistent picture of
the paramagnetic regime. We list some of the recently proposed phases and phase
transitions in table 2.1.
Figure 2.5 shows some of the controversial aspects, which we discuss in the remainder of
this section. Most studies agree that the breakdown of the columnar phase happens at
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0.35

0.3

0.25

M

0.2

0.15

0.1
Néel order

paramagnetic

columnar order

0.05

0

0

0.2

0.4

0.6

0.8

1

λ

Figure 2.4: A sketchy collection of our data for the magnetization. Different colors
and symbols correspond to the specific order parameters and the discretization used, as
explained later in the thesis. The magnetic order of the Néel (columnar) phase vanishes
at λc1 ≈ 0.4 (λc2 ≈ 0.6). The regime in between is paramagnetic.
λc2 ≈ 0.6 and that it is most likely a first order phase transition [10,11,14,16,19,25,29].
This is expected in the Landau-Ginzburg-Wilson paradigm when the the adjacent phases
break different symmetries.

Figure 2.5: An illustration of controversial questions in the J1 -J2 phase diagram.
While the outer phases are well established, the intermediate regime and the phase
transition between the Néel phase and paramagnetic phase sparks a lot of discussion.
Reports on the phase transition between the Néel phase and the regime without magnetic order are much more controversial. Although most studies find a critical point
close to λc1 ≈ 0.4, the proposed values are of much greater variance. Some find critical
values close to 0.35 [15, 30], while others suggest values closer to 0.45 [9, 14, 25]. Additionally the nature of this phase transition remains unclear. If the paramagnetic phase
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ref.
9

λc1 (order)

λc2 (order)

intermediate phase(s)

< 0.48(2)

0.6

gapless QSL, variational state
built from Abrikosov fermions

variat./Lanczos

0.64 (1st)

gapped → no gapless QSL or
deconf. trans., 1st order phase
trans. at 0.55 between two
paramagn. phases

plaquette exp.

DMRG

10

method

11

0.41

0.62 (1st)

topo. entanglement entropy
γ = 0.70(2) → gapped Z2 QSL

12

0.4 (deconf.?)

0.6

gapless QSL for λ <
gapped VBS for λ > 0.5

13

0.454

0.588

gapless QSL for λ < 0.49

14

0.44 (deconf.)

0.61 (1st)

deconf. trans. for λ < 0.5,
gapped PVB for λ > 0.5

DMRG

15

0.34

0.59

gapped PVB, the excitations
change at λ = 0.48

bond-operator

16

0.42 (2nd, not deconf.)

0.66 (1st)

PVB with C4 symmetry

17

(1st)

19

0.40 (2nd)

VBS with col. dimer order
0.62 (1st)

PVB

20

PVB at λ = 0.5

24

gapless QSL at λ = 0.5

25

0.44(1) (2nd, deconf.)

0.59(1)

no QSL

29

0.4 (2nd)

0.6 (1st)

VBS with col. dimer order

30

0.35

0.66

gapped paramagnet

0.5,

variat. MC
CCM

Hierarchical MF
series exp.
tensor netw.
ED & MC
PEPS
ED & CCM
series exp.
ED

Table 2.1: A collection of scenarios for the paramagnetic regime proposed by recent
studies. Some articles do not provide information about the value or order of the phase
transitions

breaks the C4 symmetry of the Néel phase, one expects a first order phase transition
as proposed by reference 17, but reference 16 claims to have found a plaquette valencebond (PVB) phase that conserves the C4 symmetry and suggests a second order phase
transition.
Some articles go even further and claim that this phase transition cannot be discussed
in terms of the Landau-Ginzburg-Wilson paradigm, but must instead be interpreted
as a deconfined critical point which allows second order phase transitions even if the
related phases break different symmetries [12, 14, 25–27].
Another focus of ongoing discussion is the number and the nature of phases between
these two transition points. As the regime shows no magnetic order it is expected
that the spins form valence bonds with a total spin of zero. A lot of articles support
the existence of a VBS state, like a crystal of dimers or a PVB state [10, 14–20, 25, 29].

9

Chapter 2. Antiferromagnetic J1 -J2 -Heisenberg model
Those VBS states break the translation symmetry of the square lattice and usually have
gapped excitations. In contrast to these findings, there are some articles claiming to
have found a gapped [11] or gapless [9, 12, 24] QSL phase in the intermediate regime. A
QSL phase has a RVB ground state with long-range entanglement that does not break
any symmetry.
Reference 10 suggests an additional first order phase transition at λ = 0.55 between
two gapped paramagnetic phases. The idea of two phases was also put forward in
reference 12. They have found a gapless QSL for λ < 0.5 and a gapped VBS for the
rest of the paramagnetic regime.
In analogy to reference 1 we use the spinwave formalism and CSTs to analyze the
magnetically ordered phases. Thereby we focus on the phase transitions at λc1 ≈ 0.4
and λc2 ≈ 0.6. Now that we have established an overview of our model and its phase
diagram, we move on to the methodical part of this thesis beginning with a chapter
about spinwave theory.
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Chapter 3

Self-consistent spinwave theory
Before we apply a CST, we use the analytic approach known as spinwave theory (SWT)
to transform our initial Hamiltonian in a way that already offers us a good understanding of the relevant physics in the magnetically ordered phases of our model. More
specifically, we use the Dyson-Maleev representation to introduce quasi-particles with
reference to the classical Néel state for small λ or the columnar ground state for large
λ [31,32]. Those particles describe spinwaves usually refered to as magnons. Afterwards
we use mean-field decoupling to comfortably achieve the necessary normal ordering of
our operators [33]. Because the CST is done in momentum space, a Fourier transform
is performed on our Hamiltonian, which is invariant under discrete translation. Finally
we finish our SWT with a self-consistent Bogoliubov transform to remove all bilinear
off-diagonal elements [33, 34].
First, the Néel ordered phase is considered to illustrate those transformations in detail.
The calculations can easily be modified for columnar order and we point out the relevant
differences at the end of this chapter.

3.1

Spinwave theory for the Néel phase

For small λ the magnetic order of the system should match the classical Néel state [9].
Therefore we introduce sublattices A and B as shown in figure 3.1. Now we may write
the classical Néel state by setting all spins on A to point in z-direction (up) and set all
spins on B to point in the opposite direction (down).

11
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Figure 3.1: Sublattices A and B for spinwave calculations in the Néel phase. Spins on
the A lattices are marked by red dots and B
spins are marked by blue dots. Nearest neighbors and next nearest neighbors are indicated
by solid and dashed lines, respectively.

To enable later investigations of the magnetic order parameter M we add a locally
alternating magnetic field h which suits the assumed Néel order.
H=

X

~Si · ~Sj + λ

hi,ji

X

~Si · ~Sj − h

A
X

Szi + h

i

hhi,jii

B
X

Szi

(3.1)

j

Sums with indices in single brackets hi,ji run over nearest neighbors (NN) while double
brackets hhi,jii indicate next nearest neighbors (NNN). The letters on top of the sums
define over which sublattices the indices run. As usual we use ladder operators that are
more handy than the the x- and y-component of the spin.
Sx =


1 +
S + S−
2

Sy =


1
S+ − S−
2i

(3.2)

The resulting Hamiltonian clearly shows conservation of the total S z . We keep this in
mind as this property should be preserved throughout the following transformations.
H=


1 X z z
−
− +
2Si Sj + S+
i Sj + Si Sj
2
hi,ji

+

A
B

X
X
λ X  z z
−
− +
z
2Si Sj + S+
S
+
S
S
−
h
S
+
h
Szi
i
i j
i j
2
i

hhi,jii

(3.3)

j

At this point we can introduce quasi-particles (magnons) on the two sublattices.

3.1.1

Dyson-Maleev representation

We chose the classical Néel state (Figure 3.2) as our reference state, i.e. vacuum, and
use the Dyson-Maleev representation to introduce different particles on sublattices A

12
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and B.
√


a† a a
= 2S a −
2S


†
√
b b† b
+
†
SB = 2S b −
2S

S+
A



S−
A =
S−
B =

√

2Sa†

SzA = S − a† a

(3.4)

2Sb



SzB = − S − b† b

(3.5)

√

Figure 3.2: The classical Néel state and
reference state for our quasi-particles, called
magnons. Spins on the A lattice point upwards in z-direction and B spins point downwards. Nearest neighbors (solid lines) always
have opposite spin directions and next nearest neighbors (dashed lines) always point in
the same direction.
In contrast to the Holstein-Primakoff representation, the Dyson-Maleev representation
contains no square root of S and is not unitary. It therefore results in a non-hermitian
Hamiltonian
HDM = N E0,DM + ADM

A
X

a†i ai

+ ADM

i

+ tDM

AA 
X

B
X

b†j bj

j

+ BDM

AB 
X

ai bj + a†i b†j

hi,ji

BB 


X
a†i aj + ai a†j + tDM
b†i bj + bi b†j + VDM .

hhi,jii



(3.6)

hhi,jii

The coefficients and the ground state energy for this Hamiltonian are
E0,DM = −2S 2 (1 − λ) − hS

ADM = 4S(1 − λ) + h

BDM = S

tDM = Sλ .

(3.7)
(3.8)

Additionally the quadrilinear interaction terms are
VDM


AB 
X
1 † † †
1 †
†
†
=
−ai ai bj bj − ai ai ai bj − ai bj bj bj
2
2
hi,ji

+λ

AA 
X
hhi,jii

+λ

BB 
X
hhi,jii

a†i ai a†j aj

1
1
− a†i ai ai a†j − a†i a†j aj aj
2
2

b†i bi b†j bj




1 † †
1
† †
− bi bi bi bj − bi bj bj bj .
2
2
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3.1.2

Mean-Field decoupling

In preparation for a Bogoliubov transform we use Wick’s theorem to introduce normal
ordered operators [35]. This generally makes the transformation of quadrilinear operators a lot easier and introduces specific expectation values that can later be calculated
self-consistently [33]. The Hamiltonian with a decoupled mean-field part is

HMF = N E0 + AMF

A
X

:a†i ai :

+ AMF

i

+ tMF

AA 
X

B
X

:b†j bj :

+ BMF

j

AB 
X


:ai bj : + :a†i b†j :

hi,ji

BB 


X
:a†i aj : + :ai a†j : + tMF
:b†i bj : + :bi b†j : + VMF .

hhi,jii

(3.10)

hhi,jii

The relevant expectation values are n, ∆ and T and we address their evaluation later
on.
D
E D
E
n = a†i ai = b†j bj

for i ∈ A ∧ j ∈ B

(3.11)

D
E D
E
∆ = ai bj = a†i b†j

for i ∈ A ∧ j ∈ B ∧ (i,j) ∈ NN

(3.12)

D
E D
E D
E D
E
T = a†i aj = ai a†j = b†m bn = bm b†n
for i,j ∈ A ∧ m,n ∈ B ∧ (i,j),(m,n) ∈ NNN

(3.13)

We define two new parameters P = 4(S −n −∆) and Q = 4(S −n +T ). The coefficients
and the ground state energy are renormalized to
AMF = P − λQ + h
tMF = λ

Q
4

BMF =

P
4

E0 = −

(3.14)
P2
Q2
+λ
− h(S − n) .
8
8

(3.15)

The quadrilinear interaction terms keep their original form given by equation (3.9), but
all operators are normal ordered and therefore pure two-particle interactions or entirely
off-diagonal terms describing the transition between one and three particles or zero and
four particles.

3.1.3

Fourier transform

As our system is invariant under discrete translation we can use the Fourier transform to further simplify our Hamiltonian. We introduce the following new operators in
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momentum space for each sublattice.
a†i

r
=

2 X −i~k~ri †
e
ak
N

r

2 X i~k~ri
e ak
N

r

2 X i~k~r˜j
e bk
N

ai =

k

r

b†j =

k

2 X −i~k~r˜j †
e
bk
N

bj =

k

(3.16)

k

Note that the magnetic Brillouin zone (MBZ) of the two sublattices is smaller than the
full Brillouin zone (BZ) of our original square lattice as shown in figure 3.3. Although
all momenta k are given in the basis of the full reciprocal lattice, the sums in momentum
space only run over the reduced MBZ. This is done to make our results comparable to
other methods.

Figure 3.3: The magnetic Brillouin zone
(blue square) in comparison to the full Brillouin zone (outer dashed square) of the original lattice. The MBZ is smaller and tilted
because the unit cell of the Néel state contains two spins.

In momentum space our Hamiltonian can be written as
HFou = N E0 +

X



 X

Bk :ak b−k : + :a†k b†−k : + VFou (3.17)
Ak :a†k ak : + :b†k bk : +
k

k

with k-dependent coefficients
Ak = AMF + 4tMF γ2k = P − λQ(1 − γ2k ) + h

(3.18)

Bk = 4BMF γ1k = P γ1k .

(3.19)

At this point we use two parameters that are introduced by the Fourier transform. The
first one is closely related to the nearest neighbor coupling and the second one is related
to the next nearest neighbor coupling.
γ1k =


1
cos(kx ) + cos(ky )
2

γ2k = cos(kx ) cos(ky )

(3.20)

In momentum space all operator terms are internally momentum-conserving. Therefore the δG (k) functions in the following interaction terms indicate that k has to be a
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linear combination of reciprocal vectors of the reduced lattices. The reciprocal basis is
G1 = (π, π)> and G2 = (π, − π)> and we can define

1 for k = i · G + j · G and i,j ∈ Z
1
2
δG (k) =
.
0 else

(3.21)

While most coefficients in momentum space have absolute values independent from i
and j, their sign might very well depend on it and we introduce ΦG to keep track of this
effect. In case i + j is even (odd), ΦG takes the value 1 (−1). To simplify our notation,
we write n in place of kn and obtain the interaction terms in momentum space as
VFou = −

4 X
δG (1 − 2 − 3 − 4) γ1 (4) :a†1 a2 a3 b4 :
N
1234

+δG (1 + 2 + 3 − 4)ΦG γ1 (1) :a†1 b†2 b†3 b4 :
+2δG (1 − 2 + 3 − 4) γ1 (3 − 4) :a†1 a2 b†3 b4 :

+λδG (1 + 2 − 3 − 4) γ2 (2) − γ2 (2 − 4) :a†1 a†2 a3 a4 :


+λδG (1 + 2 − 3 − 4)ΦG γ2 (4) − γ2 (2 − 4) :b†1 b†2 b3 b4 : .

3.1.4

(3.22)

Bogoliubov transform

SWT calculations are usually finalized by a Bogoliubov transform to remove the bilinear
Bogoliubov terms up to a specific order in S. We follow this approach and perform a
Bogoliubov transform that can be written as
a†k
b−k

!

lk mk
mk lk

=

!

α†k
β−k

!
,

(3.23)

but we eliminate all bilinear off-diagonal terms by doing a self-consistent calculation.
This is desirable since a good starting point for our CST can improve our final results
[36]. Section 4.3 explains why bilinear operators are particularly relevant in this context.
We refer to this as self-consistent SWT (SSWT). This leaves us with the Hamiltonian
HBog = N E0 +

X



ωk α†k αk + β†k βk + V ,

k
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that is particle conserving for all bilinear operators if the following three conditions are
fulfilled.
ωk = Ak (lk2 + m2k ) + 2Bk lk mk

(3.25)

0 = Bk (lk2 + m2k ) + 2Ak lk mk

(3.26)

1 = lk2 − m2k

(3.27)

Note that this implies ωk2 = A2k − Bk2 .
We introduce a few more handy parameters to reduce the amount of parameters which
have to be calculated self-consistently to one.
1
=
k = 2
lk + m2k

γk =

q

1 − γk2

(3.28)

Bk
P γ1k
γ1k
=
=
Ak
P − λQ(1 − γ2k ) + h
1 − F (1 − γ2k ) + θ

F =λ

Q
P

θ=

(3.29)

h
P

(3.30)

Finally we can define matrix elements of our Bogoliubov transform that trivially fulfil
condition (3.27).
r
lk =

r
1 − k
mk = − sgn (γk )
2k

1 + k
2k

(3.31)

The final interaction term is
V =−

4 X
V1 (1234) α†1 α2 β†3 β4 + V2 (1234) α†1 α†2 α3 α4 + V3 (1234) β†1 β†2 β3 β4
N
1234

+V4 (1234) α†1 α†2 α3 β†4 + V5 (1234) α†1 β†2 β†3 α4 + V6 (1234) α†1 α2 α3 β4
+V7 (1234) α1 β†2 β3 β4 + V8 (1234) α†1 α†2 β†3 β†4 + V9 (1234) α1 α2 β3 β4



(3.32)

with vertex functions Vn that depend on four momenta. They are listed in appendix A.
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3.1.5

Self-consistency

From now on the previously introduced normal ordering : . : and (vacuum) expectation
values h . i refer to the new particles α and β . We can calculate those expectation
values for a finite System LFS × LFS using finite sums or for the thermodynamical limit
using numerical methods to calculate the integrals. For the latter we split the MBZ
into 600 × 600 squares and use 9th order Gaussian quadrature for each square.
Z
2 X 2
2 X 1 − k
1
1 − k
n=
mk =
= 2
dk
(3.33)
N
N
2k
2π
2k
k

k

Z
2 X
2 X −γ1k γk
1
−γ1k γk
∆=
γ1k lk mk =
= 2
dk
N
N
2k
2π
2k
k

T =

Z
2 X
2 X
1 − k
1
1 − k
γ2k m2k =
γ2k
= 2 γ2k
dk
N
N
2k
2π
2k
k

(3.34)

k

(3.35)

k

We have now closed our self-consistent loop, because P and Q depend on F via the
expectation values and we can solve our self-consistency with a simple one-dimensional
fixed-point iteration for a given θ. This results in F ≈ 1.5λ. Scaling the system-size
should give the same result as using integrals instead of sums and we confirm this in
section 5.2.4. Unless otherwise stated, we use the integral approach and assume that
our result is valid for the thermodynamical limit.

3.1.6

Useful symmetries of the Hamiltonian

As we have two different particles α and β there are a lot of possibilities to form quadrilinear operators with the corresponding creation and annihilation operators. However,
as the original model conserves the total S z the number of possible quadrilinear operators is greatly reduced. If we recall the Dyson-Maleev representation given by equation (3.4) and (3.5) we can associate a and b† with an increase of the total S z and
a† and b with a decrease of the total S z . Analogously we can label the creation and
annihilation operators of α and β, because Fourier transform and Bogoliubov transform
do not mix up this connection to the spin ladder operators. Due to conservation of the
total S z in the Heisenberg model any effective model produced by SSWT or CST can
only contain quadrilinear operators with two operators that increase the total S z and
two operators that decrease it. This reduces the amount of possible normal ordered
quadrilinear operators to nine. All of them are contained in equation (3.32).
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Another helpful symmetry is induced by the fact that we can swap the two sublattices
and flip the direction of all spins to obtain the same reference states as before (Figure 3.2). Therefore we consider an arbitrary basis operator Hi and swap α and β in
e i . The
addition to performing hermitian conjugation and normal ordering to obtain H
e i results in Hi .
following list of operators shows that performing the same steps with H
α†1 α2 β†3 β4 ←→ α†1 α2 β†3 β4

α†1 α†2 α3 α4 ←→ β†1 β†2 β3 β4

(3.36)

α†1 α†2 α3 β†4
α†1 α†2 β†3 β†4

α†1 α2 α3 β4

(3.37)

←→

α1 β†2 β3 β4

←→

α†1 β†2 β†3 α4

←→ α1 α2 β3 β4

(3.38)

e i have the same absolute values and differ only by a posThe coefficients of Hi and H
sible minus sign given by ΦG . Note that normal ordering also reverses the numbering
of momenta. We use this symmetry in our implementation to divide the number of
coefficients we need to calculate during the CST in half.

3.1.7

Sublattice magnetization

The classical Néel state (figure 3.2) has a magnetization of M = 12 per site. Transforming
the ground state expectation value of S z on the the sublattices gives an intuitive result
for our SSWT-Hamiltonian
* A
+
B
1 X z X z
Si −
Si
(3.39)
M=
N
i
j
* A
+
B 
 X

X
DM 1
=
S − a†i ai +
S − b†j bj
(3.40)
N
i

j

=S−n.

(3.41)

The classical magnetization values are reduced by quantum fluctuations that cause a
finite particle density on every site. We could also define the magnetization as
f(h) = ∂E0
M
∂h


∂
P2
Q2
=
−
+λ
− h(S − n)
∂h
8
8
1 ∂P
λ ∂Q
∂n
= − P
+ Q
− (S − n) + h
.
4 ∂h
4 ∂h
∂h
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Both results should be consistent and thus we expect
f(h) for h = 0
M =M
1 ∂P
λ ∂Q
∂n
0= P
− Q
−h
.
4 ∂h
4 ∂h
∂h

(3.45)
(3.46)

This is not trivial because P , Q, and n depend on h due to self-consistency. However,
it is true for the numerical results shown in section 5.2.3.

3.2

Major differences for columnar phase

Obtaining the SSWT-Hamiltonian for the columnar phase can be done in analogy to
the Néel phase calculations. However, we point out a few important differences now.
If λ is large or even infinite, two sublattices with magnetic Néel order form a phase
with columnar magnetic order. We choose new sublattices C and D to formulate the
columnar reference state shown in figure 3.4. All spins on sublattice C (red) point
upwards and spins on sublattice D (green) point downwards. In analogy to the previous
calculations for small λ we use the Dyson-Maleev representation, mean-field decoupling
as well as a Fourier and Bogoliubov transforms to simplify our Hamiltonian.

Figure 3.4: Ground state of the columnar
phase. Spins on sublattice C are marked as
red arrows and point upwards in z-direction,
while spins on the green sublattice D point in
the opposite direction.

In contrast to the Néel state our columnar ground state is not symmetric under rotations
by π2 . This results in an additional mean-field parameter ∆2 and therefore the selfconsistent solution demands a two dimensional fixed-point iteration.
Another important difference is the MBZ of the columnar ground state. We present the
MBZ in figure 3.5 and we perform the Fourier transform accordingly. The basis of the
reciprocal lattice is given by G1 = (π, 0)> and G2 = (0, 2π)> .
Instead of using a columnar reference state, we could choose the classical Néel state
as our vacuum if we map our square lattice with first neighbor and second neighbor
interaction to another square lattice with asymmetric couplings. We can achieve this
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by shifting all spins in the n-th row of the square lattice by n sides along that row.
Therefore the operator structure of the Hamiltonian after the Fourier transform looks
similar to the one of the Hamiltonian of the Néel phase and we can use the same CST
implementation for both phases as long as we change the initial conditions accordingly.
This also means that all symmetries mentioned in section 3.1.6 are still fulfilled. The
columnar vertex functions are listed in appendix A.

Figure 3.5: The Magnetic Brillouin zone
of the columnar phase. The MBZ (green
square) has different width in x-direction and
y-direction, but it still covers half the area of
the full Brillouin zone (dashed square) of the
original lattice.

In analogy to the Néel phase the order parameter i.e. magnetization for the columnar
phase can be calculated as S − n or by an extrapolation with respect to an alternating
magnetic field that fits the columnar ground state.
At this point we have derifed the SSWT-Hamiltonian, that describes or model in terms
of magnons, for both magnetically ordered phases. In the next chapter we explain
the design of CSTs in momentum space. The CST is used to further diagonalize the
SSWT-Hamiltonian by renormalization of magnons.
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Continuous similarity
transformations
In the previous two chapters we discussed the spin- 12 J1 -J2 Heisenberg model and its
phase diagram. We also derived a particle Hamiltonian using SSWT in both magnetically ordered phases. The resulting Hamiltonian still contains quadrilinear interaction
terms.
When confronted with a quantum mechanical system described by an intuitive Hamiltonian we usually need to find ways to derive an effective model, i.e. Hamiltonian, that
is simpler and offers a better understanding of the underlying physics. One way to solve
this problem is to at least partially diagonalize our initial Hamiltonian with a suitable
similarity transformation. Most of the time our Hamiltonian is a hermitian operator
and the similarity transformation is unitary, but this is not the case for our SSWTHamiltonian. Finding the right transformation is an important challenge and some of
those transformations can be found analytically like the Fourier transform (3.16) we
used in the previous chapter.
One way to systematically calculate such a similarity transformation is to stop looking
for a discrete transformation, that will transform our operators in one step, but instead
introduce a flow-parameter and perform the transformation continuously. The concept
of continuous unitary transformations was developed by Wegner [37] and Glazek and
Wilson [38] independently. Even though this method was designed for unitary transformations, we can simply generalize it to similarity transformations when our Hamiltonian
is non-hermitian [1, 39].
In this chapter we will take a more detailed look at those CSTs and explain how we can
use them to further diagonalize our SSWT-Hamiltonian and get rid of all or at least
some off-diagonal interaction terms.
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4.1

Basic idea and flow-equation

A similarity transformation
e = UHU−1
H

f = U |ψi
|ψi

(4.1)

conserves all eigenvalues and expectation values of H, which means that all physically
relevant quantities do not change. We need to find an Operator U that will result in
e being easier to interpret than H. To find such an operator we perform the transH
formation continuously, i.e. we perform an infinite amount of infinitesimal similarity
transformations. The operator U therefore depends on a flow-parameter l ∈ [0,∞].
H(l) = U(l)H(0)U−1 (l)

(4.2)

Our effective Hamiltonian is then given by the infinity limit of l
Heff = lim H(l).
l→∞

(4.3)

Calculating the partial derivative of equation (4.2) leads to the so called flow-equation
∂l H(l) = [η(l),H(l)]

(4.4)

with a suitable generator η(l).
To perform a CST we have a few steps to take care of. First, we need to choose a
generator that leads to the desired effective Hamiltonian. Afterwards the commutator
in equation (4.4) has to be calculated to get a system of non-linear differential equations
(DES). Finally we may solve the DES with any DES-Solver.
We will take a look at those three steps and start with different generators that lead
to different effective Hamiltonians if our flow-equation is convergent. As our SSWTHamiltonian is given in second-quantisation we will use this formalism throughout the
next sections.

4.2

Different generators

There are several possibilities to choose a generator that induces a correct similarity
transformation. One of them is the Wegner-generator introduced in reference 37. Here
we present two different generators that offer a better basis for interpretation in terms
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of quasi-particles in the following sections. All generators can lead to different effective
Hamiltonians and some lead to divergent flow-equations.

4.2.1

Quasi-particle conserving generator

A generator that is very useful when working with quasi-particles is the QP-generator
that tries to separate different particle subspaces [40, 41]. To define this generator we
write our Hamiltonian as
H = H0 + H+ + H− .

(4.5)

The first part H0 contains those terms with an equal amount of creation and annihilation
operators and thus conserve the number of quasi-particles. All terms that increase
(decrease) the number of quasi-particles, i.e. that comprise more creation (annihilation)
operators, are part of H+ (H− ). We may now write the QP-generator as
ηqp (l) = H+ (l) − H− (l).

(4.6)

If the CST converges while using this generator the new Hamiltonian is fully particle
conserving, i.e. subspaces with different numbers of quasi-particles are completely decoupled. However if the energy of one state is higher than the energy of another state,
although the first state is formed by less quasi-particles than the second one, the generator will try to reorder those states and might even entail a divergent flow-equation.
This is the drawback of focusing on the QP-generator.

4.2.2

0N -generator

A slight variation of the QP-generator is the so called 0N -generator [42]. This generator
is defined in analogy to the QP-generator, but it only contains those terms composed
exclusively by creation or annihilation operators. Those terms have a finite value only
when transitioning from or to the ground-state and therefore the generator will only
decouple the ground state from the rest of the Hamiltonian. We will use this generator if
the QP-generator fails to produce a convergent flow-equation because the 0N -generator
should always lead to an effective Hamiltonian if the vacuum has the lowest eigenenergy
and hence is the actual ground state. The 1N -generator, that decouples the ground
state and 1qp-subspace, or the 2N -generators, that decouples subspaces with two or
less particles, can be defined analogously [42].
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4.3

Solving the commutator with truncation

If we calculate the commutator in equation (4.4) for our initial Hamiltonian H(0) and
generator η(0) we usually will end up with new terms that were not part of our initial
Hamiltonian. However those terms might very well be part of H(l) or even Heff . As
we need to calculate the commutator for arbitrary l, we need to recalculate it with the
new terms in H(l) and η(l) and repeat this process until no new terms are created.
This iterative process is problematic as it might create an infinite amount of new terms
and never terminate. Therefore we need to find a truncation-scheme to decide which
terms we can neglect in order to calculate the complete commutator in a finite amount
of time. The terms included in the CST have to sufficiently describe the underlying
physical behavior of our system.
We use a self-similar CST (sCST) and choose an operator basis with respect to the
scaling dimension of operators for the momentum k [1, 43–45]. We explain this specific
method in the remainder of this section. Other common truncation-schemes, motivated by perturbation theory, are the perturbative CUT (pCUT) [41, 46], the enhanced
perturbative CUT (epCUT) and the directly evaluated enhanced perturbative CUT
(deepCUT) [47]. The application of non-perturbative linked-cluster expansions, results
in the so called gCUT [48–50].
As our Hamiltonian is given in second quantization we can easily write it as
H(l) =

X

hi (l)Hi

(4.7)

i

with l-depended coefficients hi (l) and basis-operators Hi that are normal ordered products of creation and annihilation operators. We choose a specific set of basis-operators
and truncate all terms that cannot be written in this basis.
To motivate a set of Hi in real space one could argue that a finite correlation length
suggest that long-range interaction terms or terms with a lot of particles can be neglected
[?, 42, 47], but in the spin- 12 J1 -J2 Heisenberg model gapless excitations exist and the
correlation length is infinite. To handle this problem we transformed our Hamiltonian
in momentum space where long-range interactions are strongly peaked. Note that the
index i relates to different creation and annihilation operators and to their momenta.
We consider the thermodynamical limit with continuous momenta to define the scaling
dimension. Since we are interested in the physics at small energies for momenta close
to k = 0, we zoom into this regime by rescaling our momenta
k̃ = λk, λ < 1 .
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We may write a generic momentum-conserving term of our model, consisting of an
integral over k-dependent coefficients and operators, as
Z
h(k1 , . . . ,kn )O(k1 , . . . ,kn )δG (k1 + · · · + kn ) d2 k1 . . . d2 kn .
(4.9)

If h(k1 , . . . ,kn ) is a homogeneous function with the scaling behavior h̃(k1 , . . . ,kn ) =
λc h(k1 , . . . ,kn ), we can define the complete scaling dimension as d = n−2+c. Operators
with higher scaling-dimensions should be less relevant and we can decide to only include
those operators with di ≤ 2 in our effective Hamiltonian. Because magnons have a
linear dispersion for small k, the bilinear operators have a scaling dimension of dbl = 1.
Quadrilinear operators have a scaling dimension of dql = 2 and are included into our
effective model as well. We choose to neglect terms with more than four creation or
annihilation operators, e.g. hexatic terms, as their scaling dimensions are higher than
two.
All basis operators with their corresponding coefficients and their flow-equations for the
QP- and 0N -generator are listed in appendix B.

4.4

Solving the system of differential equations

If we have successfully calculated the commutator in our flow-equation to find a DES,
we need to solve the latter. Although this can be done analytically in some cases, we
usually use a numerical DES-Solver. For the present problem we use a fourth order
Runge-Kutta with Fehlberg’s method to adapt the stepsize (RKF45). The specific
Fehlberg-coefficients can be found in appendix C.
Up to this point we have done all calculations in the thermodynamical limit and thus
our momenta are continuous values. As we need to solve a differential equation for each
coefficient and each momentum this would lead to an infinite amount of differential
equations. We therefore discretize the momenta in the first Brillouin zone with an
equidistant square grid as shown in Figure 4.1a and 4.1b. All coefficients conserve the
total momentum of all particles involved. The grid has to be equidistant to handle
the momentum conservation in an exact manner. A different grid of momenta might
provide access to more data points at relevant points in the MBZ but the sum of two
or four momenta would not reliably have a equivalent momenta inside the MBZ. Such
a discretization could lead to an effective finite system or remain a good numerical
approximation of the thermodynamical limit. In the next chapter we will discuss this
with the help of our results. As we can identify the discretization points with two integer

26

4.4. Solving the system of differential equations
numbers, the implementation of our CST does not depend on the MBZ of the specific
phase.

(a) Néel phase

(b) Columnar phase

Figure 4.1: Discretization grids for the DES Solver for L = 6. The flow-equation is
only evaluated for momenta marked by equidistant black dots.
While we perform our CST we are interested in two things. We obviously want to know
how close we are to our targeted effective Hamiltonian, i.e. how small the off-diagonal
coefficients are that we want to remove. Additionally we might learn something about
the effective model before the DES is converged if we analyze the effect of the CST on
different particle subspaces. For some parameter values of our CST the 2qp-subspaces
will have eigenvalues lower than the dispersion and thus indicate a bound state in the
effective model. As mentioned above, this leads to a divergence when using the QPgenerator. Those two aspects of the CST are discussed in the following subsections.

4.4.1

Residual off-diagonality

We define the residual off-diagonality (ROD) as
s
ROD(l) =

1 X
|hi (l)|2 .
N

(4.10)

i

The sum runs over those coefficients hi (l) we would like to remove, i.e. those coefficients
of operators contained in our QP- or 0N -generator. The ROD is a good indicator how
close we are to the targeted effective Hamiltonian and hence we can stop the CST if the
ROD is small enough or if the ROD starts to diverge. The latter case will not lead to
a correct effective Hamiltonian and indicates an unsuccessful CST.
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4.4.2

Exact diagonalization of particle subspaces

While performing the CST we keep track of the ground state energy EGS (GSE), the
dispersion ω(k), the lower band edge of the 2qp-continuum, and the 2qp-spectrum. The
GSE and the dispersion can simply be extracted from the corresponding coefficients.
The band edge of the 2qp-continuum is calculated by searching 2 momenta k1 and k2
with k1 + k2 = k that minimize ω(k1 ) + ω(k2 ).
To calculate the 2qp-spectrum we ignore all off-diagonal operators and extract the
matrix which describes our 2qp-subspaces from our coefficients. For a total momentum k
the basis of the 2qp-subspace with two α-particles,i.e. the αα-subspace, is given by
|ϕαα
i i = αki ,αk̃

E

.

(4.11)

i

with ki ≥ k̃i and ki + k̃i = k + G. Analogously we write the basis of the αβ-subspace
as
E
E
ϕαβ
= αki ,βk̃
i

(4.12)

i

with ki + k̃i = k + G.
The 2qp-matrices are defined by the matrix elements
αα
Hijαα = hϕαα
i | H ϕj

D
E
αβ
and Hijαβ = ϕαβ
H
ϕ
.
i
j

(4.13)

We diagonalize those matrices with standard diagonalization routines for non-symmetric
matrices [51]. The eigenvalues will show a qualitative picture of the 2qp-spectra in the
effective Hamiltonian the CST is heading to. Since the matrices are not symmetric
we obtain a rare amount of complex eigenvalues. This defect is related to truncation
errors, but it is neglectable for the purpose of a quantitative analysis. The ββ-spectra
is similar to the αα-spectra.
This is particularly useful when the CST is divergent. We will not be able to quantitatively calculate the effective Hamiltonian but we might still be able to get an idea of
how this Hamiltonian might look like. Energies in the 2qp-spectrum that are smaller
than the dispersion indicate existing bound states in the effective Hamiltonian. The
generator tries to reorder those energies and causes the CST to be divergent. To avoid
this problem we will use the 0N -generator to decouple the ground state and calculate
the ground state energy and magnetization.
If the vacuum has a higher energy than any state with a finite amount of particles, the
0N -generator will not lead to an effective Hamiltonian either. This is a lot harder to
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track during the CST as gapless excitations lead to states with an arbitrary number of
particles that have the same energy as the ground-state at k = 0. If the vacuum is not
the correct ground state this could indicate an invalid particle picture and a possible
phase transition.
After implementing the CST we can initialize it with our SSWT-Hamiltonian for different coupling ratios λ and magnetic fields h. The results after and before different CSTs
are presented in the next chapter.
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Results
So far we have introduced the antiferromagnetic J1 -J2 -Heisenberg model on a 2D-square
lattice, derived a particle Hamiltonian using SSWT and presented the CST as a possibility to numerically find an effective particle-conserving Hamiltonian. In this chapter
we discuss several results and their possible physical implications. All results are obtained by using the SSWT-Hamiltonian as the starting point for an sCST with the
QP-generator or 0N -generator as introduced in the previous chapter. We will compare
those results to the properties of the SSWT-Hamiltonian before the CST.
At the beginning we will focus on the Néel ordered phase. The SSWT-Hamiltonian for
this phase is given in equations (3.24) and (3.32). The QP-generator produces good
results up to λ ≈ 0.15 but fails to converge for larger λ and the results support bound
states as a possible reason for this divergence. We will discuss this interesting physical
phenomenon first.
Additionally, we use the 0N -generator to calculate the ground state energy and magnetization for λ . 0.4 but this generator also stops converging for larger λ. Since this
happens close to the expected phase transition, this divergence might be caused by an
invalid particle vacuum. To support this theory we analyze derivatives of the GSE and
the magnetization. The magnetization is obtained by performing the CST for a few
small magnetic fields h and scaling this field to zero. We illustrate this process with the
help of SSWT results. We will also confirm that the self-consistent calculation is valid
for the thermodynamical limit.
At the end we show the analogous results for the columnar phase. We point out that the
QP-generator does not work for this phase as finite J1 go along with the 2qp-continuum
having lower energy than the dispersion. The results for the derivatives of the GSE and
the magnetization are similar to the results in the Néel phase.
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Whenever we present data in the two-dimensional MBZ of the Néel phase in a onedimensional plot, we follow the one-dimensional path in figure 5.1.

Figure 5.1: A path along the axes of symmetry for the MBZ of the Néel phase. We
use it when we present 2D-data in 1D-plots

5.1

Bound states in the Néel ordered phase

In this section we use the QP-generator and our SSWT results for the Néel phase. For
λ . 0.15 the CST is convergent and we present its results in the first subsection. They
show no indications for bound states. Since the CST is divergent for larger λ, we stop
our calculations right before the ROD starts increasing. The results are quantitatively
unreliable because the ROD is not sufficiently small. However, they suggest bound
states, that could very well drive the phase transition.

5.1.1

Convergent flow equation without bound states

Figure 5.2a and 5.2b show how the ROD falls off with increasing l for different grid
sizes L and two values λ = 0 and λ = 0.14. The CST is clearly convergent and we
present the 1qp and 2qp energy spectra of our effective Hamiltonian for λ = 0 besser
0.14 in figure 5.3.
The dispersion marked by orange dots is zero for k = 0 and opens linearly as one
would expect for a system with gapless excitations. Therefore there cannot exist a gap
between the dispersion and the 2qp-continuum or the 2qp-spectrum. The data displays
no such gap and there are no 2qp-states with lower energy than the dispersion either.
>
and (π, 0)> , where the
The high energy regime shows the typical dip between π2 , π2
increasing spectral weight of the renormalized magnons pushes down the dispersion at
(π, 0)> [1]. Every λ . 0.15 shows similar results. Note that the exact value of λ where
this behavior changes slightly depends on L. The results for larger λ are presented in
the next section.
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Figure 5.2: ROD(l) for different grid sizes L and a CST with the QP-generator.
Different L are indicated by colors. Both plots show an exponential convergence, though
the convergence for larger λ is slower.
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Figure 5.3: Energy spectrum along a path in the MBZ for λ = 0 and L = 12 after
a convergent CST using the QP-generator. The dispersion is marked by orange dots.
The lower band edge of the 2qp-continuum is shown as blue circles and lies right on the
dispersion. Energy eigenvalues corresponding to two particle states are shown in red
and purple and are slightly shifted to the sides to improve visibility. They are all higher
than or equal to the dispersion. The off-diagonal Bogolibov coefficient is displayed as
blue dots and vanishes, as expected.
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Figure 5.4: Energy spectrum for λ = 0.14 and L = 12 after a convergent CST using
the QP-generator. The dispersion, the 2qp-continuum and the Bogoliubov coefficient
are displayed by orange dots, blue circles and blue dots respectively. The 2qp-continuum
is shown in red and purple. Although the CST is convergent, some 2qp-energies are
lower than the dispersion.
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5.1.2

Divergent flow equation with bound states

If λ is larger than 0.14, the CST is divergent for L = 12. This is illustrated by the
development of the ROD during the CST for λ = 0.15 as shown in figure 5.5. Although
it might be possible to find an elegant way to fix this problem, e.g. by manipulating
the generator [48, 49], we choose to stop our CST when the ROD takes its minimum.
QP
The corresponding ldiv
is marked with a vertical dashed line in figure 5.5. At this point
the off-diagonal terms are still quite large and hence we should use our results only
for qualitative interpretations. A CST for L < 12 is divergent for larger values of λ.
Those values are displayed in figure 5.6 and a linear scaling suggests λ̃QP
div = 0.089(6)
for L → ∞.
1

10−2
ROD

Figure 5.5: ROD(l) for λ = 0.15 and different grid sizes L. The CST for L = 12 is
divergent and the minimal ROD is marked
by a vertical dashed line. The CST is convergent for smaller L.
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and a linear extrapolation. The data shows the smallest λ
which results in a divergent CST for each
grid size. The smallest grid with L = 6
was excluded from the linear scaling.
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Once again we take a careful look at the energies of the 1qp and 2qp states in our
system after we stop the CST. The results for λ = 0.15 and L = 12, close to the
convergent regime, are displayed in figure 5.7. The 2qp-continuum still begins right at
the dispersion, but we find eigenvalues in the 2qp-spectrum that are lower than the
1qp energies. This is the reason our CST does not fully converge. We assume that a
correct effective model will incorporate these bound states in some way and they might
have very relevant physical effects. Our previous linear extrapolation suggests that such
bound states appear in the thermodynamical limit for λ & 0.089(6). Figure 5.8a and
5.8b show the energetic landscape for two additional λ values and, although our results
are just very rough approximations, the plots indicate a vanishing gap between the
bound state and the ground state at (π, 0)> for λ ≈ 0.4. We assume that the Néel
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phase breaks down when this gap is zero. Since the bound states are always part of the
αβ-spectrum, they carry a totel S z of zero. This is in good agreement with proposed
paramagnetic phases with a ground state built up by singlet states.
A downshift of the two-particle spectrum in the regime without bound states, which
explains the characteristic roton minimum at (π, 0)> [1], is highly consistent with a
bound state with a minimal energy at (π, 0)> that materializes when the second neighbor
interaction is stronger.
As the creation of the bound states and the following divergence of our CST is mainly
driven by those operators with one (three) creation and three (one) annihilation operators, we exclude those terms from our off-diagonal elements by using the 0N -generator
next to achieve better results for the ground state properties of our system [42].
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Figure 5.7: Energy spectrum for λ = 0.15 and L = 12 after stopping the divergent
QP
CST using the QP-generator at l = ldiv
. Dispersion, 2qp-continuum and Bogoliubov
coefficient are displayed by orange dots, blue circles and blue dots respectively. The 2qpcontinuum is shown in red and purple. Some 2qp-energies are lower than the dispersion
and indicate a bound state.
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Figure 5.8: Energy spectrum for two additional λ and L = 12 for an interrupted
divergent CST using the QP-generator. The key is the same as in figure 5.7. Both plots
show the 2qp bound state. The gap at (π,0) is shrinking as λ increases.

5.2

Ground state properties of the Néel phase

The 0N -generator does not induce bound states during the CST and therefore the CST
converges for larger λ. If the particle vacuum has less energy than any state with a finite
amount of particles, this approach will lead to the decoupled ground state, the ground
state energy and the ground state magnetization. The ROD in figure 5.9a shows that
the CST with the 0N -generator converges for λ = 0.3, which is outside the convergent
regime of the QP-generator.
Although we can calculate the SSWT-Hamiltonian for λ . 0.6, the CST with the 0N generator is divergent for λ & 0.4. Figure 5.9b illustrates this on the basis of the ROD
for λ = 0.4 as the CST for L = 12 and L = 10 is divergent. Note again that the
concrete λ values where the CST is divergent depend on the grid size L. If the CST
becomes divergent because the dressed vacuum is no longer the correct ground state of
our system, this indicates that a phase transition has occurred. To verify our hypothesis
we analyze the first and second derivative of the ground state energy with respect to
λ, and the magnetization. After presenting these results we take a closer look at the
extrapolation with the magnetic field and the system size on the basis of the SSWT.
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Figure 5.9: ROD(l) for different grid sizes L and a CST using the 0N -generator. For
λ = 0.4 the CST is divergent for L = 10 and L = 12. The minimal ROD is marked
with vertical dashed lines.

5.2.1

Derivatives of the ground state energy (Néel phase)

We numerically calculate the first and second derivative of the ground state energy
using the scheme given in appendix D. The second derivative seems to become truly
divergent when we get closer to the edge of the convergent regime of our CST. This
indicates a phase transition of second order. The second derivatives of the ground state
energy and power law fits

c(λ) = c0 1 −

λ

−α
(5.1)

λGSE
c

for different system sizes are presented in figure 5.10. The fitted curves resemble the
data points quite well. This indicates a true divergence for a finite discretizations.
This is remarkable, since thermodynamical properties related to a divergent correlation
length are usually not contained in finite system which can be fully diagonalized. We
display the critical points λGSE
as vertical dashed lines. Figure 5.11a shows the linear
c
extrapolation used to obtain a critical point for the thermodynamical limit. Scaling the
critical exponent α linearly as shown in figure 5.11b appears convincing. The resulting
parameter for N → ∞ are
λ̃GSE
≈ 0.3670(8)
c1

α̃1 ≈ 0.34(1) .

(5.2)

A divergence of the second derivative of the ground state energy suggests a second
order phase transition as proposed by reference 19, 29, 25 and 16. We present the first
derivative of the GSE and the GSE itself in figure 5.12a and 5.12b. The GSE agrees
with ED data of reference 30. As power law fits show, the first derivative does not
appear to be divergent.
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Figure 5.10: The second derivative of the ground state energy and power law fits for
different grid sizes L. The fitted curves are displayed as solid lines and the corresponding
data points as plus symbol. Critical points i.e. points of divergence are marked by dashed
lines. The plot also includes data points from the SSWT (black) and our guess for the
curve in the thermodynamical limit (yellow). Dotted vertical lines mark the critical
values where the magnetization is zero.
Usually a true divergence is not contained in any finite system but has to be located
by scaling the system size to infinity. In our case we use a finite discretization in our
CST. However, the results seem to resemble the thermodynamical limit since the second
derivative is actually divergent without any scaling process.
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Figure 5.11: Linear extrapolation of the relevant parameters that are used in fit
functions for the second derivative of the GSE. Values for L = 6 are excluded from the
fit data.
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Figure 5.12: The GSE and its first derivative with respect to λ. The critical points for
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5.2.2

Ground state magnetization (Néel phase)

The magnetization curves shown in figure 5.13 draw a similar picture as the previous
section. As we expected, the order parameter vanishes for about the same λ as the
point of divergence of the second derivative of the GSE. The SSWT-magnetization is
relatively high and vanishes at λ ≈ 0.6. The solid lines are power law fits


λ β
m(λ) = m0 1 − M
λc

(5.3)

for λ close to the root of the magnetization curve, i.e. the critical point. For any λ
further away from the critical point the fits do not match the data. Thus we exclude
those data points from the fit to improve the accuracy of the fit parameters. Note that
a power law behavior is only expected near the critical point. We show how we scale
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the magnetic field to zero to obtain a specific data point in the next section. As before
we scale the critical λM
c1 and the critical exponent β1 linearly to derive values for the
thermodynamical limit. The corresponding plots are shown in figure 5.14a and 5.14b
and the results of linear fits are
λ̃M
c1 ≈ 0.3666(9)

β̃1 ≈ 0.08(4) .

(5.4)
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Figure 5.13: Data of the magnetization, obtained by extrapolation, and power law fits
for the Néel phase. The roots of the fit functions are marked with dotted vertical lines.
The critical points of the second derivative of the GSE are shown as dashed vertical
lines. A power law with extrapolated thermodynamical parameters is displayed as an
orange plot.
The magnetization and the ground state energy derivative show similar critical values
for λ. Hence we consider the linear scaling of L to be correct and predict the collapse
of the Néel phase at
λ̃c1 ≈ 0.367 .

(5.5)

This value is in good agreement with the values given in table 2.1. The critical exponents
are less reliable. Especially the calculation of β1 in figure 5.14b produces a great range of
values when different orders of L are considered for the scaling. This is indicated by the
orange fit with a variable exponent which gives an upper bound for β1 of approximately
0.2 .
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Figure 5.14: Linear extrapolation of the relevant fit parameters of the magnetization
fits in the Néel phase. Values for L = 6 are excluded from the fit data.

5.2.3

Scaling the magnetic field illustrated by spinwave theory

As mentioned in section 3.1.7 we could calculate the magnetization in two ways. Either
we scale a magnetic field to zero or we subtract the particle density n from the spin S.
The latter requires us to solve the flow equation for n and we cannot avoid additional
truncation errors. Although the scaling also produces some error, we choose the first
approach and use a small magnetic field to obtain our ground state magnetization after
the CST.
If we focus only on the SSWT, we can easily calculate the magnetization in both ways.
In addition to M = (S−nh ) we can differentiate the full ground state energy numerically
as given in equation (3.42) (Version A) or differentiate the summands in EGS separately
as given in equation (3.44) (Version B). We use this to illustrate the scaling process and
show the equivalence of these three approaches. The resulting M for different h and
λ = 0.2 are displayed in figure 5.15. Both Versions of the derivative and S − nh produce
all the same values of M . We include the following four fit functions in the plot and
compare their correlation with the data points.
m1 (h) = M1 + C1 · he
m3 (h) = M3 + C3 · h

1
3

1

m2 (h) = M2 + C2 · h 2

(5.6)

m4 (h) = M4 + a4 · h3 + b4 · h2 + c4 · h

(5.7)

The fitted exponent in m1 (h) is e ≈ 21 for all λ. Thus the first and the second fit
agree with our data points well. The magnetization candidates M1 = 0.246456(5) and
M2 = 0.246477(2) are displayed as dashed lines. They agree with each other as well as
with S − n0 ≈ 0.246478. Therefore we believe that calculating the full derivative of EGS
(Version A) and fitting m1 (h) is also valid after the CST and we use a fit with m2 (h)
to define an error margin.
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Figure 5.15: SSWT values of M(h) for λ = 0.2. The three ways of calculation
are marked by plus symbols, x symbols and circle symbols. Different fits and the
corresponding magnetization values are displayed as solid and dashed lines, respectively.
The value of S − n for h = 0 is shown on the second axis.

5.2.4

Spinwave theory as the thermodynamical limit

As mentioned in section 3.1.5 we can use finite sums or approximated integrals to
calculate the SSWT and we choose to use integrals and assume our results to be valid
for the thermodynamical limit. To confirm this and to learn how different quantities
scale with the system size, we compare results of the SSWT with finite sums and the
usual SSWT with integrals. The number of summands in the finite sum is L2FS . The
magnetization M = S−n is easily accessible in the SSWT and we display its dependency
on LFS for different λ in figure 5.16. A linear extrapolation leads to thermodynamical
values (dotted horizontal lines) that agree very well with those obtained by the SSWT
with integral approximation (solid horizontal lines). For example the extrapolated value
f = 0.1550(6) is close to the direct evaluation S − n ≈ 0.1544. Therefore we assume
M
that the SSWT results obtained by integral approximation reflect the thermodynamical
limit well. We also use a linear extrapolation to scale different quantities after the CST.
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Figure 5.16: LFS -dependency of the magnetization when using finite sums in the
SSWT. Linear fits are shown as dashed lines. The extrapolated value of the magnetization for L → ∞ and the corresponding value in the SSWT with integrals are shown
as dotted and solid horizontal lines, respectively.

5.3

QP-generator for the columnar phase

We have already calculated a SSWT Hamiltonian for the columnar phase and, as our
implementation of the CST is independent from the specific phase, we try to obtain
results for the columnar phase in analogy to the previous sections. For J1 = 0 our results
should be equivalent to the results for J2 = 0 if we account for a basis transformation
between the J1 -lattice and the J2 -lattice. The dispersion for J1 = 0 is displayed as a
red surface in figure 5.17a and 5.17b. Additionally the plots show the dispersion and
the lower bound of the 2qp-continuum for λ = 0.6 and λ = 3.
Although comparing the plots indicates that large values of λ produce results close to
J1 = 0, a finite J1 always results in two-particle states with lower energy than the
dispersion. Therefore a CST using the QP-generator is divergent for any finite J1 and
it’s difficult to predict the existence of bound states. We use the 0N -generator for the
columnar phase now.
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Figure 5.17: 2D-Plots of the dispersion (orange) and lower band-edge of the 2qpcontinuum (blue) for λ in the columnar phase on the basis of SSWT. Additionally the
dispersion for J1 = 0 is displayed in red. The data points for a larger λ are closer to
each other, but there are always points where the the band-edge of the 2qp-continuum
is below the dispersion when J1 6= 0 .

5.4

Ground state properties of the columnar phase

As discussed in section 2.5, the majority of recent studies suggest a first order phase
transition for the breakdown of the columnar phase. In analogy to the section 5.2, we
calculate the GSE, the derivatives of the GSE, and the magnetization on the basis of the
0N -generator. Our results for the columnar phase do not indicate a first order phase
transition as they look very similar to our results for the breakdown of the Néel phase.

5.4.1

Derivatives of the ground state energy (columnar phase)

In figures 5.18a, 5.18b and 5.18c we present the GSE of the columnar phase and its first
and second derivative with respect to λ. Power law fits as given in equation (5.1) show
that the first derivative does not have a pole, but the second appears to be divergent for
values of λ that match the expected transition point. In analogy to the previous section
we use a linear extrapolation to obtain the critical point and the critical exponent for
the thermodynamical limit
λ̃GSE
≈ 0.630(3)
c2

α̃2 ≈ 0.52(3) .

(5.8)

We point out that our method is focused on a specific particle picture, because the sCST
is built on an operator basis in second quantisation. Within this particle picture our
method might be biased against a first order phase transition. Furthermore, truncation
errors could cause the breakdown of the columnar phase to appear of second order.
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5.4.2

Ground state magnetization (columnar phase)

The magnetization of the columnar phase for different L and power law fits according
to equation (5.3) are displayed in figure 5.19. The results support a phase transition
at λ ≈ 0.6 where the extrapolated magnetization vanishes. In the columnar phase the
CST results differ less from the SSWT-magnetization than in the Néel phase. The
thermodynamical extrapolation of our fit parameters (figures 5.20a and 5.20b) results
in
λ̃M
c2 ≈ 0.6297(8)

β̃2 ≈ 0.152(3) .

(5.9)

The critical points for the the second derivative of the GSE and the magnetization are
in good agreement with each other and we assume the phase transition to be at
λ̃c2 ≈ 0.63

(5.10)

which is in good agreement with the critical values listed in section 2.5. As for the Néel
phase our results for the critical exponents appear less reliable.
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At this point the presentation of our results is complete. We find indications for bound
states in the Néel phase with the QP-generator. An analysis of the the derivatives
of the GSE and the magnetization after a CST with the 0N -generator suggests second
order phase transitions between the paramagnetic regime and both magnetically ordered
phases. The QP-generator does not work for the columnar phase.

47

Chapter 6

Conclusion
In this chapter we point out the essential methodical aspects of this thesis and summarize our results and their interpretations. Afterwards we discuss some open questions
and possible solutions.
We explained the relevance of the unfrustrated and the frustrated spin- 12 Heisenberg
antiferromagnet with nearest neighbor couplings J1 and second neighbor couplings J2
in studies over the last decades. We presented the semiclassical phases with magnetic
Néel (columnar) order for small (large) λ = J2 /J1 and we gave an overview of the latest
articles about the phase transitions between the magnetically ordered phases and paramagnetic phase(s) in between. Motivated by the recent success of continuous similarity
transformations (CST) that are used to renormalize spinwave excitations (magnons)
in momentum space [1], we applied this method in both magnetically ordered phases.
We analytically derived a self-consistent spinwave Hamiltonian and we introduced the
QP-generator, the 0N -generator, and a truncation-scheme based on scaling dimensions.
Despite challenges with the convergence of our CST, we found good indications for
bound states with a total S z of zero in the Néel phase that could lead to a breakdown
of the Néel phase when their energy gap closes at (π, 0)> for λ ≈ 0.4. An analysis of
the ground state energy and its derivatives and the magnetization for both semiclassical
phases suggests that the phase transitions to the paramagnetic regime happen at
λ̃c1 ≈ 0.367

and

λ̃c2 ≈ 0.63 .

(6.1)

These critical points are in good agreement with recent studies [9–16, 19, 25, 29, 30].
Both phase transitions appear to be of second order, even though the breakdown of the
columnar phase is expected to be of first order [10, 11, 14, 16, 19, 25, 29]. We point out
that our method is biased against first order phase transitions and the evaluation of
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our method in terms of critical exponents needs further investigation. It is nevertheless
remarkable that the momentum space CST is able to describe quantum phase transitions
out of gapless frustrated quantum magnets and allows to deduce critical properties.
Another interesting issue that was not solved in this thesis is the nature of the bound
states in the Néel phase. The symmetries of such bound states or an effective model that
describes them quantitatively would offer important information about possible paramagnetic phases. An investigation whether the breakdown of the columnar is related
to bound states is also desirable.
Beyond the J1 -J2 model our method should be applied to other models. On good
candidate is the unfrustrated Heisenberg model on a bilayer square lattice, which also
displays a quantum phase transition out of the gapless Néel phase and where a true
amplitude (Higgs) mode as bound state of magnons is expected...
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Appendix A

Interaction
( 
γ1 (k) =

1
2
1
2

cos(kx ) + cos(ky )



(Néel phase)

cos(kx ) + λ cos(kx ) cos(ky ) (columnar phase)

(
cos(kx ) cos(ky ) (Néel phase)
γ2 (k) = 1
(columnar phase)
2 cos(ky )

(

λγ2 (1) + λγ2 (2) − λ2 γ2 (1 + 3) + γ2 (1 + 4) + γ2 (2 + 3) + γ2 (2 + 4) (Néel phase)

Γ(1,2,3,4) =
γ2 (1) + γ2 (2) − 21 γ2 (1 + 3) + γ2 (1 + 4) + γ2 (2 + 3) + γ2 (2 + 4)
(columnar phase)





V1 (1234) = 2δG (1 − 2 + 3 − 4) x1234 + ΦG γ1 (1 − 2) + x14 + ΦG x23 γ1 (1 + 3)




− x134 + ΦG x2 γ1 (1) − x3 + ΦG x124 γ1 (4)



+ x34 + ΦG x12 Γ(1, − 4, − 2,3)





1
V2 (1234) = δG (1 + 2 − 3 − 4) x13 + ΦG x24 γ1 (1 − 3) + x14 + ΦG x23 γ1 (1 − 4)
2




− x1 + ΦG x234 γ1 (1) − x2 + ΦG x134 γ1 (2)



+ 1 + ΦG x1234 Γ(1,2, − 3, − 4)

55

Appendix A. Interaction




1
V3 (1234) = δG (1 + 2 − 3 − 4) x24 + ΦG x13 γ1 (1 − 3) + x14 + ΦG x23 γ1 (2 − 3)
2




− x124 + ΦG x3 γ1 (3) − x123 + ΦG x4 γ1 (4)



+ x1234 + ΦG Γ(3,4, − 1, − 2)

V4 (1234) = δ(1 + 2 − 3 + 4)G






x14 + ΦG x23 γ1 (1) + x24 + ΦG x13 γ1 (2)




− x1 + ΦG x234 γ1 (1 + 4) − x2 + ΦG x134 γ1 (2 + 4)



− x4 + ΦG x123 Γ(1,2, − 3,4)





V5 (1234) = δG (1 + 2 + 3 − 4) x1234 + ΦG γ1 (1) + x23 + ΦG x14 γ1 (4)




− x134 + ΦG x2 γ1 (1 + 2) − x124 + ΦG x3 γ1 (1 + 3)



− x234 + ΦG x1 Γ(1, − 4,2,3)





V6 (1234) = δG (1 − 2 − 3 − 4) x14 + ΦG x23 γ1 (1) + 1 + ΦG x1234 γ1 (4)




− x2 + ΦG x134 γ1 (2 + 4) − x3 + ΦG x124 γ1 (3 + 4)



− x4 + ΦG x123 Γ(4, − 1,2,3)





V7 (1234) = δG (1 − 2 + 3 + 4) x24 + ΦG x13 γ1 (3) + x23 + ΦG x14 γ1 (4)




− x124 + ΦG x3 γ1 (1 + 3) − x123 + ΦG x4 γ1 (1 + 4)



− x234 + ΦG x1 Γ(3,4,1, − 2)





1
V8 (1234) = δG (1 + 2 + 3 + 4) x14 + ΦG x23 γ1 (1 + 3) + x24 + ΦG x13 γ1 (2 + 3)
2




− x134 + ΦG x2 γ1 (1) − x234 + ΦG x1 γ1 (2)



+ x34 + ΦG x12 Γ(1,2,3,4)
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1
V9 (1234) = δG (1 + 2 + 3 + 4) x14 + ΦG x23 γ1 (1 + 3) + x13 + ΦG x24 γ1 (1 + 4)
2




− x4 + ΦG x123 γ1 (3) − x3 + ΦG x124 γ1 (4)



+ x34 + ΦG x12 Γ(3,4,1,2)
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Appendix B

Flow-equation
This appendix contains the flow-equations for the QP-generator and the 0N -generator.
These are the raw equations before exploiting the symmetries we discussed in section 3.1.6. Therefore the α-particles and β-particles have separate coefficients and the
coefficients of αβ and α† β† are given independently. Indexes that do not appear on
the left side of the equation and that are not determined by momentum-conservation
are free and have to be integrated over the MBZ.

QP-generator
∂l ωα (12) = (−4)V4 (3425)V6 (1345) + (−4)V4 (1324)B1 (34) + (−4)V6 (1234)B2 (34)
+ (−16)V8 (1345)V9 (2345) + (−2)B1 (23)B2 (13)

∂l ωβ (12) = (−4)V5 (3452)V7 (3145) + (−4)V5 (3142)B1 (34) + (−4)V7 (3124)B2 (34)
+ (−16)V8 (3415)V9 (3425) + (−2)B1 (32)B2 (31)

∂l B1 (12) = (−1)ωα (13)B1 (32) + (−1)ωβ (23)B1 (13) + (−1)V1 (3142)B1 (34)
+ (−8)V4 (3415)V9 (3425) + (−8)V5 (3452)V9 (1345) + (−8)V9 (1324)B2 (34)

∂l B2 (12) = (−1)ωα (13)B2 (32) + (−1)ωβ (23)B2 (13) + (−1)V1 (1324)B2 (34)
+ (−8)V6 (1345)V8 (3425) + (−8)V7 (3245)V8 (1345) + (−8)V8 (1324)B1 (34)
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∂l V1 (1234) = (−4)V4 (5623)V6 (1564) + (−8)V4 (1526)V7 (5346) + (−4)V4 (1523)B1 (54)
+ (−8)V5 (5364)V6 (1256) + (−4)V5 (1564)V7 (2356) + (−4)V5 (1354)B1 (25)
+ (−4)V6 (1254)B2 (53) + (−4)V7 (2345)B2 (15) + (−32)V8 (1536)V9 (2546)

∂l V2 (1234) = (−4)V4 (2546)V6 (1356) + (−1)V4 (1245)B1 (35) + (−4)V4 (1536)V6 (2456)
+ (−1)V6 (2345)B2 (15) + (−4)V8 (1256)V9 (3456) + (−1)V4 (1235)B1 (45)
+ (−1)V6 (1345)B2 (25)

∂l V3 (1234) = (−4)V5 (5264)V7 (5136) + (−1)V5 (5124)B1 (53) + (−4)V5 (5163)V7 (5246)
+ (−1)V7 (5234)B2 (51) + (−4)V8 (5612)V9 (5634) + (−1)V5 (5123)B1 (54)
+ (−1)V7 (5134)B2 (52)

∂l V4 (1234) = (1)ωα (35)V4 (1254) + (−2)ωα (25)V4 (1534) + (−1)ωβ (45)V4 (1235)
+ (−2)V2 (1256)V4 (5634) + (−2)V2 (1235)B2 (54) + (−2)V1 (2546)V4 (1536)
+ (−1)V1 (2345)B2 (15) + (−8)V6 (2356)V8 (1546) + (−4)V7 (3456)V8 (1256)
+ (−8)V6 (1356)V8 (2546) + (−4)V8 (1245)B1 (35)

∂l V5 (1234) = (−1)ωα (15)V5 (5234) + (1)ωβ (45)V5 (1235) + (−2)ωβ (35)V5 (1254)
+ (−2)V1 (1536)V5 (5264) + (−1)V1 (1534)B2 (52) + (−2)V3 (2356)V5 (1564)
+ (−2)V3 (2345)B2 (15) + (−4)V6 (1564)V8 (5623) + (−8)V7 (5346)V8 (1526)
+ (−8)V7 (5246)V8 (1536) + (−4)V8 (1523)B1 (54)

∂l V6 (1234) = (−2)ωα (35)V6 (1254) + (1)ωα (15)V6 (5234) + (−1)ωβ (45)V6 (1235)
+ (−2)V2 (5623)V6 (1564) + (−2)V2 (1523)B1 (54) + (−2)V1 (5364)V6 (1256)
+ (−1)V1 (1354)B1 (25) + (−8)V4 (1536)V9 (2546) + (−4)V5 (1564)V9 (2356)
+ (−8)V4 (1526)V9 (3546) + (−4)V9 (2345)B2 (15)
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∂l V7 (1234) = (−1)ωα (15)V7 (5234) + (−2)ωβ (45)V7 (1235) + (1)ωβ (25)V7 (1534)
+ (−2)V1 (5164)V7 (5236) + (−1)V1 (5124)B1 (53) + (−2)V3 (5634)V7 (1256)
+ (−2)V3 (2534)B1 (15) + (−4)V4 (5612)V9 (5634) + (−8)V5 (5264)V9 (1536)
+ (−8)V5 (5263)V9 (1546) + (−4)V9 (1534)B2 (52)

∂l V8 (1234) = (−2)ωα (25)V8 (1534) + (−2)ωβ (45)V8 (1235) + (−2)V2 (1256)V8 (5634)
+ (−4)V1 (2546)V8 (1536) + (−2)V3 (3456)V8 (1256) + (−1)V4 (1254)B2 (53)
+ (−1)V5 (2345)B2 (15) + (1)V4 (1253)B2 (54) + (1)V5 (1345)B2 (25)

∂l V9 (1234) = (−2)ωα (25)V9 (1534) + (−2)ωβ (45)V9 (1235) + (−2)V2 (5612)V9 (5634)
+ (−4)V1 (5264)V9 (1536) + (−2)V3 (5634)V9 (1256) + (−1)V6 (5124)B1 (53)
+ (−1)V7 (2534)B1 (15) + (1)V6 (5123)B1 (54) + (1)V7 (1534)B1 (25)

∂l EGS() = (−8)V8 (1234)V9 (1234) + (−2)B1 (12)B2 (12)

0N -generator
∂l ωα (12) = (−2)V4 (1324)B1 (34) + (−2)V6 (1234)B2 (34) + (−16)V8 (1345)V9 (2345)
+ (−2)B1 (23)B2 (13)

∂l ωβ (12) = (−2)V5 (3142)B1 (34) + (−2)V7 (3124)B2 (34) + (−16)V8 (3415)V9 (3425)
+ (−2)B1 (32)B2 (31)

∂l B1 (12) = (−1)ωα (13)B1 (32) + (−1)ωβ (23)B1 (13) + (−1)V1 (3142)B1 (34)
+ (−4)V4 (3415)V9 (3425) + (−4)V5 (3452)V9 (1345) + (−8)V9 (1324)B2 (34)

∂l B2 (12) = (−1)ωα (13)B2 (32) + (−1)ωβ (23)B2 (13) + (−1)V1 (1324)B2 (34)
+ (−4)V6 (1345)V8 (3425) + (−4)V7 (3245)V8 (1345) + (−8)V8 (1324)B1 (34)
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∂l V1 (1234) = (−2)V4 (1523)B1 (54) + (−2)V5 (1354)B1 (25) + (−2)V6 (1254)B2 (53)
+ (−2)V7 (2345)B2 (15) + (−32)V8 (1536)V9 (2546)

∂l V2 (1234) = (−1)V4 (1245)B1 (35) + (−1)V6 (2345)B2 (15) + (−4)V8 (1256)V9 (3456)

∂l V3 (1234) = (−1)V5 (5124)B1 (53) + (−1)V7 (5234)B2 (51) + (−4)V8 (5612)V9 (5634)

∂l V4 (1234) = (−2)V2 (1235)B2 (54) + (−1)V1 (2345)B2 (15) + (−8)V6 (2356)V8 (1546)
+ (−2)V7 (3456)V8 (1256) + (−4)V8 (1245)B1 (35)

∂l V5 (1234) = (−1)V1 (1534)B2 (52) + (−2)V3 (2345)B2 (15) + (−2)V6 (1564)V8 (5623)
+ (−8)V7 (5346)V8 (1526) + (−4)V8 (1523)B1 (54)

∂l V6 (1234) = (−2)V2 (1523)B1 (54) + (−1)V1 (1354)B1 (25) + (−8)V4 (1536)V9 (2546)
+ (−2)V5 (1564)V9 (2356) + (−4)V9 (2345)B2 (15)

∂l V7 (1234) = (−1)V1 (5124)B1 (53) + (−2)V3 (2534)B1 (15) + (−2)V4 (5612)V9 (5634)
+ (−8)V5 (5264)V9 (1536) + (−4)V9 (1534)B2 (52)

∂l V8 (1234) = (−2)ωα (25)V8 (1534) + (−2)ωβ (45)V8 (1235) + (−2)V2 (1256)V8 (5634)
+ (−4)V1 (2546)V8 (1536) + (−2)V3 (3456)V8 (1256) + (−1)V4 (1254)B2 (53)
+ (−1)V5 (2345)B2 (15)

∂l V9 (1234) = (−2)ωα (25)V9 (1534) + (−2)ωβ (45)V9 (1235) + (−2)V2 (5612)V9 (5634)
+ (−4)V1 (5264)V9 (1536) + (−2)V3 (5634)V9 (1256) + (−1)V6 (5124)B1 (53)
+ (−1)V7 (2534)B1 (15)
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Appendix B. Flow-equation

∂l EGS () = (−8)V8 (1234)V9 (1234) + (−2)B1 (12)B2 (12)
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Appendix C

Fehlberg coefficients

αi

βij

1
4

1
4

3
8

3
32

9
32

12
13

1932
2197

− 7200
2197

7296
2197

1

439
216

−8

3680
513

845
− 4104

1
2

8
− 27

2

− 3544
2565

1859
4104

11
− 40

γj

25
216

0

1408
2565

2197
4104

− 15

0

δj

16
135

0

6656
12325

28561
56430

9
− 50

2
55

Table C.1: The standard Fehlberg coefficients given in reference 52
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Appendix D

Asymmetric numerical
differentiaton
Usually the data we want to differentiate is not equidistant. Therefore we consider three
data points



a,f (a) ,
b,f (b) ,
c,f (c)
(D.1)
with b − a = h > 0 and c − b = k > 0.
We can write a generic numerical approximation of the derivative in b as
f 0 (b) = αf (a) + βf (b) + γf (c) .

(D.2)

The series expansion in a and c is given by
h2 00
f (b) + O(h3 )
2
k2
f (c) = f (b) + kf 0 (b) + f 00 (b) + O(k 3 )
2

f (a) = f (b) − hf 0 (b) +

(D.3)
(D.4)

Substituting f (a) and f (b) in equation (D.2) and comparing coefficients results in
f 0 (b) = −

k 1
k−h
h 1
f (a) +
f (b) +
f (c)
hk+h
kh
kk+h

We implement this formula to calculate the numeric derivatives in this thesis.
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